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Theory of Liquid He* 


S. K. TRIKHA 


Department of Physics, Delhi University, Delhi, India 
(Received January 7, 1957) 


Following London (1939) in the case of liquid He‘, a theory of liquid He? has been developed. 
We describe liquid He* by picturing it as a metal in which the ions and the electrons are replaced 
by particles of the same kind viz. He® atoms. A fraction of the total number of atoms corresponds 
to the free electrons in the metal and behaves as an ideal F. D. gas in a potential well, while the 
rest of the atoms constitute a quasi-crystalline lattice. Agreement between theory and experiment 
concerning the specific heat, entropy, vapour pressure and nuclear spin magnetic susceptibility (and its: 


variation with pressure) is found to be satisfactory. 


§ 1. Introduction 


It is natural to attempt an explanation of the properties of liquid He?® on the basis 
of models similar to those which have been tried in the case of liquid He’, for both 
are essentially quantum liquids. The success of the London’s” interpretation of the 
behaviour of liquid He* in terms of the condensation of an ideal B. E. gas clearly 
suggested a similar approach to the problem of liquid He*®. Possibly because there was 
no evidence to the contrary, this idea was generally accepted and in the beginning some 
authors”) applied the ideal F. D. gas model to discuss the properties of liquid He’. 
However, there 2ppears to be no valid basis for treating liquid He*® as an ideal F. D. 
gas, especially because the recent measurements of the specific heat and entropy,” vapour 
pressure,” nuclear spin magnetic susceptibility”"”"" and the surface tension" of 
liquid He* are found to be in complete disagreement with the predictions of this simple 
limiting model (See in this connection references 14), 15)). This led Price,’ Rice” 
and Temperley’? to give up the above approach altogether and use the “cell model” 
of the liquid to explain the observed properties of liquid He’. 

In the present paper we have attempted to show that the possibilities of a F. D. 
model for liquid He*® have not been altogether exhausted. In fact, a F. D. gas model, 
modified on the lines of a corresponding model for liquid He’, leads to a fairly satisfactory 
explanation of the properties of liquid He*. An inevitable consequence of a model of 
the above type is the existence of a partial nuclear spin allignment in the liquid at all 
temperatures. 

Following London™ in the case of liquid He‘, we describe” liquid He* by picturing 
it as a metal in which the ions and the electrons are replaced by particles of the same 
kind viz. He? atoms. A fraction f(=1/3.8) of the total number of atoms corresponds 
to the free electrons in the metal and behaves as an ideal F. D. gas in a potential well 


. 2 Sy K. Trikha 


of depth ¢, while the rest of the atoms constitute a quasi-crystalline lattice. 

We have taken the F. D. degeneracy temperature to be 0.54°K and the Debye 
temperature as 8.5°K. The agreement between theoretically calculated and the experi- 
mentally observed values of specific heat, entropy and vapour pressure of liquid He’ is 
found to be fairly satisfectory. According to the present theory, the measured nuclear 
spin magnetic susceptibility of liquid He® is due only to the fraction which behaves as 
an ideal F. D. gas with a degeneracy temperature of 0.54°K. This is very close to the 
degeneracy temperature of 0.45°K required to fit the experimental results of Fairbank et 
al.” with the theoretical F. D. curve. The recent measurements of Walters and 
Fairbank" concerning the variation of the nuclear spin magnetic susceptibility of liquid 
He’ as a function of temperature and pressure are also found to be in feirly good agree- 


ment with the present theory. 


§ 2. Specific heat aad eatropy of liquid He’ 


We shall now (for the sake of completeness) deduce the expressions for the specific 
heat znd entropy for an assembly of particles obeying F. D. statistics as well as for 
a quasicrystalline lattice and present them in the form best suited for our purposes, 
althoughmore general and elegant formulations are well known. 

2A. For aa assembly of particles obeying F. D. statistics, the number of 
particles possessing energy in the range € and «+deé is given by 


eae 
1 / Agee et 1 jae 
where D= (27gV/h°) - (2m)"”, g being the weight factor (g=2 for He*® atoms). A is 
the degeneracy parameter, the other symbols have their usual meanings. 
The total number of the particles in the assembly is 


n(€)-de=D. 


(2-1) 


N= |n(«) -de=D(AT)™*-Fin(), (2-2) 


o—— 8 


where 7=InA and F,(y) is the well-known F. D. integral given by 


Fog) = |p (2-3) 
OS Sas 
The total energy of the assembly is ‘thus given by 


E= | €-n(e)-de=D(KT)"-F.(g) =NET-Fia(q)/Fin(q)- (24) 


0 


The Gibbs. free energy of the assemb 


ly is related to the degeneracy parainetes A by the 
relation | 


G=NET InA=NkT +, . (2-5) 
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and since 
E=-9 pV, (2-6) 
where p is the vapour pressure, the Helmholtz free energy is expressed as 
F=G—pV=NkT[9— (3) -Fr2(y) /Fie@) J- (2°7) 


The expression for entropy obteined by using equations (2-4) and (2-7) is 


$= (E-F)/T=Nk| (3/2) re inal (2-8) 
1;2\7 


while the specific heat is given by C=T(0S/0T), or 


c=nk| (15/4) : (2/3) F»)2 (4) — (9/4) F F3.(%) Ik (2-9) 
: Fy/5 (y) d/d7+F 4) (7) 
Let us now consider the two extreme cases in which the evaluation of the F. D. integral 
is not very difficult. 
(i) For the case of non-degeneracy, A<1, we have 


2 3 4 
F(q) =Deun {4— Z ar a _ +f, 


aon! zor 4c (2-10) 


wheae 1’,,) is the well-known ‘Gamma-Function’. The total number of particles in the 


assembly is thus given by 


R= DET) 8. Ios \4 4 4 4 (2-11) 
And,: therefore, | 
ie sees er orca aS en (2-12) 
The total energy of the assembly is thus given by 
E=3NkT[1+a4,—bA?+cA?+--], (2-13) 
where ; 
eit a ay CR =( ra 4 a, 8, rie ) 
The Gibbs free energy for the non-degenerate case is thus given by 
G=NET -In A= NkT (In A, +20A4,— 3647+ $c4,—---]. (2-14) 
Using equations (2-13) and (2-14) and the relation 
E=3pV, (2-6) 


the expression for the Helmholtz efre energy F(=G—pl) is given by 
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F=NéT [In 4,—1+a4,—36A?+4cA?—:-']. (2-15): 
The entropy is thus given by 
S= (E—F) /T=Nk[§—In 4, +3a4,—6A? + $A? —---], (2-16) 
while the specific heat is given by 
C=T (0S/8T ) =3 Nk[1—4.04,+26A?—§ cA +---]. (2-17) 


(ii) For the completely degenerate case, A>1. 
The integrations in this case are carried out by using Sommerfeld’s formula accord-- 


ing to which, for large A 


on 7 oe 276). 7(F+1) 4 (gq 
iO a {1+ (7/6) eae 
cet) Gl aa) ered) ae (2-18) 


4 
Equation (2-2) thus yields 


N=D(kT)*”- (2/3) 7” {1+ (x?/8) + (774/640) - ae | oe ola Cs 
7) Y 


And, defining 4,, by relation (2-12), we have 


=|In A= Re 5 A vee }1— (z*/12) dene Dat ah, (x 80) ME corti stile ae i ib P 
: ch [Pee A)” / [Psi AP? 


(2-20). 


Similarly, equation (2-4) gives us by using equations (2-18), (2:19) and (2-20) 


E= (3/5) NET {Py Ay} 41+ (522/12) ae ob. (2-21) 
(5/2) ° *71 


The expression for the Gibbs free energy is thus given by 


G=NET- {Pop A,}2"- j1- kita ie heme serene (2:39} 
[Py Ay} 
from which we can easily obtain as before 


F= "(3 /5),NET Wig, ee }1- (572/12) - We Eee oa ees 
(y2) at. * 


S= (72/2) Nie ee ya" 
( i, ) [Pci Ace? ? (2-24) 


and 


C= (x?/2) Nk- yo AER Le (2-25): 


In these equations 4, is given by the expression 
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A\= a a shi (2-26) 
D(kT)??- Peojpy gV (axmkT)*? © 


‘The parameter A, can also be expressed in terms of the F. D. degeneracy temperature 
T*= €,/k= (h°/2mk) (3N/42qgV)*", (2027,) 
by the relation 
Aves 1/Lsj2)° Chae) a2 (2-28) 


Thus for large values of A (i.e. for the completely degenerate case), equations (2-24) 
and (2-25) for entropy and specific heat may be written in the usual form as 


S=C= (x*/2) - (NIT /T*) = (72/2) - (NET /€,) =4.93R(KT/€,), (2-29) 


where R(=WNk) is the gas constant. 

2B. Specific heat and entropy of a quasi-crystalline lattice 

We assume that liquid He®* forms a quasi-crystalline lattice in which only longitudinal 
elastic vibrations can be excited. This phonon excitation contributes to the specific heat 
as well as to the entropy, the expressions for which can be derived on the basis of 
Debye’s” theory for specific heat of solids. 

We assume that the vibrations of the liquid (which is treated as a solid) form a 
cor. tinuous spectrum and are identical with the elastic vibrations of a continuous solid. 
Further, we assume that in the liquid only the longitudinal elastic waves can be propagated 
and these waves travel with the velocity C,={(K’+4n’)/p}'", where n’ and K’ are 
the coefficient of rigidity and the bulk modulus respectively while ~ is the density of 
the liquid. 

The number of modes of longitudinal vibrations contained between the frequency 


limits » and y+dy and enclosed in volume V is 
4nv?.du/ce?-V. (2-30) 
The total number of independent modes of vibration is thus given by 
Yn 
|a4nV-1/os*-dv. (2-31) 
= 0 
The upper limit of integration cannot be infinite, as it would make the number of 
degrees of freedom infinite. Actually in the present case this number is N, where N 
is the total number of particles. This enables us to obtain »,, by putting the integral 
(2-31) equal to N. This gives us 
yp, Pe aN , (2-32) 
4nV . (1/57) 
Thus following Debye, we cut off the elastic spectrum at an upper limit »,, which has 


a definite value for liquid He* depending upon the velocity of the longitudinal waves. 
Since the mean energy of a wave of frequency » is, by Planck’s theorem, hy/ (eh? — 1), 
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the energy of the liquid on account of longitudinal excitations is 


Yin 


E=anv. | et LES (2-33) 


3 Av IRT 
aha ay 


Combining it with relation (2-32), we have 


Vn 
ee a° it on (2-34) 
y ehvlkD __ 
m 0 
To evaluate this expression, let us put 
bu /kT =€, by,,/k=0, and bes (KE =U) [Ske (25335) 


The expression for energy of the liquid on account of longitudinal excitations can thus 


be written as 


2 
oy 


e=3ner (7/0)? | ut (2-36) 


many 
Ee 


ae 
a 


This expression cannot be integrated in finite terms. Again, differentiating (2-34) with 


respect to T and making substitutions as above, we have 


canal aay) | = ods amass |=R:DO. (2-37) 


s—1 e=—1 


This is the expression for the specific heat of liquid He* by treating it as a quasi- 
crystalline solid. It cannot be evaluated in finite terms. The expression within square 
brackets is a function of x(=0@/T) only and is usually denoted by D(x). It is known 
as the Debye function”? and has been calculated for values of x ranging from 0 to oo. 
In the two extreme cases when T>6, C,~R while for T<0@, it simplifies to C,= 
(47°/5) R(T /@)°, which is known as “ Debye’s T*-Law ”. 

The corresponding expression for the entropy of liquid He® treated as a quasi- 
crystalline solid may be obtained as follows. 


Since by definition, the entropy 
PD 


de | (C/T) dT V1 fT «(OE/OT) «dT, (2-38) 


0 


the expression for entropy in terms of the energy becomes 
“fe! 
Varah | (E/T?) oT" (2-39) 
0 


This result follows by integrating the integral in (2-38) by parts, and from the fact 
that (E/T) vanishes as the absolute zero is approached. 
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Further we try to express E in terms of the Debye function, D(x), the values of 
which have been calculated for various values of x ranging from 0 to co. Equation 
(2-37) for specific heat may be re-written as 


(OE 3Nkx “ae “d= 
(<=) + ee wif ® . (2-40) 


e*—1 x? ) e ear 
0 


Substituting equation (2-40) in equation (2-36) for E, we have 


aol OE ze 
par ae) 3NEP: — |. (2-41) 


Thus we have 


Equation (2-42) can be re-written as 


r 
\( =) dT = = NE In(1 en). (2-43) 
0 


Using equations (2-41) and (2-43) in (2-39), the expression for entropy is given by 
§ =-— srcake ERNE «ae Ney CT oe) 
Sie OL - e—1 a ( Je 
Or 


s=R| Do) + Par —Ina—e4) |, (2-44) 


where x=0/T, while @ is the Debye temperature. The Helmboltz free energy of liquid 

He’ treated as a quasi-crystalline solid is thus given by (using equations (2-41) and 

(2-44)) 
1 a 

F=E-TS=—RT| | IpPYydeT ch 

wal 2 4 


soul “ase |. (2-45) 
ek 

2C. Comparison with experimental results of specific heat and entropy 
of liquid He’ 

According to the preseat theory, we describe liquid He’® by picturing it as a metal 
in which the ions and the electrons are replaced by particles of the same kind viz. He’ 
atoms. Since a fraction f of the total number of atoms corresponds to the free electrons 
in a metal and behaves as an ideal F. D. gas in a potential well, while the rest of the 
atoms constitute a quasi-crystalline lattice, we have according to the present model, the 
following expressions for specific heat and entropy of liquid He’. 

(i) For the case of non-degeneracy A<1 or T> Tis? 

Equations (2-17) and (2-37) give us 
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co 


c=(2)apf1—2 at, p264e—- 2 ct + [+R D0), (2-46) 
2 2 2 
while equations (2-16) and (2-44) give 


§=Rf| 2 —In 4, +1 a,b? + 7c | 


+R| + D@) oe -ina-e9 |, (2-47) 


where 


while x=0/T, 6 being the Debye temperature. R is the gas constant and has a value 
1.986 cal mole™’ deg™’. D(x) is the Debye function, the values of which are given in 
reference (21) for various values of x ranging from 0 to co. The parameter 4, is 
expressed in terms of the F. D. degeneracy temperature T* by the relation (2-28). 
(ii) For the case of partial degeneracy, A~1 or T~T* 
In this temperature range He’ liquid is partially degenerate and, therefore, we have 
to use the exact formulas. Equations (2-9) and (2-37) give us 


15 \ (2/3) Fsjo(9) F, )2(%) | 
C=R IC EMG whe +R>DG)et | (248 

f 4 ) F,,2 (9) ie d/dy- *Fyj2(4) 
while the equations (2-8) and (2-44) give us the relation 


S=Ry|( ; ). ee ae! —y|+Rx[ + D@ + 2+ 


—In(1 <9], 


(2-49) 
where F,(7) is the well-known F. D. integral (defined by equation (2-3)) which has 


been computed by McDougall and Stoner” for various values of 7 ranging from 20 to 
—4.0. For a given value of 7, the temperature can be calculated from the correspond- 
ing values of kT’/€,(=T/T*) given in Table 8-1 of reference (22).* 

(iii) For the completely degenerate case, A>1 or T<T* 

In this case the equations (2:29) and (2-37) give us 


C=4.93 Rf(T/T*) +R-D(x), (2-50) 
while the equations (2-29) and (2:44) give 


S=4.93 Rf(T/T*) +R| + De) ae In(1—e~) |. (2-51) 


We now try to fix the various arbitrary parameters 0, f and T* which occur in the 


* Singwi” used the relation Fy/2(9) = (2/3) (€ o/kT)3/2= (2/3) (T*/T)3/2 to «calculate the temperature 
corresponding to a given value of » [See equation (1-11), reference (22)]- 
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theory. The choice of @ is governed by the shape of the specific heat curve above 1°K. 
According to Debye’s theory of specific heat of solids, it has a value given by 
=by,,/k= (be,/k) (3N/42V)1", (2-52) 


in terms of the velocity c, of the longitudinal waves. Mikura™ has calculated the velocity 


of sound (longitudinal waves) in liquid He* by making use of the empirical relation 
discovered by Rao,”” 


Me,'*-1/p=7-V.(T,/M)*", (2-53) 


0-0 O:5 xe) 5 


2-0 2:5 3:0 3:5 
ofA(Su) 


Fig. 1. The specific heat, C cal mole! deg™, of liquid He’ as a function of absolute temperature, 
TA 
__—: Present Theory of liquid He® with T*=0.54°K, f=1/3.8. 

_—~—: Present Theory of liquid He* with T*=0.45°K, f=1/4.0. 

@ : Smoothed experimental results of Abraham et al») 

/\: Experimental results of Roberts and Sydoriak.© 
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CAL MOLE 


Ss 


Lee, 
Fig. 2. The entropy, S cal mole! deg~, of liquid He* as a function of absolute temperature, 
LEDs 
——: Present Theory of liquid He* with T*=0.54°K, f=1/3.8. 
—~-: Present Theory of liquid He? with T*=0.45°K, f=1/4.0. 
(): Smoothed experimental results of Abraham et al.®) 
4: Experimental results of Roberts and Sydoriak.*) 


where M and are the molecular weight and the density of the liquid respectively 
while c, is the velocity of sound. T, and V, are the critical temperature and volume 
(c.c./mole) respectively. 7 is a universal constant, for which, when c, is measured in 
m/sec, Mikura”” used a value 2.936, which Nomoto and Kishimoto” found to be the 
most appropriate for liquid He*. Mikura™) found that 4 decreases from 9.25 to 7.52°K 
corresponding to a decrease of c, from 136 to 113 m/sec as the temperature increases 
from T<1.5 to 2.5°K. We have chosen the Debye temperature of liquid He® to be 
G=8.5°K.** The parameter f(=1/3.8) is fixed from the shape of the specific heat 


** It has also been pointed out by Temperley?*) that a Debye temperature of the order of 9°K gives 
a satisfactory representation of the high temperature part of the specific heat curve for liquid He*. However, 
Walters and Fairbank!) have estimated the velocity of sound at 1.2°K in liquid He* to be 195 meters per 
second. It implies a Debye temperature~15°K. More experimental data for the coefficient of isothermal 


compressibility and the velocity of sound at different temperatures is highly desirable so as to give us a better 
value of 9. 
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curve below. 1°K while T*(=0.54°K) is chosen-so as to get the observed value of 
entropy””” of liquid He*® at. 1.5°K. ~ The calculated values of the specific heat and 
entropy of liquid He’, as a function of temperature, by using equations (2-46) to 
(2-51) have been compared in Fig. 1 and Fig. 2 with the corresponding experimental 
results.” It is evident from Figures 1 and 2 that the agreement is fairly satisfactory. 
The discrepancy above 2°K in the case of the specific heat can be attributed to the 
lowering of the Debye temperature, as has been pointed out by Mikura.”* 

Fairbank et al.,"” however, found that their nuclear spin magnetic susceptibility data 
of liquid He* could be fitted in with the susceptibility of an ideal F. D. gas with T* 
=0.45°K. Retaining the original value of 6(=8.5°K), the observed value of entropy” 
at 1.5°K implies in this case a value of f equals to 1/4.0. We have, therefore, shown 
in Figures 1 and 2 the specific heat and eatropy computations with these values of T* 
and f (dotted curves). The agreement ia this case, between theoretically calculated and 
experimentally observed” values, is not so good as compared to what we have with our 
first choice of T* and f. However, the calculated values in this case are still in 


reasonable accord with the experimental results.” 


§ 3. Vapour pressure of liquid He’ 


For an independent non-localized ideal gas, the Helmholtz free energy” is given by 
(F,) iaeaa= —AT In[ (pf: )°/N!], ee) 
where 
(p-f-) =gV,(2amkT /88)*”. (3-2) 


Here g is the weight factor, V, is the molar volume of He’ in the vapour phase while 
the other symbols have their usual meanings. 
Using Stirling’s formula 
In(N!) =N(ln N—1), 


which is valid for large values of N, and y=2 for He® atom, the expression (3-1) for 


Helmholtz’s free energy reduces to 


(F,,) iaeat = — N&T [In V,,—ln N+ 3 laT +la (27mk/h)*? +ln2+1]. (3-3) 
Thus the Gibbs Free: energy for an independent non-localized ideal gas is given by the 
expression j 
(G,) ideal — (F,) ideal a (3-4) 
which by using the relation for an ideal gas 
PY aR, (3-5) 
reduces to pas 
(G.) get RE [in PF la th {(2am/h)*?- PP) —In2]. (3-6) 


* The results of computations, with variation of @ and T* with respect to T being taken into 


account, will be published subszquently. 
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Assuming vapours of liquid He’ to be slightly imperfect, the equation of state for the 
vapours of liquid He’ can be expressed in the form (ignoring third and higher virial 


coefficients) 

V,=RT/P-[1+B(T)/V.], (3-7) 
where B(T), the second virial coeficient of He’, is a function of T only. Equation 
(3-7) gives 

V i= RT /P+ B—BP/RT, (3-8) 
where the terms involving higher powers of the second virial coefficient have been 
-dropped. 

It is difficult to compute directly the partition function (p.f.) and thus the Gibbs 
function of a non-ideal gas.* However, the p.f., F, and G, for a slightly imperfect gas 


must be such as to give us the expression (3-8). For any assembly we have the 


following thermodynamical relation for volume 
V = (8G/OP) py. (3-9) 
Using this relation in equation (3-8) and integrating we get 
G,=RT ln P+ BP—}- (BP)?/RT+f(T), (3-10) 


where f(T) is a function that depends on T but not on P, and its form can be deter- 
mined because G, must approach (G,,) jaca) when P is very small. Hence the Gibbs free 
energy for a slightly imperfect gas, up to the second power of the second virial coefficient 


and by neglecting the higher virial coefficients, can be written as 
G,= RT [In P— 3 In T—In { (27m/f*)*”- 8} —In2]4+ BP—1. (BP)?/RT. (3-11) 


With the atomic weight 3.0162 of He*, the vapour pressure constant in (3-11), 
including the spin, amounts to 


le )2(2e70/ 2) 2”. BP l= 5.325), 


if the pressure is expressed in millimeters of mercury. Accordingly equation (3-11) 
reads 


Go RT[ In. (Pmm/L.") — 5.3251 BP— 4} -(BP)*/RT, (3-12) 


which is precisely the same as that deduced by Chen and London. This expression 
is valid until the third and higher virial coefficients of the vapour become significant 
(probably at about 2.5°K). 

Along the vapour pressure line the Gibbs free energy of the vapour is equal to that 
of the liquid. Thus the vapour pressure equation for He® is given by 


G,=Giiq- (3-13) 


* We are thankful to Professor H.N. V. Temperley for suggesting an indirect way out of this difficulty 
@Private communication). 
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The total Gibbs free energy of liquid He® is given by 
nS liq PV, —¥, (3-14) 


Whe Fi, =f (Frv.) + (Fynonon) | is the total Helmholtz free energy of liquid He* and 
V, is the molar volume of He®* in the liquid phase. Here ¢ is a constant which is. 
ao to fix up the lowest energy level. (In fact ( is the “latent heat at absolute: 
zero”). 

Using equation (3-12) for G, and the relations for Fy.p, and Fynonon derived in 
Sec. 2, the vapour pressure of liquid He* is thus given by the following expressions : 


(i) For A<1 or T>T* 
lofi Pam =2.3126———$ —- +2:5 loppdintise aiaemen Ee plese: 
ue ar [-14 ad, -b4t4 edt 
% Se l é D@ +—-: 2% 
er (P0~9+ 90) 0 


(ii) For A~i or T~T* 


h : 
Logie Pm =2.3126 — —— + 2.5 log T + log (te) 
ee am 2\_ Fap(y) |- 1 [ Lance ee “| 
2.3026 3 Fy) (7) BBO76 12 Ae pe 
1 Ces 
eer PVP) te -16) 
2.3026 RT | Cate 2RT ee? 
(iii) For A>1 or T<T* 
Logi Pim =2 : 3126—- $42.5 log, T +log,,(1 —e~*) 
iF ake ah 5a i 
0 (+) | ms. {1 — Cate 
2.3026 \ 5 Poa A aw PP Ay 
Jee | ! D(x) Lost spo eee | 
2.3026 L 12 be ah Eg 
1 (B") 
BE ENP ALE BY oe act ow bs 3-17 
al Ce Ps 2RT gers 


We have calculated the vapour pressure of liquid He’, as a function of temperature, by: 
using equations (3-15), (3-16) and (3-17) and both the values of f. We choose # 
arbitrarily in order to get agreement with the observed vapour pressure’? at 1.5°K. 
The values of # are found to be 5.21 and 5.12 cal mole’ respectively for f=1/3.8 
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0-0 os iz) rs 2-0 E 2:5 
Fig. 3. The vapour pressure, Pin» Hg, cf liquid He® as a function of absolute temperature, T (°K). 
— : Present Theory of Liquid He*® with T*=0.54°K, f=1/3.8. 
—--: Present Theory of Liquid He*® with T*=0.45°K, f=1/4.0. 
@): Smoothed experimental results of Abraham et al.” 
A\: Smoothed experimental results of Sydoriak and Roberts.) 


and f=1/4.0. These values of ¢/ are in fairly good agreement with the value 5.25 
cal mole~’ for the “latent heat of liquid He* at absolute zero”, computed by Trikha 
and Nanda” from the Chen and London™ vapour pressure equation for liquid He’. 
The vapour imperfection corrections have been applied using the second virial coefficients 
computed by Kilpatrick et al." For the molar volume, V,, of He® in the liquid phase, 
we have used the recently determined data of densities of liquid He* by Kerr.'” 

Ii Fig. 3 we have compared the vapour pressure of liquid He* on the basis of the 
present theory (by using both the values of f) with the corresponding experimental 
results.” No calculations have been made above 2.5°K because the equation of state 


(3*7), is inadequate for the saturated vapour above this temperature. The higher virial 
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coefhicients of liquid He*, about which we have no knowledge so far, should be included 
for higher temperatures. It is evident from Fig. 3 that the agreement between theory 
and experimental data is fairly satisfactory. 


§4. Nuclear spia magaetic susceptibility of liquid He’ 


4A. Spin magnetic moment of an assembly of particles obeying F. D. 
statistics. 

When an external magnetic field H acts on an assembly of atoms of an ideal F. D. 
gas, the magnetic energy of an atom will have only two values—either + Hyp if the 
spin is parallel to H, or —Hyp if the spin is anti-parallel to H, where s¢ denotes the 
nuclear magnetic moment of the atom. The magnetic moment M produced by the 


magnetic field H can be determined as usual from the F, the Helmholtz free energy, 
by the relation 


M=— (0F/0H) 7.7, (4-1) 


and we obtain, proceeding in the usual way,” the result 


a NaH [Bays Cr/oeiaGy += 7, (4-2) 
RIS Feely) + (Pr /2) fie pe 
where 
B,=PH/RT, Frio (9) =4F p(y) /d9, Fris(q) =@°Fs 2.) /dy? 
and 


FIG) =@ Fin (9) (dy? 


However, the expressions for magnetic moment can also be determined in a more straight- 
forward way by using the Gibbs free energy”? instead of the Helmholtz free energy, and 
this is equivalent to using the generalized form of Boltzmann’s law. Again, for the sake 
of completeness, we will give a brief account of the relations we require for our purposes. 

In the presence of the magnetic field, let (N,) denote the number of atoms in 
the assembly possessing spins parallel to H and (N_) possessing spins antiparallel to H, 
and let the difference between. them be dencted by %,, i.e. ‘(Niza (N<) = 212. yl bem 
from a well-known theorem in thermodynamics [G=NkT In A=NkT.-7]| we have 


4.) — G-) = — 24H RT, 


(Ay) f(An) eee, (4-3) 


where (A,) and (A4_) are the degeneracy parameters (absolute activities) for the (N,) 
atoms and (N_) atoms respectively. 
(a) ~ For the case of non-degeneracy, A<1 or S96 30 Mak ae 
2vH/kT <1, and the terms in equation (4-3) can be expanded in a series. Now 


inverting the series in equation (2:12) we have 
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(A,) = (A) [1 +4 (AL) +a(A.)yrtin], (4-4) 
and 
(A_) =(A,_)[1+4,(A,-) +@,(4,_-)? +>]; (4-5) 
where 
i F2 1 
On ibe ’ a.=(— 3a a 
and 
pe ee eee (4-6) 
DOT PT ax; N 
Similarly 
N_ 
(any oe owe (4-7) 
Therefore, 
(4a) [4 {IDO | 9, 4, | IN) get 
A_ (N_) N N? 
(Nz)?—(N,) (N-) | 42 ce : 
+4 N? | 4a, AR aah iS , 
But, 
N fee N | a | 
—— ns i d GN) ===) 1-2 4-9 
i.) =4Y [1-42] and Gv.) = [14 (4-9) 
Hence 
(4.) Bees A 2h ale) AZ sss 2x) 2x) 4... 4-10 
(A_) 1 N [14a he - ay) AP+ J+ N NS gk ) 
ow HRT VATS g CR Td «be 4 iD ed ; 
= eR MIRT — 4 = + pT —_ =e PTF +e, (4 11) 


which gives, after a little algebraic simplification 
orate adh HY 
a [3 —a,A,—2(a,—a,’) isda (er — | > 4-43) 


because x, is the number of atoms (each of nuclear magnetic moment //) which contribute 
to the magnetism of the assembly. 


(6) For the completely degenerate case, A>1 or T<T*, we have from equation 


(4-3) 
In(A,) —In(4_) =—2pH/kT. (4-13) 


Now according to equation (2:20), 


2 : 4 
inA= (i553 e.[y— Tes) A mn ee ase | 
(5/2) it ( 12 ) I RE ( 80 1d s10y- Aad 


=f(N), say. (4-14) 
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Then 


In(4.) =f{ (1h aria le C45) =f{|-(G+ ~)t, 


and 


9 ag ee Le nd a as em 
" O(N/2) 24 ~—«9(N/2)? 


(4-15) 


Noting that 


AN. Ua 


we have from equations (4-13), (4-14) and (4-15) 
7h x 
(4). (2) tam area) 


a6 aa 1 oan a). Unease Aj Bas. (4-16) 


Uej2)° oF 


. 80 {Psp 4,3 °” 
so that 
M= px =(S ae. d. E —( ss By 
A py at 12 Visjay° “a as 
117% ) 1 |-- zo) 
360 {L5)2)° A} °” Uspy" 
(4-17) 

or 


u=(2) 22 1 -()(4)-GS)- Se) 
— ~) ()-* |; ate? 


where use has been“ made of equation (2-28) in writing this equation in terms of T*. 
The expressions (4-12) and (4-18) obtained by Singh” for the paramagnetic 


moments for the non-degenerate and degenerate cases respectively, using the Gibbs free 
energy are the same as obtained by Stoner” using the Helmholtz free energy. In fact, 
the presently quoted expressions are given to a higher order term for the variation of 
_ M with temperature. 

4B. Comparison with experimental results of nuclear spin magnetic 
susceptibility of liquid He’. 

It is significant to note that in our computations of the thermodynamic quantities 
of liquid He* we have not taken into account the contribution to the total energy of 
the liquid arising out of the possible random alignment of the nuclear spin of atoms 
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pak 
oO 


which constitute the quasi-crystalline lattice. Thus, according to the present theory the 
nuclear spins of these atoms are aligned for all temperatures and therefore make no 


i i ibili sured 
contribution to the nuclear spin magnetic (paramagnetic) susceptibility. The mea 


0-0 0-4 0:8 12 1-6 2:0 2:4 2:8 3-2 3°$ 


dake) 

Fig. 4. The ratio of the nuclear spin magnetic susceptibility, y, of liquid He, to the classical 
(i.e. for very large T) nuclear spin magnetic susceptibility, y., as a function of aksolute 
temperature, T (°K). 

Curve I: Present Theory of Liquid He® with T*=0.54°K, f=1/3.8. 
Curve II: Present Theory of Liquid He’ with T*=0.45°K, f=1/4.0. 
Curve III: Boltzmann’s Statistics (Curie’s paramagnetic susceptibility) . 
Curve IV: Ideal F. D. gas model with T*=5°K. 

@): Experimental results of Fairbank et al) 
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paramagnetic susceptibility is, therefore, due only to the fraction f of He® atoms which 
behaves as an ideal F. D. gas. Thus according to the present theory, the paramagnetic 
(nuclear spin magnetic) volume susceptibility y(=M/HV) is given by. (ignoring terms 
of higher power.in H) the following expressions : 

Gre ron Aero T > T* 


t=f (ne /kT) [1 aA 2 (a,—a@,’) 7: Nie re] (4 3 19) 


where n is the number of He® atoms per unit volume. 


(ii) For A~1 or T~T* 
X=fO/RT) + Fyn) /Fij2 (9) - (4-20) 


In this case of partial degeneracy exact values of the F. D. functions, computed by 
McDougall and Stoner™ have to be used. 


(ii) Far ‘A> 1or ‘T <T* 
1= (3/2) f(npe/kT*) [1 — (2/12) - (T/T*)2— (117°/360) - (T/T*)'—]. 
(4-21) 


We have calculated the nuclear spin magnetic susceptibility of liquid He*, as a function 
of temperature, by using equations (4-19), (4-20) and (4-21) and F. D. degeneracy 
temperature of 0.54°K. The values so obtained for (y/7.) =[y (kT /fny’) | are compared 


in Fig. 4 with the experimental results.” 


This degeneracy temperature of 0.54°K is 
very close to the degeneracy temperature of 0.45°K required by Fairbank et al.” to fit 
their experimental results with the theoretical F. D. curve. In Fig. 4 we have also 
included the theoretically computed values of (y¥/y,) for T*=0.45°K. For the sake of 
comparison, we have also plotted in Fig. 4 the theoretical results of liquid He* treated 
as an ideal F. D. gas with the same density and atomic mass as liquid He* (T*=5°K). 

It is evident from Fig. 4 that the nuclear spin magnetic susceptibility data of liquid 
He’, as reported by Fairbank et al.” 


rather than with the ideal F. D. gas model. 


is in fairly good agreement with the present theory 


§ 5. Variation with pressure of nuclear spin magietic 
susceptibility of liquid He’ 


Recently, Walters and Fairbank’ have reported the measurements of the nuclear 
spin magnetic susceptibility of liquid He® as a function of pressure. In Fig. 5 we have 
plotted the nuclear spin magnetic susceptibility data of liquid He® at 1.2°K as a function 
of density of liquid He®. It is evident from Fig. 5 that, at constant temperature, the 
nuclear spin magnetic susceptibility varies linearly with the density of liquid gn Sm Maal Bl atr 
is in agreement with the predictions of the present theory according to which we have, 


at constant temperature, 


7=n X constant = (e/m) X constant, (5-1) 
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Fig. 5. The nuclear spin magnetic susceptibility, x)»; (arbitrary units), of 
liquid He? at 1.2°K as a function of density, @ gm-cm—, of liquid 
He’. 
—-: Present Theory. 
@: Experimental results of Walters and Fairbank.}) 


where p is the density of liquid He* while m is the mass of a He® atom. 

The observed fact (as pointed out by Walters and Fairbank'’?) that the deviations 
of the nuclear spin magnetic susceptibility of liquid He* from the Curie susceptibility 
law become less pronounced as the pressure over the liquid is increased, seems to be in 
agreement with the predictions of the present model. In Table 1 we have compared the 
experimental data, of the variation of y with pressure, with the calculated values on the 
basis of the present theory as well as on the basis of an ideal F. D. gas model (with 
T*=5°K). It is evident from Table 1 that the experimental data, of the variation 
with pressure of nuclear spin magnetic susceptibility of liquid He® as reported by Walters 


and Fairbank,'” is in fairly good agreement with the present ‘theory rather than with 
the ideal F. D. gas model. 
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Table 1. The nuclear spin magnetic susceptibility, y, of liquid He*® as a function of pressure 


and temperature. 


| 7 
TCR) Pressure Ideal. TD. bas Present Theory with 
sires is A fs = 0.54°K, Ts = 0.45°K, Exptal. 
f=1/3.8 f=1/4.0 
0.45 Sat. V. P. 0.14 0.75 0.79 0.80 
0.33 | 21.7 atmos. | 0.14 0.86 0.93 0.80 
| 
ee SS ee a ns ee Ee ee ee ee 
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ADDENDA 


On Solutions of He* and Het 
S. K. Trikha and V. S. Nanda 


Prog. Theor. Phys. 17 (1957), 679. 


Concerning equation (2. 1),* p.681: 

The assumption (i) that “He* mixes with the whole of He!” implies that the normal part of Het 
cannot be considered as separated in space from the superfluid part. In fact, we take for granted that the 
normal as well as the superfluid parts of He! are superposed in space. Following Landau (L. Landau, J. 
Phys. U.S.S.R. 5 (1953), 1941), 71.), we imagine that the normal particles move about, collide with each 
other and the walls, and imitate the appearance that in a perfect background superfluid there is another 
normal fluid. Then following Feynman (Phys. Rev. 91 (1953), 1291; 91 (1953), 1301; 94 (1954), 262), 
who has extended these ideas for the case of He* and He? solutions, we assume that in the perfect back- 
ground superfluid there is another fluid consisting of normal part particles of He! and He® atoms. Thus 
the superfluid part of He* contributes to the density, because it occupies the background and fills the space 
of the container. 

The assumption (ii) means that as far as the entropy of mixing is concerned, the contribution of the 
superfluid part is zero. As the superfluid part of He! forms the background in which the normal part 
particles of Het and He® atoms move about and mix together, we expect no contribution to the entropy of 
mixing from the background fluid which has zero entropy of its own. Thus the third term (mixing term) 
in eq. (2*1) follows immediately. The details will be published subsequently. 


* This note was originally sent as an added foomote, but unfortunately it came in too late for the 


proof reading. 


23 


Progress of Theoretical Physics, Vol. 18, No. 1, July 1957 


On the Eleciron-Lattice Interaction in Non-Polar Semiconductors 


Shigeharu KOSHINO 
Department of Physics, Kyoto University, Kyoto 


(Received March 15, 1957) 


The two-phonon process in non-polar semiconductors is discussed and the acoustical mode-scattering 
mobility is derived from this type of electron-lattice interaction. The obtained mobility depends on T-. 
This result is combined with the usual one which depends on T-!-5, and it is concluded that the 
one-phonon process treated in the usual theory is predominant at lower temperature while the’ two- 
phonon process is predominant at higher temperature. Then it is shown that the transition of 
mobility from the one-phonon region to the two-phonon region well accounts for the transition of 
temperature dependence observed on the lattice scattering mobility in each case of electrons and holes 
in germanium and silicon. The small deviations of temperature dependence of the observed mobilities 
from T°? or T-!+5 seem to be explained with the optical mode-scattering. 


§ 1. Introduction 


The temperature dependence of lattice scattering mobility in non-polar semiconductors 
has been reported’~* as being different from the theoretical prediction obtained by as- 
suming that a) the lattice vibration is acoustical, b) energy surfaces near the band edge 
which locates at k=O have spherical symmetry and c) the electron-lattice interaction 
Hamiltonian is linearly dependent on the lattice displacement, in other words, the one- 
phonon process alone takes place. Because of this disagreement, it is necessary to 
reconsider the three conditions listed above. The optical mode scattering and the inter- 


~*) and their results are still far 


band transition have been discussed by several authors,” 
from the perfect solution of the problem. The purpose of the present paper is to discuss 
the two-phonon process and explain the temperature dependence of lattice scattering 
mobility by the consideration of this process. 

The two-phonon process has been considered to be insignificant in the usual theory, 
which is successful-in metals. In non-degenerate semiconductors, however, it can not 
always be considered to be so in view of the following fact. Since the conduction ele- 
ctrons are thermal in these materials, their wave numbers are very small compared with 
the maximum wave number of phonons at usual temperature, and the number of phonons 
to scatter conduction electrons is a very small fraction of the total number of phonons 
in the case of one-phonon process because of the conservation of energy and momentum. 
On the other hand, all phonons can interact with conduction electrons in the case of 
two-phonon process. 

In § 2, the transition probability is derived from the second order term of electron- 
lattice interaction Hamiltonian, and the mean lifetime is calculated in § 3. In § 4 the 


mobility is obtained and compared with the observed one. 
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§2. Transition probability 
According to the deformable atom hypothesis, the perturbing potential for electrons 
is given, including the second order term by 
—R-grad V(r) +3 (R-grad)*V (r), (1) 


where V(r) is the potential in the normal lattice, r is the electronic coordinate and 


au Sa -e(q, ip) {a(q, Jen a" (q, ery ’ (2) 


i) 
Res ee 
( ) V20°¢ FT Vw (q, D 


in which ¢ is the density of the crystal, w(q, j) is the frequency of vibration having 
wave number q and polarization index j, e(q,j) 1s the polarization vector of this mode 
of vibration, and a(q, j) and a*(q,j) are the amplitude and its conjugate of this mode, 
respectively. In this paper we exclude the optical mode of vibration and consider (2) 
to represent the acoustical mode. Since the first term of (1) has been discussed in the 


usual theory,” only the second term is discussed here, which is 
H=}(R- grad) °V(r). @) 


Although the magnitude of this term is always smaller than that of the first term of 
(1), the effect of this term on the scattering of electrons will be possible to be dominant 
according to the discussion in § 1. 


The electronic wave function is expressed as 
dy(r) = (1/VN ey, (r), (4) 


where N is the number of atoms in the specimen of crystal and y;,(r) is the function 
having the periodicity of the lattice. 

Eq. (3) includes two groups of terms, one of which depends on (e-q’) (e’- grad V) 
and the other e-grad(e’- grad’), where e and e’ are the abbreviations of e(q, j) and 
e(q’, j’), respectively. The former group results from the fact that the lattice displace- 
ment is not uniform and the latter group is the usual term from the second derivative 
of potential. Since the spatial change of lattice waves is usually much smaller than that 
of electronic potential, the former group of terms mentioned above is much smaller than 
the latter and may be neglected as shown in Appendix. 

Using (4) and neglecting terms depending on (e-q’) (e’-gradV), we obtain the 


matrix element of (3), without time factor, 


‘ i I\1/2 ety ee P 
H(k, k') = Subse. cay | dreo ‘a4. 4 ye - grad (e! - grad V) 


4No-a av 5 3 \wo! 
+three terms depending respectively on n(n/+1), 
(n+1)n’! and (n+1) (n’+1), tk) 


where / is Planck’s constant devided by 27,.n is the abbreviation of n(q, j) which is 
the number of phonons specified with (q,j), and n’ is the abbreviation of n(q’, j') 
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The integral in the first term of (5) vanishes, unless k—k’+q+q'=K, where K is a 
basic vector of reciprocal lattice in which the zero-vector is included. Here we neglect 
the “ Umklapp ”’-process (K2;0) as usual, hence we oktain the law of momentum con- 
servation 


k—-k’+q+q'=0: (6) 
When (6) is satisfied, the integral in the first term of (5) is reduced to 


N d= 7K, Xx: grad (e!-gradV), (7) 


where the integral is to be performed over full space within a Wingner-Seitz sphere. 
Assuming that 7, has spherical symmetry and eliminating V by the use of the Schrodinger 
equation, we can reduce (7) to approximately 


3ND(e-e’), (8) 


where 
1 (p- 1 j 
D=— & sate. iin 4 Ayx = aie ik 5 
ral 0 re zal Gor 7, Brad ze )+2E yf Ay, | : (9) 


in which m is the electronic true mass, J is Laplacian operator and E, is the total energy 
of the electron with k=O. Since we do not have reliable values of 7; we shall treat 
D as an unknown parameter in the following discussion. 


From (5) and (8), we obtain the matrix element 


Hie ja es 
30 ree) rin wu! 


ye Ke e’) (10) 


for the transition with simultaneous absorption of two phonons, where 
k—k'+q+q'=0. Gas) 


The probability of this transition may be calculated with the use of the conventional 


time-dependent perturbation theory which was proved to be valid by Seitz,” and it becomes 


P(k, k’) = 82? srs1s"” (e.e')0(G), (12) 
- 90 oo! 
where 
€,=E—E'+buo+bo’, (13) 
in which 
E= (6?/2m*)k, E!= (6?/2m*) k” (14) 


and m* is the effective mass of the electron. Provided that the frequency of lattice 
vibration is independent of the direction of polarization, the summation over all values 


of j and j’ can be performed easily, and , 
STS1\(e-e/)?=3. (15) 
JOG 


Then Eg. (12) is reduced to 
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2 / 
P(k, k’) = 95) "* 916). (16) 
307 “gq ww 
Three other terms of Eq. (5) may be calculated in the same way. The second 
term and the third term of (5) represent the same process in which one phonon is 
absorbed and the other is emitted simultaneously. The last term represents the process 


in which two phonons are emitted simultaneously. The probability of the former process 


P(k ji) =A ORODE pitt) Fey (17) 
‘ 37 qd wo! 
where 
k—k’'+q—q'=0 (18) 
and 
€,=E—E'+bw—bo’. (19) 


The probability of the latter process is 


2 i 
Prep eS one AES ey (20) 
Bud wo! 
where 
jee Phas nay eet (21) 
and 
€,=E—E!—bho—bo'. (22) 


§ 3. Mean lifetime 
The mean lifetime t is defined by 
(ff) /T= SW (ke, k)fU-fI—-W ek, Eff, (23) 
where f and f’ are the distribution functions of electrons in k and k’, respectively, f, 
is the equilibrium distribution function and W(k, k’) is the total transition probability 
of the electron from k to k’. 

When the temperature is below the Debye temperature as in the following discussion, 
the magnitude of (bw+bw’) included in (13) and (22) is usually comparable to the 
magnitude of E or E’, and on the other hand, the magnitude of (bw—bw’) included 
in (19) is negligible compared with that of E or E’ because of the laws of momentum 
and energy conservation. Then the difference between E and E’ satisfying the law of 
energy conservation is usually much larger in the process in which two phonons are 
simultaneously absorbed or emitted than in the process in which one phonon is absorbed 
and the other phonon is simultaneously emitted, and hence the difference of the value 
of f, from that of fi is much greater in the former process than in the latter process. 
Therefore the latter process may be considered to take place much more frequently than 
the former process. In the following discussion, we shall neglect the process in which 
two phonons are simulianeously absorbed or emitted. 
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Now we can use the following approximation, 
Sr Eee): (24) 
In this case, according to Fréhlich,”” the mean lifetime is given by 


=p tk le, &). 
eke 2k, 


Introducing (17) into this paps, we obtain 


kk PO) S) n(n! +1). | (25) 


9 
5 "Rd q wo! 


For convenience, we replace the summation over k’ by over Q=k—k’, and we replace 


all summations by integrations. Then Eg. (25) is reduced to 


A. 


a =I dQQ20(€) |= “4 (nn! +n). (26) 


The frequency of lattice vibration may be considered to satisfy approximaiely 
w—vtq, (27) 


where uv is the mean sound velocity averaged over three directions of polarization. Now 


we assume that, when T<@, 


kyT/bvq- (bvqg< kT), 
(28) 


eT @ealkol (kh, eX bvq< kof), 


where &, is Boltzmann’s constant and @ is the Debye temperature. By the use of (27) 
and (28) the first term of (26) is reduced to 


bD* | dQQ°0 (€) oneal ie ab ( dq trata" itor | 2 (29) 
247° 0?c7k*. \ J gq” qq’ 
where the integral over q in the first term of (29) is to be performed from 0 to qp 
and in the second term from gy to q,,, in which gp=h,T/bv, qn=kO/bv. Using the 
relation q?=Q?+q°—2Qq cosa (a is the angle between @ and q), we integrate the 
first term in the bracket of (29) over all allowed values of gq. Since q’ is nearly equal 
to q in the second term, we replace q’ by q there and integrate this term over all allowed 
values of q. The bracket becomes 
anol {hs ne sae evry | (30) 
bu 


) 


WhenT > 0, the third and the fourth terms of (30) vanish and q, in the second term 
is replaced by 4,,. 

When (30) is introduced into (29), the integration over Q in (29) is performed 
by Seitz’s method,” and (29) is reduced to 
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Dan ee hol (2n-pet—e lh) kt 
3h? \ Zhu 


2D me, be ae 
3x27? | 360 


+2k} . (31) 


The second term of (31) is negligible compared with the first term because of the 


following relation, 


6buk _12V¥ 20m"? _ lr 


RT. -7(kT)2® 410. 


where & is the mean value of k averaged over the Boltzmann distribution. 
The next problem is to calculate the second term of (26), which can be done in 


the similar manner as in the derivation of (31). The result is approximately 


2D?’m* log (ky/bv) ky Tk (32) 
Bun oat Cola ’ 


The ratio of the mean value of (32) to the value of (31) is 


6 ¥ 2 m*' "vlog (k,/bv) 
PND (kT) 1/2 


G5 Paso 


which shows that (32) may be neglected when T>30°K. When T<30°K, the one 


phonon process is always predominant as it will be shown in the next section. Finally 
‘we obtain 


ee alow (33) 
2D MER A 
which is independent of energy. 
§ 4. Mobility 
The mobility 4 is related to the mean lifetime by the equation 
— e - . 
far payee (34) 
where e is the electronic charge. Using (33) we obtain the mobility 
9reh® v vs 
-nu= Dn 1p. *5 (35) 


where the suffix II denotes the two-phonons process. The fempaseiure dependence of 
this mobility is different from the result of the usual theory, which is” 


3 (27)'Peb!ou;? Sto 


iy 2C2m** 2K 372 ? . (36) 
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where the suffix I denotes the one-phonon process, v, is the velocity of the longitudinal. 
sound wave and 


B? 
C= =| dz, |grad 7, (2. (37) 
2m 


We calculate the total acoustical mode-scattering mobility by the use of the 
approximate relation 1/u=1/f,+1/f;,, Although this relation is a rough approximation, 
we employ it because of the difficulty of the exact calculation. The obtained mobility is. 


_ 9reb* (x4 1 
2m*kiD? Taleb Te 


(38) 


where 
__ 9am* C4 


39 
267k,v,'D" Cy 


c 


It is concluded from (38) that the acoustical mode-scattering mobility depends on T7* 
when T>T,, and that it depends on T~*® when T< T,. 
Before the numerical calculation of (38) and (39), it is necessary to estimate the 


value of D, which is from (9) 


p= 


| de, | ind dr + +5 lard tel?) + “Exit dye |. (40) 


2 
Here = { dz,y*dy is the kinetic energy of the electron and it is nearly equal to the 
m 


absolute value of E, when the electron is in s-state. Although the electronic state is 
not s but the linear conbination of s and p in the present case, we consider the follow- 


ing relation to be an acceptable approximation, 
#2 
B= | dept ayn (41) 
2m 


From (40) and (41) we obtain the relation between D and C, which is approximately 


ech (42) 
Then (35) and (39) are reduced to 
Qreh" cs v 5 . 
UL preseras dere 43 
i 8 (mm*k,) °C! (43) 
and 
h® * 2 8 
= 9zh"m* (é i (44) 
32k, (mv,C)* 


It is to be noted that the two-phonon process is expressed with the same parameter 
C as the one-phonon process. Since the value of C cannot be obtained theoretically, it 


is inevitable for us to determine it from the observed value. It may be questionable ta 
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assume that the observed mobility depending on T~*” equals to /#;, since ao observed - 
mobility will also be affected by the impurity scattering. But, in order to estimate the 
order of magnitude of T, and /4;,, we employ values of #4, given in Table I as observed 
mobilities. Table I also contains values of C determined from them for three samples. 
The fact that the values of C are of the order of e.v. proves that our choice of /4; is 
not so wrong. Values of m* used in this calculation are also given in Table I, and 


m) 12)" averaged 


they are nearly equal to the mean values of cyclotron resonance data 
arithmetically over three directions of principal axes. + 

By the use of values of C given in Table I we obtain values of T, and /4;;, which 
are given in Table III. Here for electrons in Si both the calculated and observed values 
of T, may be doubtful because of the large contribution of impurity scattering, and only 


the order of magnitude will be significant. 


Table I Values of m*, yw, and C. Table II. Values of p, vz and v,!9> 19 
17 (cm?/volt-sec.) | m*|m | C(e.v.) | o(g/cm*) | vz (cm/sec.) __ v(cm/sec.) 
elec. in Ge 2.6X107-T7-5 | 06 | 36 - Ge 5.32 | 494x105 | 240% 10° 
Mien Ge | Sevier ras) on) 59 Si 233 | 846x105 | 405x105 
wlec. in Si. | 1.3X107-T-1"5 OS 72 


Table IJ. Values of T, and yz,7 calculated and observed.» >» 


| ICIS) | Lr (cm?/volt-sec.) 
calc. | obs. | calc. obs. 
elec. in Ge 1000 | >400 | 8.3X103-T-2 | 
hole in Ge 90 | 100 | 2.5X108-T-2 4 1.05 X 109. T-2: 38 
elec. in Si 110 | <160 1.4X108-T— | Tek KAO sas 2s 


*) Morin and Maita’s estimation is too extreme, because they employed the relation pr= (7/0399) 300. 
? 


We employed here the relation pr= (o7/o299) L290. 


It may be seen that the agreement between the observed and calculated values of 
T, is fairly good. It proves the validity of the main part of our theory. On the other 
hand, there are small deviations of the temperature dependence between the observed 
mobilities and our results. This is not surprising in view of the fact that the optical 
mode-scattering as well as the acoustical mode-scattering contributes to the mobility as 
shown by several authors.” In fact, if we adopt for optical mode-scatteriag mobilities 
the values given in Table IV which are not unreasonable values,” the calculated 
mobilities agree with the observed mobilities. 

Since the mobility depending on T~1* has not been observed yet for holes in silicon,* 
we can not estimate, in this case, the value of C by the method used above. Instead, 
we estimate it and values of other quantities in a self-consistent way, in other words, we 
estimate the value of “4, which gives the same value of T, for both the observed and 


On the Electron-Lattice Interaction in Non-Polar Semicondyctors 31 


the calculated mobilities. The obtained values of quantities are given in Table V, and 
the value of optical mode-scattering mobility to account for the observed mobility is given 
in Table IV. The value of m* used in these calculations is 0.5m. 


Table IV. Optical mode-scattering mobilities (in units of cm?/volt-sec.) 


| electron hole 

™ | 
Ge 2.6 X 105+ T—9- 5. (¢400/T — 1) | 3.7 X 104+ T-0- 5. (¢400/7"_ 1) 
Sav 6.0 104+ T-0- 5. (€600/7 — 1) | 3.1X 103. T-0- 5. (€600/7 — 1) 


a 


Table V. -Values of quantities for holes in silicon. 


SS reeeeeeeeeeeeeeeeeeeeeeeeee eee 


/tr71 (cm2/volt-sec.) 


Mr ‘ 
(cm2/volt-sec.) calc. | oks. |) 
1.0X 107- T-1-5 7.4X 10°-JT-2 | 2.5X108-T-?:3 | a) 


§5. Conclusion 


The two-phonon process which has been neglected in the usual theory plays an 
important role at least in non-degenerate semiconductors. The acoustical mode-scattering 
mobility governed by the two-phonon process depends on T~*, which is different from 
the usual one depending on T~'”’. The former is predominant at higher temperature 
and the latter is predominant at lower temperature. The transition temperature from 
the latter to the former agrees fairly well with that observed on the lattice scattering 
mobility. The small deviations of temperature dependence of the observed mobilities 
from T~*? or T~'> seems to be the effect of the optical mode scattering. Therefore, 
the two-phonon process accounts for the main part of deviation of the observed tempera- 
ture dependence from that predicted in the usual theory. The two-phonon process must 
be an important mechanism for other phenomena or in semi-metals. These problems 


are, however, not discussed here, but will be done in future. 
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Appendix 


There are four terms depending on (e-q’) (e’-grad V) in (3), one of which, for 
example, is 


\1/ 


Bd) 3) 3 C9 ae a CO Cla (Al) 


204 Qh jh! wu! 
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In the similar manner as in § 2, we obtain the transition probability, 


» 
P(k, ki) =P srs351™" (e-q')*(e'-Q)*9 EG), (A2) 
360 a 7 7 wa! 
where 
k—k'+q+q'=0. (A3) 
In the similar manner as in § 3, we obtain the mean lifetime, which is approximately 
Sah (a4) 
2meCAk Tike 


Eq. (A2) and Eq. (A4) include the coupling constant C, and it is due to the fact 
that (Al) includes only the first derivative of potential. It is also noted that the mean 
lifetime (A4) depends strongly on the electronic energy. 

From (A4) and the relation 


pai 
3 m*k,T 


we obtain the mobility 


Om eh" 07? 


OS F7 2 Cm®2 (TY? | 
The ratio of (A5) to (43) is 


27 2 rmuC? 
m*3/2 (kT ) 5/2 


(A5) 


pet Seg NeW Bl Me 


which shows that (A5) is negligible compared with (43) at least when T<5000°K. 
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Mayer has proposed a variation method of finding the two-body reduced density matrix p» for 
the ground state of a many fermion system. In this paper it is shown explicitly that his variation 
method is imperfect and sometimes leads to quite unsatisfactory results. Further, his trial form of 
oo for electron gas is translated into that for the x electron system of benzene molecule and it is 
shown that such a trial form is unsatisfactory in several respects. 


$1. Tatreduction 


The rigorous analysis of an assembly of mutually interacting particles by means of 
quantum theory constitutes a very difficult problem ; therefore, we must resort to some 
approximate methods. One of the most useful approximate methods is the well-known 
variation method based on the Schrédinger variation principle. In this method an ap- 
propriate trial form is assumed for the total wave function and the best is sought of all 
the wave functions of this type. The configuration interaction (CI) procedure in orbital 
theories is a typical example of this method. It is, however, usually necessary to take 
into account a very large number of configurations in order to obtain satisfactory results 
by means of CI procedure. Accordingly, it cannot be said to be a very useful procedure. 
In order to avoid this difficulty, another procedure has been proposed by Mott,” 
Feynman” and others. They assumed a single Slater determinant multiplied by a certain 
trial function which represents the correlation among particles. However, such treatments 
are also intractable, whenever the density of particles is large, because of the considerable 
computational difficulty involved in deriving the functional forms of one- and two-body 
density matrices from the total wave functions given by such trial forms. Consequently, 
it is desirable to find a variation method in which a trial form is assumed. directly for 
the two-body density matrix of assembly itself. Such an investigation was done by J. 
E. Mayer” for the ground state of electron gas. His method, however, seems to be 


open to several difficulties. In this paper, therefore, we want to make some remarks on 


its validity. 
§ 2. Remarks on Mayer’s general method 


Let us consider an assembly of N fermions. If we write the normalized total wave 
function of this assembly as ¥ (q;, 92, °""» dx)» the one-body and two-body reduced density 
matrices for the pure state described by this wave function are given by 
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Ca | A WD=N | dpe da P (qi! qo---g) - P* (41 go" Gu) 
and 
C41! 92! | P2191" 92") = (N(N—1) /2)| dq,---dqy-F (41! 92! 95-9)“ P* 41" 90!" Ga" 9x) » 
(2-1) 


espectively. The density matrices for mixed states are given by replacing P\<P with 
Sic, 2), in Eq. (2-1), where c,20 and S\c,=1. Then the total energy Eas 
21 p =e aol 
a functional of p, and , can be expressed as 

Elp,; f2|=Tr Le, H,|+Tr [P2 Esp (2 : 2) 
where J6, and 36, denote one-body and two-body operators, respectively. From the 


definitions of ~, and , one can easily derive the following five conditions 


Condition I. Trpo,=N 


”? Il. <a qe 


i III. , must be a positive operator. (2-3) 


f2| 91" qo) dqg= (N—1) /2- Cay" | 1191") 


55 TV. €q1'90"| Po] 91 G2"" > = —<4o! 91" | P21 G1"” Go" 


NS, 


qo’ gy!" 


= 44192" | 2 
. V.  OSeach eigenvalue of p,<1. 


Mayer has considered that the ~, and , which obey these five conditions (2-3) and 
give the lowest value to the expression (2-2) would be equal to the real p, and p, 
which are derived from the exact wave function / of the ground state by Eq. (2-1). 

We can, however, show several examples of the matrix (,, which satisfies all these 


conditions (2:3) but does not correspond to any of the actual reduced density matrix, 
when N > 2. 


Example 1. 
N(N-1) 
(2= (1/2) 2 | Pos—1 Peel) (| Pret Pail 5 (2-4) 
where 


(11921191 $j P= A/ 2) {Cq1] G2) €9o| 21 )— {ql G5) (40| Gir} 


and ’s constitute a set of normalized spin-orbitals which are mutually orthogonal. 


Conditions III and IV are obviously satisfied. Further, I and V are also satisfied, because 
, is given by 


2N(N=1 


p= (1/2(N=1)) ST 9dKy, 


on account of Condition II. However, such (’, should be excluded by the reason mentioned 
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below. Namely, N-body density matrix can always be expanded in terms of Slater determi- 
nants ¥,° as follows J 


ex= ee P ,°» Ou on 
Aye 


Then the corresponding (. can be written as 


N 


P2= (1/2) 26a 33 |p 23'|>< lea G3" | 
+ (non diagonal terms) 


z . . ; 

where ,* means an orbital contained in Yj’, and further C,,=20. Therefore, any 
. ple . . . Te . 

orbital @,* in the above expression of (/, must be found in N—1 diagonal terms at 

least. In (2-4), however, each 9; appears just once. 


Example 2. 


r= Po +105 94\ 2 Gu Gal + Pu GPal DAC Ge Pl (2-5) 
(i, j, k, and / are all different) 


where (.° is the two-body density matrix reduced from a single Slater determinant, 9¢;, 
G3, Cx and @, are any of the orbitals contained in the determinant, and A is any number 
whose absolute value is smaller than unity. Obviously, Condition IV is satisfied by 
(2-5). Condition III is also satisfied, as can easily be shown by diagonalizing (2-5). 
And further we see that I and V are also satisfied, because the p, reduced from (2-5) 
by means of Eq. I in (2-3) is equal to the 7,” reduced from ps. On the other hand, 
(2:5) cannot be actual two-body density matrix, because the wave function which 
generates the above p,° must clearly be a single determinant so that the ,” which is 
obtained from this determinant must be the only actual two-body density matrix from 
which the present 7,’ can be reduced. 

The existence of such matrices means that the lowest possible value of the expression 
(2-2) found by Mayer’s method will in general be lower than the exact energy eigen- 
value of the ground state and the corresponding /’, will be also different from the exact 
one. Further we can present an example which shows that this discrepancy is sometimes 
too large to be neglected in discussing the properties of many-fermion system, such as 
the correlation energy. 

Example 3. For the He, molecule at the infinite internuclear separation, we may assume 


trial density matrix of the form 
m=pot ga, GB\A< | ue, uB|+|ue, uf|a*<lge, 98 
+|ga, uB|>ed|ue, 9Pl+\ue, 9Bl De | ge, ¥P| (2-6) 
OS, l4Al Sv 
where 2” 5 the two-bedy density matrix reduced from the Slater determinant (1/ V4!) x 
\ga, 98, ua, up|, gy and u being molecular orbitals with the symmetry of gerade and. ungerade, 


and a and f being spin functions. The trial form (2-6) isa special form of Example 
2 and is not acceptable unless A=p=0. Now, it can easily be seen that the lowest 
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value of energy can be obtained by putting <== —1 and further g=(a+b),/“2 and 
u=(a—b)/“2, a and b being respectively the 1s orbitals of He* atoms situated at A 
and B. In this case we obtain the one-electron energy Tr]? 1,4 ,J= 4E(He*), the two- 
electron (repulsive) energy Tr[/, H6,]=0 and then the total energy E[/,, (.)=4E (He"). 
Needless to say, the exact value of the total energy is 2E (He). 

Accordingly the validity of the general method based on the subsidiary conditions. 


(2:3) seems to us quite questionable. 


§ 3. Remarks on the special trial form adopted by Mayer 


Although Mayer’s general method is not satisfactory as mentioned above, the special 
trial form of ”, adopted by him in treating the ground state of electron gas seems some- 
what plausible. So it is interesting to examine the validity of this kind of trial form 
quantitatively. For this purpose we wish to apply it to the ground state of the six 7 
electron system of the benzene molecule, because in this case the calculation is manageable 
and its results can be compared with those of the CI treatments.” We will here confine 
ourselves to the approximation in which the trial forms are constructed from the six 2pz 
AO’s. Then the trial form which is an adaptation from Mayer’s one may be written 


as follows, 

Cau esl an”” au" es] 42") | 

ae Leal qv") Cae! ral ae”) 

-| Sal aq |% 8) eg sreelas 2S a|q,!")| | 
Nm,a) gl | 8) Cm \q'><me8 | 92!) 


In the above, k is a cnumber and w»; is the Wannier function which ‘is constructed from 
the six 2pz AO’s and is localized on the i-th carbon atom. If k=0, (3-1) gives the 


two-body density matrix corresponding to the Hartree-Fock approximation, as is well known. 


pPo= (1, 


ath a) 2 (3™4) 


By this density matrix, however, the correlation between electrons with a spin and with 
8 spin is not included, and then the ionic character is contained too much. The second 
term on the right side of (3-1) has the effect of diminishing this ionic character. For 
this purpose it would be better to adopt as »; the i-th 2p7 AO itself, but we here adopt 
the Wannier function only for mathematical convenience. 

In the ground state of benzene molecule, the one-body shetty matrix (0, is invariant 
under all the symmetry operations of this molecule. Therefore, it may be expressed as 


A= VPM AC Gat TOBA GB, (3-2) 


where ¢, is a molecular orbital given by 


g1)= (1/6 ) SI exp|27il4/6]-»,), 


) . . . 
and /’s, the eigenvalues of /,, are variational parameters, together with k in Eq. (3-1). 
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Now, setting q,'=q,'’=q; in the first term of (3-1) and integrating over dg,, we obtain 
(N/2) - ,—(1/2) ads: {G:@) (Pik + Gi 8) (G.3} 
Similarly, we obtain from the second term 
— (8/2) fmiet) (mer +m BY Cor 8} 
= — (k/2) > 19,8) (9, A+ 9,8) {GiB}. 
Therefore, Eq. II in (2-3) gives 
AP—4,+k=0. (3-3) 

From this equation and Conditions I and V we obtain the following relations, 


\heamcoansinr 


Hereafter we use x as the variational parameter. 

In our calculation we have used the values of integrals tabulated by Parr, Craig and 
Ross.? The results are summarized in the second column of Table I, where N, and N; 
mean respectively the numbers of electrons with a and f spins around one electron with 
@ spin, and JW is the depression of the energy from that given by the single determi- 
nant approximation in the LCAO theory. If we impose on //) another new condition 
N,= (N/2) —1 and.N,=(N/2) which must always be satisfied by (2. of singlet states, 
k should be zero and then the corresponding (1, reduces to that of the single Slater 
determinant. Therefore, the attempt is meaningless, in usual sense, to calculate the cor- 
relation energy by using such a trial form as C's 1). 

In the above treatment we have considered all the conditions (2-3) strictly, but 


Mayer replaced Condition II by the less stringent one 
Te we Gif2)- NWN 4). (II’) 
Substituting (3-1) in Eq. (II’), we get 
S14?=3 (1— 2k). (304) 


From this equation and Conditions I and V, that is, 


SyAp= 3rand OBA, Aj 
7 


we obtain the results as shown in the third column of Table I. Here we notice that 

these results differ from those listed in the former column by a considerable amount. 
The last column of Table I shows the results of the CI calculation performed by 

Parr, Craig and Ross’ which may be regarded practically as the exact solution of our 


present problem. From Table I we see that the agreement of the values of /’s and JW 
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written in the second. and third column ‘with those in the last column. is rather un- 
satisfactory, not to mention the essential disagreement in N,’s explained previously. In 
order to improve these results, it is necessary to introduce some new freedoms into the 
trial form (3-1). If we do so, however, we encounter a difficulty arising from the 


fact that some subsidiary conditions are still unknown. 


Table I 


§ 4. Conclusion 


From the considerations in § 2 and § 3, we have seen that Mayer’s variation method 
is not perfect, that is, the subsidiary condition (2-3) is only a very poor approximation 
to the true one to be satisfied by actual one- and two-body reduced density matrices. 
In several respects, however, his method is certainly superior to the ordinary variation 
method, as stated in §1. Accordingly, it seems desirable to improve his method by 


investigating the general properties of reduced density matrices in more detail. 
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Under the assumption that the parity conservation does not hold for the decay processes of strange 
particles, we examine both the angular distribution of the final decay product for the cascade decay 
of = hyperon and the esymmetrical distribution of decay product about the production plane of 
hyperons which are produced by K~ —p interaction. 

So far as our kinematical study for these processes is concerned, it is impossible to know whether 
the decay interaction is invariant under the time reversal. However, there exists a possibility of solving 
this problem by making use of the values of phase shifts for z—WN scattering. Namely, if the two 
decay interactions, Z>A+z and A>N-+7, are invariant under the time reversal, we may expect that 
the fore-aft asymmetry (with respect to the direction of motion of A) of the final decay product for 
the cascade decay will be observed, while if they are simultaneously invariant undet the charge conju- 
gation, we cannot probably confirm the existence of asymmetrical angular distribution. 


$1. Intreduction 


It has recently been established that the parity conservation» does not hold for 
the processes of the nuclear B-decay,” m—yp- decay and p—e decay.” Also, there is the 
possibility that the parity conservation does not hold for the decay processes of strange 
particles. Therefore, in this paper, we shall kinematically investigate from this viewpoint 
the cascade decay process of hyperons and the decay processes of hyperons which are 
produced by K —p interaction.» The problems with respect to heavy mesons will be 
treated in other place. 

Let us assume that the decay interaction is invariant under the strong reflection,” 
that is, PT A=invariant, where we denote the space reflection, the particle-antiparticle 
conjugation and Wigner’s time reversal as P, A and T, respectively. Then, for the 
interaction Hamiltonian H, responsible for the decay of strange particles, we have two 


) 


possibilities, that is, 

(i) Hy, is invariant under PA, 
or (ii) Hy, is invariant under PT. 
We intend to examine the angular distributions for the decay processes of hyperons when 
we assumed (i) or (ii) instead of the parity conservation. * 

First of all, let us pay our attention to the processes of cascade decay 2—>A+7 
and A->N+z. By observing the angular distribution of the final decay product 7, it 


* Although there is some possibility of a linear combination of (i) and (ii), we here restrict our 


examination to the case (i) or (ii). 
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may be possible, as in the case of 7—/“—e decay, to know whether the decay interac- 
tions are invariant under the space reflection. 

Even in the case in which the spins of both / and = are respectively of an arbitrary 
half-number, the expression for the angular distribution can easily be written down, but 
we now deal only with the following cases in order to avoid complication : 

(1) Sy, (spin of A) =1/2 and Sz (spin of a) =l-1/2; 

(2) Sy=l+1/2 and Ss=1/2, and. (3) Sy=Sg=3/2. 

So far as the above kinematical study is concerned, it is impossible to know the 
difference between (i) PA=inv. and (ii) PT! =inv. Then, we discuss in § 3 the pos- 
sibility of discriminating these two cases by making use of the values of the phase shifts 
for 7—WN scattering. 

In § 4 we examine the decay process of hyperons which are produced by K™ —p 
interaction” in flight. Since the hyperons are produced through the strong interaction, 
the method mentioned in § 2 is now useless for inspecting the parity nonconservation of 
decay interaction. Hence we shall examine the asymmetrical distribution of decay product 
m with respect to the production plane of hyperon. For simplicity we deal firstly with 
the case in which the spins of K~ and hyperon are respectively 0 and 1/2 and secondly 
with the case in which the spins of K~ and hyperon are respectively 0 and 3/2 


§ 2. Caseade dacay of hyperon 


We are interested in the cascade decay of = hyperon because its process passes 
through weak interactions two times. Paying our attention to the phenomena in which 
= decays at rest and taking zaxis along the direction of A, we examine the angular 
distribution of the final decay product 7. In this case there exists only Y,” among Y,” 
which represents the relative angular momentum. eigenfunction of 7 in the process =— 
A+7. In other words, if only the z component of the spin of = is designated, we 
can predict the spin polarization of A without its measurement. 

We denote below the R-matrices for the first and second decay processes as A, 


and R, respectively, where L shows the orbital angular momentum of decay product 7. 


§ 2-1. The case of S:=1+1/2 and S,=1/2 


As the parity conservation does not hold for our process, the cascade decay process 
can now be expressed in terms of A,, 4,,, and R,, R,. Here it must be noted that 
there exist only two values of +1/2 as the z component of the spin of the =-particle 
by the reason that z- axis is chosen along the line of A and that the quantization is 
done with respect to this direction. Since it may be expected that 5- -particles are produced 


with the polarization of the spin, we write down the expressions of angular distribution 
in the following three cases: 


[1] When z component of the spin of 5, (Sz),, is equal to 1/2, 
(141) / (4m) }[A* A+ ABR Ast (APA + A,AB,)] 
X[Ro* Ro + R* R,— (R,* RK, +R, K,*) cox@). (1) 
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[2] When (Sz),=—1/2, 
(41) / (4%)?}[A,* A, + ABs Aner (Ap* Ay + 4, AK) | 
XL Ro* Ry + Ri* Ri + (Ry* R, +R, R,*) cos 4). (2) 
[3] When there is no polarization of the spin of =, 
ard YY (40) (4.* 2, A* Ay) (RR ER RS 
— (4,* A, 4 +A, A1) (Ro* Ri +R, R,*) cos]. (3) 


Thus we are able to expect the appearance of asymmetry, the odd term in cos@ in the 
angular distribution. | Nevertheless, we can say that the angular distribution does not 
depend on the spin of =-particle. 


§ 2-2. The case of S2=1/2 and S,=1+1/2 


In a similar manner as above, we can easily obtain the angular distribution for the 


final decay product 7. 
[1] When (Ss),=1/2, 
(+1) / (47)"} (4* 4, + ABs Apt (A* At 4 ARY) | 
* [ (R* Ret RB Riss) &— (R* Rear + R, Ris) )- (4) 
[2] When (Sz),=—1/2, 
£ (+1) /.(42)?} [4,* 4,4 Af Ars (4,* 4.1: +4,A4%1).] 
* [ (R* Re-+ RA, Riss) EF CR Ri RRs) 7]: (5) 
[3] When there is no polarization for the spin of =, 
{@+1) /(4%)*} | (A* A, + Ales Apes) (Re Rit Ria Reva) € 
— (A,* Ay s+ A, Aff) (Ri* Riss +R, Ri1) 4]; (6) 
where 
- €=[|P,|?+|Pii1|?—2P,P,.; cos@]/sin’ 6, 
4 =([2P,P).1—cos 4 (|P,|?+ |Pi+1|") |/sin® 9, 
and the argument of ope: function P, is naturally cos#. 7% consists of the odd 
powers of cos@ and gives the asymmetry of the angular distribution. To facilitate the 


analyses of experimental data, we here write down the explicit expressions of ¢ and 7 in 
the cases of [=0, 1, and 2. 


‘1 for ’=0% 
F=4 (1/4) (143 cos’4) foraf=1\, (7) 
(1/4) (1 —2 cos? O+5 cos*@) for 1=2, 
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aS 
N 


cos f for [=05 
n=4 (1/4) (9 cos’ A—5 cos) forh =e (8) 
(1/4) (25 cos*9—26 cos*G+5cosf) for [=2. 


The highest order in odd and even powers of cos are generally given by (2/+1) — 
and (2/), respectively. 


§ 2-3. The case of Ss=S,=3/2 


In this case the cascade decay process can be described in terms of both As 23 
A,, A, and R,, Rs, and the angular distribution has the following form when the spin 


of the initial = is unpolarized : 


(1/2) / (4m) }( (RAR +R R,) [2 (A,* 4, + 4,* 4.) + (2/5) 4,* A, (7 —6 cos? @) 
+ (6/5) A,* A,(1+2 cos’@) + {(A,* A,+ A, 4*) 
+ (3/5) (A,* 4,+ 4, 4,*) } (1 —3 cos?) | 
— V1/5(R,* Ry +R, R*)[2(A,* 4, + 4,4,*) cos6+ (A,* A+ 4, A,*) (7 cos @—9 cos*#) 
+3 (A*A,+4,A,*) (3 cosd—5 cos’) +6 (4,* A, + A, A,*) (2 cos'@—cos ) ]) 
(9) 


From our kinematical investigation for the cascade decay of = hyperon, we may 
conclude as follows : 

(1) If the asymmetry of angular distribution for the final decay product 7 is 
confirmed, the parity conservation does not hold for the decay process of hyperon. 

(2) When the form of asymmetry for angular distribution is cos, there is a large 
possibility of S,=1/2 as is seen from eqs. (1)~(3). We cannot, however, conclude 
that S,=1/2, because the cross term between A, and A, in the case of § 2-3 has the 
form of cos#. In order to remove this ambiguity, the angular distribution must be 
folded about 90°. If the folded angular distribution is isotropic, we may probably 
conclude S,=1/2. 


§3. Whether PA=iav. or PT=inv. 


In this section we concentrate our attention to the following problem, that is, 

(i) decay interaction is invariant under PA, 
or (ii) decay interaction is invariant under PT. 

In the cascade decay process of = hyperon there are two favourable facts which 
make our analyses very easy. 

For the process S—>A+7z the isotopic spins of the initial and final states are 
respectively 1/2 and 1, and for the process A>N-+7 the isotopic spin of the initial 
state is 0 and that of the final state is 1/2 under the assumption of [aT] pay aePet? 


Thus each decay process is the reaction between the pure states with regard to isotopic 
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spin. Therefore A, or R, can be decomposed into a real amplitude and a phase, namely 
A,=|A,| exp(2i8,), (for F>A+z) ) 


R,=|R,| exp(2id,;). (for A>N-+7) j oo 


And 
A,* Ar; 4; As =2|A,| |4744| cos2 (9, — r+1) 5) 


2 (11) 
R* Ross + Ri Ris =2|R,| |Rr.1| cos2 (0, —0;,,3). 


It is one of the most favourable facts that make possible to describe each decay process 
by just one term. On the contrary, if the decay process is the reaction between mixed 
states with regard to isotopic spin, many terms appear in the description of the decay 
process. Then there is some possibility of mutual cancellation among these terms, and 
as the result it will be difficult to obtain any definite conclusions. 

Since Q-values in the processes of =—>/A+7 and A+N+7 are respectively 66 Mev 
and 37 Mev, the emitted pion in each decay process has not so high energy. This is 
another favourable point. 

First of all, let us consider the A->N-+7 process. We now denote the phase shifts 
for —N scattering as aj, where the suffix L is used to show the state of the orbital 
angular momentum L, and the superscripts + show the states of J=L+1/2, respectively. 
Here we have essumed the total isotopic spin of the final N+ system to be [=1/2. 
Then we can easily find the following relation between 0, and a# using the unitarity 


of S-matrix.)” 


(i) In the case of PA=inv. (in other words, T=inv.) 


20,=a,7 +n, 7, 
C2 
IN) —_ 
207 .45=Ap,y +417, 


where n, and n,,; are integer. 
(ii) In the case of PT =inv. (in other words, A=inv.) 
There are two possibilities, where R, or R,.; represents the R-matrix element responsible 
to the decay process, which violates the parity conservation. 


(ii-1) When R, is the R-matrix for the decay process of parity nonconservation, 


‘ 28,=a," + (m,£1/2)7, | (13) 


2:0; gSQinat ty D- 
(ii-2) When R,., is the R-matrix for the decay process of parity nonconsetvation, 
N 
20, Qian, 


(14) 
GN Fae (n;,;41/2)7. 


* In the expressions of 26; and 2674; in eqs. (12), (13) and (14), we have omitted the additional 
common magnitude g which may depend on the spin or parity of hyperon, because this common g has no 
effect on eqs. (15) and (16) from which our conclusion is derived. 
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Therefore, (i) in the case of PA=inv., 
Ry* Riayt Ry Riva = £2 Ril |Ress| cos (@.* — 274)» (15) 

(ii) in the case of PT =inv., 
Ry* Russ + Ry Rh = £2 |Ri| [Riss| sin (@s* —@i1)- (16) 


The phenomenon A>N+7 +37 Mev corresponds energetically to *—N scattering at 
43 Mev (in the nucleon rest system). If we adopt the Orear’s formula for s-wave phase 
shift of t—WN scattering @,° (in Orear’s notation a,;)=0.16 7,” the- value ofa, s3t 
43 Mev becomes 6.5°. Moreover the following facts are well known by the phase shift 
analyses for 7—N scattering at 40 Mev, (1) the p-wave phase shifts |a,~| (@,~ is usually 
denoted as @,,) and |a,*| (=@,;) are at most of the magnitudes of 1°, (2) we may 
neglect the phase shifts for the states with larger angular momenta than 1. Therefore 
we can obtain the following results : 

a) When S,=>3/2, 

(i) in the case of PA=inv., 


Re Ria +R; yee te 2 Ri Raat (17) 
(ii) in the case of PI’=inv., 


Ry Rp A ek en (18) 
Gb) aw hen 5,-1.2, 


(i) in the case of PA=inv., 


R,* Rigs +R, RE £2 X 0.99 |R,| | Ress (19) 
(ii) in the case of PI =inv., 


R,* Rigs FR REZ £2 X 0.11 [Rib | Res] - (20) 


As the spin of 5-particle generally ought to be polarized when = is produced, let 
us examine first of all the cases of [1] and [2] in §2-1 or §2-2. Because the term 
of (4,* A, + AK, Ay) X (RE Rei +R,Ri.:) is contained in the expression for angular 
distribution, we can derive the following conclusions without any assumption about =— 
A-+-% process. 

Even if the decay interaction responsible for the process A—>N-+7 is invariant under 
PT, it will be difficult or impossible to confirm the existence of asymmetrical angular 
distribution for the final decay product because of quite small coefficients in the odd 
power terms in cos@, while if the decay interaction responsible for the process A—>N-+7 
is invariant under PA, it may be expected that the asymmetrical angular distribution 
will be observed. 

In order to discuss the angular distribution in the case where the spin of = is 
unpolarized, we are obliged to consider the process 2—/A+7 together with A>N-+7z. 
A same analysis for the former as that for the latter may be performed by employing 
the phase shifts for —A° scattering. But we now have no experimental data for 7— /° 
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scattering, so that we shall carry on our discussion under the assumption that the values 
of phase shifts for 7— A” scattering at 76 Mev are not larger than those for 7—N 
scattering at the same energy. This assumption will be a rather natural one because we 
cannot expect that 7— JA” interaction will be stronger than 7—WN interaction.* sy here 
we can estimate (4,* A,,,;+A,A;,;) in the similar way as (R,* R,.4+.R,R*1). 

(i) In the case of PA=inv., 


A,* Ay3+A, ARs = +2|A,| Aras], 


and 
RPRi PR, RG = £2) Ri Resa - (21) 
(ii) In the case of PT =inv., 
|A,* A); +4,A¥ | <2|A,| |Aris|, 
and 


. [RF Rew t+R, Ris | 0 or S2X.0.11|Rz| | Real. (22) 


Thus we can derive the same conclusion as in the case where the spin of = is polarized. 
Namely, as was stated before if decay interaction is invariant under PT, it will be difficult 
or impossible to confirm the existence of asymmetrical angular distribution for the final 
decay product, while if the decay interaction is invariant under PA, it may be expected 
that the asymmetrical angular distribution will be observed. 

Even if there exist some bound states in 7—A° system, our conclusion mentioned 
above does not suffer any change. The reason is as follows: In the case where 7—" 
system has n bound states, the value of phase shift generally varies with the incident 
energy from the value of nz at zero energy. The addition of nz to 8, ot B41, how- 
ever, does not give rise to any change to our previous discussion. 

Finally let us append our discussion for the case where our assumption about 7— 1! 
interaction is not valid. If 7— A” interaction at 76 Mev has a particular behavior** as 
(3/2, 3/2) resonance in 7—N scattering at 190 Mev, there is some possibility of giving 
rise to the following situation : 


(i) In the case of PA=inv., 
: |4* As +4, Afs| <2 (Al [Aras 

(ii) In the case of PT =inv., 
(A¥ A, 4A, ABy| = 214 Aral - 


In such a particular case, our conclusion becomes as follows: Even if both weak interac- 
tions responsible for the cascade decay process are not invariant under space reflection, it 
will not be easy to confirm the existence of the asymmetrical angular distribution. 


* We shall later append the discussion for the case where our assumption is not valid. 
** Tt will probably be difficult to expect such a circumstance. 
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§4.° On K>+p>2 (or A)+7 aad ¥ (or A)>N+7 


In this section, the angular distribution of decay product for the direction perpen- 
dicular to the production plane is examined under the assumption that the parity conser- 
vation does not hold for the decay interaction of hyperons. For simplicity we deal only 
with the cases of S, (the spin of K~)=0 and Syyr 4) (the spin of Sera ae 
etsy 2 


§ 4-1. The case of K~=0*‘ and hyperon= Bo 


Since hyperons are produced through the strong interaction, we may think in this 
case that the orbital angular momentum of K~ in the initial state is equal to that of 
z in the final state of the production process. We now denote the R-matrix with regard 
to the state of orbital angular momentum L of incident K~ and that with regard to the 
state of orbital angular momentum L of the final decay product x as A, and RK,, re- 
spectively. Averaging over the initial spin states of nucleon and summing over the final 
spin states of nucleon, we can easily write down the general expression for the angular 
distribution in the hyperon rest system. 


(1/47) [ (€,+§s) (R,* Ryo+ R,* R,) + (41+ 7) Ke R, +R, R;*) cos é|, (23) 
Sis 2 U+1) (UD (Ay 4 + Ars Ars3) [PrP +PiisPis +1 


—cosW (P, Py 1 +P Pi.) |/ (48 sin? 4’), 
834 W412) (APA + AB AD) P Pris +P Pr | 

cos OCP; Py Bh yPy wh (AR sinbOry? 
m= DCAD W411) A Aa Ales Anes) [Pi Pires Por Pul/ (4k sin’), | 
t= DCH) WL) (AP Ay AB Ay) [P,P Pras Pir]/ CAR sin.) 


(24) 
where 6’ means the angle between the direction of 7 produced in the first reaction and 
that of incident K~ in the center of mass system, and @ the angle between the direction 
of the decay product z and that perpendicular to the production plane. Moreover, the 
argument of Legendre function P;, is cos f’. 


§ 4-2. The case of K-=0*™ and hyperon=1/2* 


When the orbital angular momenta of K~ are / and (/+1), those of pion produced 
in the first reaction are (/+1) and / respectively. We now indicate the R-matrices with 
regard to these states as B, and B,,, respectively, then the angular distribution is given 
by the following substitution in eqs. (23) and (24): 

Aj — Bicays ) 


25 
pps SEB ea ge) 
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Here it must be noted that the angular distribution of the final decay product 7 
does not depend on whether the spin of hyperon has been observed before the decay. 
This is due to the property of Sy, .=1/2 and is concerned with the result that there 
is no angular correlation, except the (/-dependence of angular distribution, between pion 


produced in the first reaction and pion as the decay product. 


§ 4-3. The case of S,=O.and Sx ,. ,.=3/2 


In such an energy region where the experiments are now being performed it may 
be a good approximation to take into account angular momentum up to p-wave. We 
show in Table 1 the states which must be considered. 


Table 1 
K- Total I Orbital angular momentum | Reaction amplitude 
Case : ele ee coer of pion produced in for the production 
oe aes as the first reaction process 
s 1/2 | 2 C5011 8) 
(I): K-=0tO P | 1/2 | 1 Cor (4) 
= ue [ek 
hyperon=3/2-“*) 1 Cry (82) 
p 3/2 == 
| 3 Cy3 (32) 
5 1/2 1 Cs, (74) 
6 
(II) : K-=0t@ Pp 1/2 | 2 Cys (44) 
pret | | 0 Coo (94) 
p 2) 72 - 
2 Cro (32) 


At first we write the representation of intrinsic spin operators M,,, M,, M.* of spin 


3/2 in which M, is diagonal. 


pe cap eee Ose at 0 GAP SIN PPO 
32-00 1 0 gD V3 i/2 0 i 0 
ie 0 ite ObiaS/2teo wr Ub 140 i oO = 34/2)" 
0 Ownetaauvi2 & 570 0 0 V3 i/2 0 
and 
3/2 110 0 0 
OL se €— 10 0 
peel kb | (26) 
) 0 —1/2 0 
0 0 0 ees 


* We have chosen the zaxis along the line of the incident K~-meson and the y-axis along the direction 


perpendicular to the production plane. 
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We denote the spin wave functions corresponding to the eigenvalues Mj 3i/2;"1/2, 
—1/2 and —3/2 as a, B, 7 and @, and those corresponding to the eigenvalues M,= 
3/2, 1/2, —1/2 and —3/2 as a’, PB’, 7’ and 0’ respectively, then 

a’ = V'1/8 (a+ V3 ip— “3 7—i0), \ 


V¥= V1/8(V¥3 at+if+y+ V3 id), 
i /8( iB+7 i0) (27) 


7! =V1/8(V3 a—iB+y— V3 id), | 


SV 1/8 (a= V31p —V374+i0)./ 


Taking advantage of these relations, we can obtain the angular distribution of the 
decay product for the y-direction. Although the angle y in the production plane can 
be measured from the direction of the hyperon, we now write for simplicity only the 
expressions in which the differential cross sections for this process have already been 
integrated with respect to gy. Further, in order to avoid the complexity only the terms of 
odd powers for cos in the expressions will be shown below and those of even powers 
for cos@ in them will be shown in Appendix. 

Case (I): the case of K=0°° and hyperon=3/2-”? 


(1/32) (Ri* Ro +R, Ro*) ([i {C¥ (1/2) Cy, (1/2) — Co (1/2) C,¥ (1/2) } X cos 8 (9 cos? —7) 


+ ¥2/5i{C¥ (1/2) Cy (3/2) — Cy (1/2) C,* (3/2) } X 2 cos 4 (9 cos? 4 — 4) 
+72/5i{CX (1/2) C,3(3/2) — Co (1/2) C,* (3/2)} X9 sin? 6 cos 6] sin 4’ 
+[“2/5i{CF (1/2) Cy (3/2) — Cy (1/2) C# (3/2) } X3 cos (9 cos?@—5) 
+ ¥2/5i{C,* (1/2) Cy3(3/2) —C,1 (1/2) C,* (3/2) } X 6 cos (5 —6 cos?) 
AH(2. 5) t\ Cu (3/2) Co5( 3/2) — C (3/2) Chay 2)) 

X 15 cos4 (1 —3 cos’ 4) | sin @’ cos a). (28) 


Case (II) : the case of K=0*‘ and hyperon=3/2*™ 
(1/32) (R,*R,+ R, RA)((iCE (1/2) Cp (1/2) — Cy (1/2) C.F (1/2) } X cos 6 (7 — 9 cos? 6) 


+2 i{C¥ (1/2) Co (B/2) = Gy (4/2) CX (G/2)} K2 cos 
+ ¥2i{CH (1/2) Cy (3/2) — Ca (1/2) C¥ (3/2) } X cos 4 (9 cos?—5) ] sin 6’ 
“EI 2 11GB 2) CXS 72) — Oe G9) C,3 (3/2)} X9 sin? 4 cos 
+ -/24( GE (1/2) Ge Gf2) =Ch 2) Gt Gye) Wxcocosta cos” J — 2) 
+241C,5 (3/2) Cpe (3/2) — Cn (3/2) CF (3/2)} 
x 3 cos4(1—3 cos*§) | sind’ cos 0"). (29) 


From the above examination we may state the following results. 
(1) If an asymmetrical distribution of decay products about the production plane 


is observed, we can conclude that the parity conservation does not hold for the decay 
process of hyperon. 
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(2) Let us discuss the form of asymmetry taking up the angular distributions in 
the cases of 6’=90°. If it is sin?@ cos6, this shows that the interference of S;)2* and 
P.x will play an important role in K~ —p interaction, and if it is cos@ (7—9cos?6),. 
this shows that the interference of Sj). and P,) will play an important role, and so on. 
In each case we may obtain some knowledge about z-hyperon interaction by eqs. (28) 
and (29). 

(3) If there are some evidences of Sy=0 and S,=3/2 in other experiments and, 
in addition, if the form of asymmetry mentioned above is cos, then it may be said that 
the parity of S-particle is the same as that of K~-meson. 

Appendix 


We here write down the terms of even powers for cos@ in the expression for angular 
distribution (see § 4). 
Case (L)cithe case, of K—0"**” and hyperon=—3/2, ‘*’ 


(1/32R) (R*R, +R*R) ( {CE (1/2) Co (1/2) $C} (1/2) Cy (1/2)} X (5—3 cos? 6) 
+ (2/5) C,# (3/2) C,; (3/2) {5 —3 cos?@+12(1+3 cos’G) sin? G'} 
+ (18/5) C,* (3/2) Cys(3/2) {2 sin? 0+ (3—cos? 6) cos? 6’} 
beieces (is 2) G..{1/2) PCa (1/2) G7 (4/2); 
— ¥2/5 {CE (1/2) Cu (3/2) + Ca (1/2) Ct (3/2)} 
4372/5 {C5 (1/2) Cs(3/2) + Ceo (1/2) CF (3/2)}] x (5 —3 cos?) cos 6’ 
tw 2/51 C#(1/2). GC (3/2) + Ca (1/2) Ct G/2)} 
X {12 cos? —2 —3 (3 cos*4+ 1) cos? 4} 
+3[ 72/5 {C,¥ (1/2) Cyn (3/2) + Cys (1/2) Cf (3/2) } 
— (2/5) {Ct (3/2) Cpr (3/2) + Cys Ci2)GaG, /2)} ] 
x {—3 sin? + (8—6 cos’) cos? "} ) (A+1) 


Case (II) : the case of K=0*? and hyperon=3/2*~ 
(1/32) (R* R$ R* R)( {CF 1/2) Ca (1/2) + GE (1/2) Go(1/2) 
2 C# (3/2) Cio(3/2)} XG —3 cos’ d) 
+ 2C,F (3/2) C,2(3/2) (21 +3 cos?) +3 (1—3 cos*4) cos’ 4’} 
me Car(s 2) Ce (1/2) Cah 1/2) Cot (iy 2) 
— V2 {C¥ (1/2) Co (3/2) + Cu (1/2) Cy (3/2) } 
4 V2 §C# (1/2) Cy (3/2) + Car (1/2) C,¥ (3/2) } 1X (5 —3 cos?) cos 6” 


* §$ or P means the orbital angular momentum of K~ in the initial state, and the suffix shows the total 


angular momentum J for K~ plus nucleon system. 
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+-(2 {C,* (3/2) C,o (3/2) + Co (3/2) Ce (3/2) f 
= V2 {C.F (1/2) Cy. (3/2) + Ce (1/2) C,F (3/2) } J 
x (1+3 cos?4—6 cos’ 4’) ). 
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We derive the conditions which give a well-defined meaning to the mathematical expressions 
appearing in the current formal scattering theory. These conditions remove some restrictions that are 
usually imposed on the spectra of H and Hy. By these conditions we can systematically discuss 
many problems, such as the equivalence between two kinds of S-matrices given by Heisenberg and 
Dyson respectively, or as the adiabatic theorem in the quantum field theory. The rearrangement 


collisions can be investigated from this view-point. 


Introduction 


= 1i)) 


has been applied 


By virtue of its compact form, the formal scattering theory” 
not only to the scattering problem itself but also to various other problems, such as the 
description of the nuclear phenomena’ or the investigation of the renormalization 
procedure.” Further application*) of the formal scattering theory may be expected to 
get more knowledge about eigenstates of the total Hamiltonian, which play an important 
part in the recent research”—"* in the field theory. In many investigations so far made, 
several kinds of assumptions are adopted either explicitly or implicitly. Some of these 
seem to us quite reasonable but others do not. Neither the mutual relationship between 
these assumptions nor their necessity and sufficiency have been investigated. The main 
purpose of the present paper is to make a study on the problems stated above and to 
reduce some of these assumptions to more fundamental or more physically acceptable ones. 

Stating in more detail, let us consider the application of the formal scattering theory 
to a system which allows the existence of bound states. In the current treatment of 
this nature, one usually assumes explicitly that the discrete eigenvalues of the total 
Hamiltonian, H, are isolated from the continuous eigenvalues of the free Hamiltonian, 
H,, and at the same time assumes implicitly that the behaviour of the eigenfunctions of 
H is good enough to give a definite meaning to each mathematical expression. The 
first assumption allows us to exclude the virtual bound states from our consideration, at 
least when bound states do not exist in the initial or the final state. In the case in 
which actual bound states appear in the initial or final condition, one usually switches 
off in the remote past and future the part of the interaction that is not responsible for 


making the compound particle. In the quantum field theory, the above mentioned two 


* See the foot-note in p. 60. 
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assumptions seem to contradict the definition of the vacuum and the concept of the field. 

The vanishing of the interactions between several particles in the remote past and 
future is originally due to the spatial separation of particles from each other and not 
due to the vanishing of the coupling constant. In the time dependent perturbation method, 
however for convenience, one introduces a time-dependent coupling constant, say ge~*"'! 
=g/(t), in place of the actual coupling constant. From the physical view-point as stated 
above, this time dependent, y(t), should be derived by taking into account the separation 
of wave packets from each other in the remote future or past." In the stationary 
treatment one adopts, instead of the above g(t), the boundary condition corresponding 
to a superposition of an incoming plane wave and a spherical outgoing-wave in solving 
the Schrédinger equation. The relationship between these two approaches was studied 
by many authors. 

In the present paper we shall give a condition which guarantees the validity of the 
so-called adiabatic theorem (§1). From our argument we shall find that in the first 
place, our condition is also necessary in the stationary treatment of the scattering problem 
to give a solution which actually satisfies the above mentioned boundary condition (§ 2). 
In the second place, it will be seen that the assumption concerning the isolation of the 
discrete energy level of H from the continuous spectrum of H, is not always necessary. 
Finally it will be given that Heisenberg’s S-matrix is equivalent to that of Dyson derived 
on the implicit assumption of the time-dependent coupling constant, g(t), (§ 3). 
Further consideration will be made in § 4 on our condition concerning the energy-spectrum. 
It will be found that this condition covers almost all the physically acceptable cases with 
regerd to the structure of the energy-spectrum. Thanks to the present condition which 
gives a technique of applying the time-dependent treatment to the stationary problems, 
we can find a method of dealing with the complicated problems which have bound states 
in the initial or final conditions (§ 5). Since our condition seems too complicated to 
interpret, we shall reduce it in the Appendix to the more familiar but more fundamental 
one; namely to the assumption that any state vector of the total Hamiltonian can be 
expanded by means of a set of state vectors of the free Hamiltonian’ and vice versa. 
The former assumption has been made throughout the present article, but the latter in 
$1. It is an open question to examine under what sort of interaction these assumptions 


are guaranteed. 


$1. Adiabatic theorem 


Let us consider a system of fields with a Hamiltonian H =H,+V. Any eigenstate 
@, of the free Hamiltonian Hi, corresponding to an eigenvalue E, is assumed to be ex- 
panded by means of the eigenstates of H. 

The “ modified ’’*’ adiabatic theorem is written as 


J an. tha 1 Pp Pp Pp y a 
I he ad lective modified means tin the resent aper we shall onl discus n Fein 0 inst 
; ‘ S.on ( ) ead. 
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lim U (ot) = lim | U(ot) 9, (6.0,) da=[ $i (6,0) da (1-1) 
>-—oa t>-—0 


where U(ot) is a transformation function in the interaction representation and ¢; is a 
solution of the following equation ; 


Po =bat Vie. (1-2)* 


E,—H,+ie 


The function @; means an arbitrary but well-behaved wave packet defined by 


D.=| (6%) Oda (1-3) 


Following Hack’s line of thought,” ¢, is expanded as** 


= | de (bb, 6 £4 G; (1:4) 
Z 


where ¢, is a solution of the equation 


/, = 
eS 


Vib, . (1-5) 


Z 0 


What we are going to do is to give a condition which makes valid the equality of 
{1:1). The left-hand side of (1-1) is rewritten as 


r 


lim U (ot) = lim { datz +02 (0 +8.()} 6.%) (1-6) 
to7-@m t>-—o 
where 
vt (t) =| (pte ($i Vb,) he ei(Eo—Eu)t (1-7) 
-—E,—i1€ 
and 
Pa (t) =>) Pr — (¢, V6.) et (E,—Eq)t « (1 s 8) 
ri = 


Z a 
Therefore our task is to examine on which occasions the following equations hold. 


rp 


lim | dap (8) Gn%) =9, (1) 
fr ta—w 
lim | da, (t) (¢,%;,) =0. (11) 
Let us assume that 
(b;Vo,) is continuous at E,=E, (Condition A). 


Then the factor (E,—E,—i€) in (1) can be replaced by P/(E,—E,) +ix0(E,—E,) 
and the left-hand side of (I) gives 


* © is an infinitesimal, real, positive number. 
*& Jy this section we shall assume the commutability of the order between integration a and integration 


‘c or summation /. 
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lim | aa P (WV b,) (b,%;) ei Eo—Eat + itt lim | 0(E,—E,) (fe VG.) (@a%) da. 


% : (1-9) 


a a 


Therefore we have the second condition 


¢ a os ie 


lim | da" ($i, V0.) (6,0,)eiEe-Edt=—in| (Yi V0.) Gal) de 


t>-o 


(Condition B) 


which, together with Condition A, is aecessary and sufficient for the validity of (I). 
(da® in the second term in Condition B stands for the integration over the quantum 
numbers except for the energy E,. Unfortunately, the necessary and sufhcient condition 
for making the integrand satisfy the relation B cannot be expressed in a compact form. 
We can, however, give some examples of this sufficient condition;”” namely, 

in addition to Condition A, the integrand should satisfy the relation 


[ deal da (E.—Ea tie) "\WeVb,) (a %)|<M (B) 
Q 


Al) 


or, instead of’ the condition B' for some infinite region of 2, the condition that 


(E,-—E,+1€) "(Yo Va) (GaP) da’ (B’’) 


uv 


should monotonously decrease to zero for E—>0o except for the harmonically oscilating terms. 

contained in the above expression. 
The domain 2 of the above integration means [E,,,,, E,—€’] and [E.+€’, oo], where 
€’ is an arbitrarily small but finite positive constant. These two conditions are wide 
enough for dealing with the practical problems, because we can apply, for example, the 
first condition to some finite domain of integration and at the same time the second 
one to the rest. It will be investigated in Appendix whether or not these complicated 
mathematical conditions can be realized in the actual systems. 

According to a similar consideration one gets the following two conditions in order 

to prove the equation (1-1): 


(0,V6,) =0((E,—=£,)") 750. a Een, (Condition C), 


and 


(4,Vb.) (buP;) ef Er—Ea)t = —ic{ (iV O.) (baP,) da’ 


Z a i=—L£a 


(Condition D) . 


We can give some examples of a sufficient condition for this relation; namely, 
in addition to the condition C, the integrand should satisfy the relation 


\ 4E,| dd (E;—E,,) (V4) (6a) | <M (D’), 
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or the condition that 


| dd (E,—E,)~ WV_) (ba @,) da? (D") 


should monotonously decrease as seen in B". 
The condition C becomes unnecessary if the discrete eigenvalue of H is assumed to be 
isolated from the continuous spectrum of H,. The cases in which this assumption is 
not true will be discussed in detail in § 4. 


§ 2. Boundary conditions on stationary solution 
Let us consider a stationary solution for the scattering problem. In general, the 
solution has the expression 


1 
(a figs 6 is 


$i=b.+ =6,+3C%%= 00+ |db=——* GV $i) (2-1) 


oe Pn te 


which corresponds to the boundary condition of the following type: 
(i; —> incoming plane wave-+ scattered outgoing wave. (2242) 


However, it is an open question to examine under what kind of conditions the above 
type of solution really has such an asymptotic behaviour as that imposed in the begin- 
ning. In this section we shall give the condition of this nature and study the relation- 
ship of these conditions with those derived in $1. In order to examine the asymptotic 
behaviour of the above solution, let us transform the above expression into that in the 
coordinate space and, for simplicity, consider the case of the two particle state. The 
scattered wave takes the form 
(x /2) +0 


cts, + ihn | dbikedkdodk| | | C%sin Odd” +("C%sin Adfel*s | (2-3) 


J (w/z) +0 


where k, and k, mean the momenta of the particles in b-state, and b’ means the: rest. 
The vector 7 stands for x,—x, and @ and ¢ are the polar angles of k, with reference to 
7. According to the discussion in $1, let us divide the second term in the brackets | 
in (2-3) into the principal integral and the term containing the 0-factor. The 


principal integral is cancelled by the d-term if the following conditions are satisfied : 


(OV bz) is continuous at E,=E, (Condition A,) 


fire | o— (OV ps) ot = — in| db? (byob) ef" : Ez =E, (ky) (Condition B,) 


hee) b a—Fb 


A, is exactly identical with A. B, is equivalent to B apart from the factor of the wave 
packet amplitude (¢,0,). The first integral in (2-3) actually represents the outgoing 
scattered wave when the upper limit of the 0-integration is replaced by 7/2—0. This 
replacement is permissible, because we can expect the regularity of (9VYc) in the 
neighbourhood of 6= m/2 from the physical view-point. The similar consideration can 
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easily extend to the cases of many particle problems. The present conclusion can be 
stated as follows: the conditions A and B, are necessary and sufficient to assure that 
the type of solution (2-1) really has the asymptotic behaviour, incoming plane wave + spherical 
outgoing wave. (III) 
In a similar way we can get conditions to guarantee that 


an eigenvector , having a discrete energy E, represents a wave localized in some finite 


spatial region. (IV) 
The neccessary and sufficient conditions are as follows : 
(OV b,) =0 (Bg Ey) 9 %ez0 dhoik aE (Condition C,) 
lim | da (Vp) = — in| da’ (bVo,) &*” ; E,=E,(k,) (Condition D,) 
a a=E;, 


LPO pet 


C, is exactly identical with C. D, is equivalent to D except for a contribution from 
the wave packet amplitude (¢,%;). In this way we see that conditions for the adiabatic 
theorem are identical with those for stationary solutions apart from a contribution from 


a wave packet. 


§ 3. Equivalence between an S-matrix given by the time independent 
treatment and that given by the time dependent treatment 


In the current type of the S-matrix given by Dyson the following definitions are 


used;, 
Qn) {retde=9(w),, (any'f ede = 3, (») G-1) 


which are tacitly based on the assumption of the adiabatic switching off and on of the 
coupling constant. It is our purpose in the present section to investigate the relationship 
between the above mentioned formal switch-off procedure and the physical one which 
usually appears implicitly in the form of the boundary condition for the stationary 
scattering problem. The comparison of Dyson’s S-matrix, S,, with that of Heisenberg, 
Sy, is useful for our present purpose. Let us introduce the following quantity, 


Sa Ey SF De et (3-2) 
where 2 is defined by 
26,4 70g. 
O.=$¢ Ee aye d (3-3) 


Q(t) satisfies the following conditionary equality as was shown by Ma” 
2(—0co) 1 (3-4) 
2(+ 0) =Sy. (3:5) 


By inserting (3- 2) and (3-3) into the left-hand side of i 4) and (3-5), the matrix- 
elements of the latter expressions can be written as 
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lin | (162) da (6a.2 (8) $,) =lim | (P6,.) da (4,.06,) ei Ex—En)t 


= (0,6,) +lim| (0,6,)da——) __ (4,7y¢) ei Ex-Es) 
1) lim (,6,) dag (6.V 4h) (Eade 


b a 


The right-hand side of the above expression agrees with the right-hand side of (3-4) 
and (3-5) if 


lim | (9,6,)da——-_-_ (4, Vj") ei Ex—Ey)t — | © 
t>Fo E,—E,+1e¢ ios pe Sheragt 5 Pye 

(3-6) 
holds, which is guaranteed by the conditions A and B. 


In the second place let us derive the conditions under which 2 (t) satisfies the 
integral equation defining Dyson’s U(o, —o), that is, 
Q(t) =1 =i V(t!) Q(t") de. (3-7) 


Inserting (3-2) and (3-3) into the left-hand side of (3-7), we can rewrite (3-7) as 


|e Ea~ Bit (ip ,) da(V 284) = —i| (Wi6,) da(6.| Ve) 2 ©) ae'6,) 


(3-8) 
where a complete set of states, {@;}, has been introduced. The integrand of the right- 
hand side of the above equation turns out 


—iei(Ea—Ev)t lim | ei (Ea— Ev) tdz ($V 26,) 


Mra J —M 
hog fora Le E,, 
‘ (3-9) 
=e (OV hy) ef (Ea—Es)t (1 —e—i(Ea— En) M) fora asoLy, 
M>o = 


b a 


by using the definitions (3-2) and (3-3). The second term in the pareathesis of the 
last expression vanishes after the integration with respect to a by virtue of the condition 


B.. Also on account of the condition A, the integration over the vicinity of E, becomes 


[egg Gb adam — f BEERO O15) (016) neonatede 
Di Fim 


(3-10) 
=—it{ (V9) (Obs) wy-radl 


The result (3-10) combined with the second expression of (3-9) gives 


| #@a-Ene P 


b a 


aia sent | (9,,) da (dV 24,) 


58 T. Imamura 


which exactly agrees with the left-hand side of (3-8) as we expected. The equivalence 
of S,, with Sjcan be derived from the above result which is due to the assumption that 
the conditions A and B are satisfied with regard to the complete set, {7;}. From the 
last statement concerning {@;}, we see that the condition B in this case is nothing but 
the condition B,. 

The results so far obtained show that we can reveal the implicit relations between 
the three typical kinds of problems discussed in S$ 1,2 and 3 by introducing the condi- 
tions A, B,, C and D,. Among these conditions B, and D, (therefore B and D) will 
be derived in Appendix from the assumption that any eigenfunction of H can be expanded 
by means of the set of eigenfunctions of H,. In § 4 it will be shown that the condi- 


tion C becomes superfluous for practical problems. 


§ 4 Consideration on the discrete eigenstates of H 


In this section we shall examine the condition C in § 1, ie. 
(OV pa) =0((E,—E,)") 7>0 for E,~E,. (C) 


In the formal scattering theory which has been developed by many authors, it is usually 
assumed that the discrete energy spectra of H are not mixed with continuous energy 
spectra of H,. If that is the case, the condition C becomes unnecessary. In the field 
theory, however, vacuum is considered as the lowest energy state of continuous energy 
spectra, because there may be massless particles. Therefore the above mentioned assump- 
tion must be unavailable for this case. 


Let us expand discrete eigenstate ¢/, using the complete set {@,} as 


Wee Oye (4-452 


There are following two cases: 
Case 1) The coefficient C%, regarded as a function of E,, vanishes in a small but finite 
neighbourhood of the point E,,. 


Case 2) C’%, has some non-vanishing value in the above neighbourhood. 
In the first case, we have 


(Oa) 0 for E,~E, 
which corresponds to a special case of (C). Many cases we meet in actual problems 
may be included in this case. 


The second case will be classified into the following three cases.**) 


Case 2a) In the expansion (4-1), there appear only the continuous levels of H, in the 
vicinity of E,,. 


* i : 
BER) suffixes a, 2) represent both continuous and discrete energy states. g+ and ¢ respectively 
stand for continuous and discrete states. 


We cannot exclude the existence of the discrete level of Hy from our discussion. 


The simple example 
is the system in the external field. 
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Case 2b) In (4-1) there appears only a single discrete level E,(=E,) of H, in the 
vicinity of E,. 


Case 2c) In (4-1) there appear both the continuous levels and a discrete level 
EC —E,) of F,, 
Let us start with the discussion on the case 2a). In the integral equation 


P 
foee ee) ih ; 
See an Sie 


the following conditions are necessary for giving a difinite meaning to the right-hand side 
of (4-2); namely, 


(OV a) mis ( (E, es Ee) a) 7 Pe 0 
or Bo (E,-—E.).™ (n: positive integer) at E,~E,,. (4-3) 


The case of 7>0 is nothing but the condition C. One of the examples is Lee’s model?” 
of the renormalizable field with a particular type of the cut-off function, f*(«) 
= (c—m—w)*2w7! (w?— 2) 7", where the constant c is defined by (7/27)? (c—m—p4/}4)* 
—(g/2z)*—1=0. This model has a discrete eigenvalue, E(=C), of eH. s/s This 
pathological state describes a bound state of an N and a @-particle because the conditions 
C and D are satisfied in this case.*’ 


An interesting case is that of y=0. In this case (4-2) can be rewritten as 


{= Vy 


DEY 0 


1 mer 
eV et 1750 E,—H, Vib, 
Sperare pe | (E,—H) V9 
ik 
pe tse eV), >]; Cabs Gian: (4-4 
&— Hse i E,= b 
Here it must be remarked that there should be at least a non-vanishing coeflicient C,, 
owing to the assumption 7=0. Therefore ¢/,, can be written as 
Py, — sy Cae (4 i 5) 


and is not linearly independent of ¢°. We can make a complete set, {#", 4}, without 
using such a vector ¢,. The existence of 4, given by (4:5) does not give any change 
to the conclusion (II) in $1, but gives some modification to the conclusion (IV) in 
§ 2. In the case of 7=0, the standing wave is the asymptotic form of the solution of 
(4-4). One of this example is Lee’s model with f?(w) =o(w*—/’) ae > a eren iad 
discrete energy E=m+p+pexp(27/g)” in the above mentioned sub-space but this state 


* The appearance of this curious state seems to violate the conclusion of Kallén and Pauli concerning 
the completeness of the sub-set of eigenfunetions of H, that is, the set {@yot, dy}. This situation, however, 
does not mean the contradiction of our result to their conclusion because their line of thought cannot be 


applicable to the present case owing to the divergence of the norm of ¢t yp. 
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vector ¢, is linearly dependent of 4° and written as 


H=Cl prfgdk=C'| Paadk= Chin — Pa) e- (4-6) 
K Kk 


wv 


The case (¢,V¢,) oc (E,—E,)~*" can be excluded from our discussion because of the 
impossibility of normalizing the state vector ¢/,. 


In the case 2b), #, can be written as 


{y= Co, a DiCaba = Cé, + fy’ 


where ¢, stands for the discrete state of H,. By using the above expression, Schrodinger 


equation turns out 

(E,—F,) fo’ =V (4-7) 
from which we have 

(Gb) °V fo) =0. (4-8) 


In order to avoid ambiguities that are expected to occur in dealing with (4-7) and 
(4-8), we substitute the above two equations with 


1 
Perey een (4-9)* 
SE MRR TEE ee 
(6, Vd) =o(€™) ao. (4-10) 


(4-10) is necessary for giving a definite meaning to the equation (4-9) and is regarded 
as a condition for the renormalization of energy, because this equation can be rewritten 
as (0,(H—H,)¢)—>0. Therefore it is easily seen from this equation that this discrete 
energy E of H, agrees with the energy E,. The solution of (4-9) and (4-10) gives 
a state of fields being localized in a finite spatial region owing to the condition (4-10). 
From this situation we see that the condition (4-10) is a substitute for the condition 
C. In fact we can prove that (4-10) also gives the validity of (II) in §1. The 
mass renormalization of the V-particle in Lee’s model can be performed in this fashion 
with the same result as the usual one. This method seems quite useful in studying 
the renormalization problem and in fact seems much simpler than the current method. 
The last case 2c) is concerned with a problem of decaying particles. There remain un- 


known facts as to renormalization.” Equations which correspond to (4-9) and (4-10) 
are 


: . {r= Co, “3 | Cyb,dk + A eheatec an Vb, : 3 (4 aa 1) 
’ Ep E,— 0 1€ 

(9, Vy) =0 (€1**) a™>0, Pe ae SE) 

(OV py) =0((E,—E;) a) ieee (4: 13) 


* We are planning to investigate the application of the equations (4-9)—(4-13) in more detail. 
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In order to explain our line of thought, consider the following equations 


f° =6,% + — =O 
: : ) Sass gt te he 
and 
=, +1 _ygz. (1-2) 
Ey=H,+71€ 


The solution ¢,, of (4-11) can be represented as 
d= Cu + | Cie dk 


with the condition (4-12). When 7 is zero, at least some of C, are not equal to zero 
from the similar consideration in (4-4). (4-12), in this case, is not the condition for 
the renormalization of energy but turns out to be a condition for a relative ratio of C 
and C,. When 7 is positive all C, are zero, and (4-12) is an energy renormalization 
condition. As stated above, the case 7>0 can be excluded from the present argument 
because this case can be reduced to the case 2b). Therefore the problem we should 
examine is the asymptotic behaviour and the validity of (II) in the case 7=0. In the 
argument in §1 if gj; (§1) defined by (1-2) is Bee with -— 


1 


eS RRA 4) . 4-14) 
wen? Gey Yh) ( ) 


Pb = CO, + O44 
then the discussions concerning (JJ) can be followed without any further modification. 
It must be noted that the coefficient C in (4-14) is determined as a function of k by 
the condition (4-12). Finally it must be remarked that, in the present case, ¢,, repre- 


sents a standing wave in the asymptotic region contrary to (IV). 


§5. Seattering iacluding bound states , 


In the present section we shall reexamine the scattering theory of a system including” 
bound states in the initial and (or) final states from the view-point of the quantized 
field theory. For” simplicity, let us consider a scattering of a proton by a deuteron. 
The initial deuteron state is assumed to be in a state >jc,"$, where {@,} is, of course, 
the set of the eigenstates of H,. If the creation operator of a proton with a momentum 
p is denoted by a,*, some particular linear combination of 4,* > \¢n"b.=> Cuba will give 
the actual initial condition where a deuteron and a proton exist. The final state is 
similarly given by a superposition of é;, that is, S}d30;. 

Here, let us introduce and “ effective’ hermitian interaction Hamiltonian X which 


is formally defined by 
Ie Vt (5-1) 


where E, is the sum of the initial deuteron energy E, and that of proton w,. Consider 
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a complete set of state vectors, {¥;}, whose first element Lis Djeps, to Then ‘the 
equation (5-1) defines only the first row and column of X. It will be seen that the 
following argument will not be changed no matter how the rest element of X may be 


chosen. Similarly we can define another one, Y, by using S ide@eis 
(H—E,) >\d,63= Y 31393 : (5-2) 


By means of X and Y, the outgoing and the incoming solutions are defined by 


1 
jae > 1,6, et 38 Beye (5-3) 
Peis lecle pe aay pr Wena Ato 


1 
Li — Side + —_ Yp- : (5-4) 
: nfs Beis ) re / 


‘Once we can get the above type of equations, the current method"”*?*® gives the S- 


‘matrix of the form 
Sip= (314363, D1 Caba) =e, — 2710 (E,—E,) (33456, Yh") (5-5) 


X and Y are so complicated that it may be preferable to eliminate these operators from 
our expression (5-5). The elimination of Y is easily made by substituting H—E, for 
Y, whereas that of X from ¢* can be made after some tedious analysis of ¢*. If we 
introduce ¥*(=%*—D}c.$,), it satisfies the following equations, 


ys Boa TD) 
eee Ve ee TEN ee 
Ey Hyseie E,—H,+ie 
Slide t pe sia 
The solution y* of (5-6) can be written as 
Y —Dide (5-7) 
where 7, is a solution of 
Lig bd sais 
= 
1 E,—H,+ie 


=a + - Vy sie ’ 

E,—H,+1¢ E;,—H,+ie 4 ye 
Ye is the usual type of the outgoing solution except that we take (E,—H,+ie). 
(E;—H,+ie)~'V as the potential instead of V. Therefore we see that the. present 
complicated scattering problem including bound states has been reduced to solve a familiar 
one with a slight modification with regard to the potential. 


For a while, let us restrict our discussion to the case in which the final state is 
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composed of free particles. We must examine whether our final expression for 7* 
(scattered wave) actually have an outgoing behaviour in the asymptotic region; namely, 
whether (6;, Sic./Vy¥s + (H—E,) S'cq,) does or does not satisfy the conditions A and 
B, in §§1 and 2. It will easily be conjectured that the first term of the above quantity 
will have a quite similar behaviour to that in the usual case (case of no bound states) , 
as is seen from (5-6) and (5-8). The second term, which seems to violate the con- 


dition B, on account of a positive power of H,, can be written as 
(H— E;) by Cua = aH >: CoD =H Opa, >) Co a Ee Cat LV, as Sy CoD 
—- (E,+ 0,2 Eo eb th dE | Shen Bd. (5-9) 


In (5-9), the first term vanishes because of the relation E;=E,+,, and the second 
term in general contains a negative power of the energy as a factor. Accordingly the 
condition A and B may be satisfied. The similar conjecture can be made for cases in 
which some bound states occur in the final state. In this case, ‘‘ the outgoing scattered 


” 
wave 


must be interpreted as a state where at least the distance between a couple of 
particles becomes infinitely large. Our criterion for checking the behaviour of the solu- 
tions is unfortunately too complicated to deal with the practical problem exactly. It may 
be better, however, to examine by means of our conditions whether the result obtained 
in each stage of the calculation do or do not actually have such properties as we expected. 


before~ the calculation. 
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Appendix 
The completeness of the set {$,} and the conditions B, and D, 


In what follows the completeness of the set {¢,} is interpreted as follows : 
Any state vector y can be represented by J=>/\Cybq 
where the right-hand side is regarded to converge to the limit weakly and at the same 


time strongly in the sense of the theory of Hilbert-space. Namely, we mean 


C2 \ da(P;6,) (atx) (weak convergence) (W) 


(ie— | da (Gas) Gal| =0 OE EELS (s) 


where {@,} is any complete set of state vectors. 


Suppose ¢/* being represented by 
bi =| da(O.$7) ve. (At; 
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then. from (A-1) and (W) we have 


(afi) = (0,81) + | da Pb.) (Gaz V4 ) 


E,—E,+1€ 
1 
—~(0. dak Oh 8a = = RS (A> 2) 
(P;0,) +| a(P;9,) FR Be l 


by using the original equation for ¢°. The convergence of the integral in (A-2) imposes 


on the integrand the following condition ; 
[ Ry (E,—E,bie)”(,6,) da< M. (A-3) 


This restriction gives the validity of B’’ for extremely large values of E,, (for example 
E,> some large constant W). On the other hand the definition (S) gives 


(Gi — | da(6.97) 6. ti — | da (Gas) 9.) =0. for [=!’. (A-4) 
This equation can be written as 


0=0., — | da ($i Gq) Gadir) 


1 s 1 tg 
=0 14) — da( = Vib; 2G a IV ff; 
a | ‘SOU eee a eens Hi) (A-5) 
ae aire =a in — Ruy | de : etl = 5a ai Ratt « 
E,—Ej;,—ie E,,—E,+1€ E,—E,—ié€ E,, —E,,+i€ 


For the convergence of an integration with respect to a in the third term in the right- 
hand side of (A-5), the following relation must be satisfied, 
| (Re 

where {2 is a similar region to that defined in §.1 and does not include [E,—€’, E,+ €’]. 
This condition (A-6) gives the validity of B’ for the value of E, being in the region 
E,<W. From the above two results we see that the condition B, can be reduced to 
the more fundamental but familiar postulates, (S) and (W). The validity of B can 
be derived from that of B, quite easily if the character of the wave packet appearing in 
B is not so bad as to destroy the previous discussions in § 1. The similar consideration 
is also applicable to the case of D by replacing ¢* in the foregoing argument with 4). 

Before concluding this appendix we shall refer to some examples where the condi- 
tions A, B, and D, are actually satisfied. The R-matrix for N—@ scattering in Lee’s 


model satisfies the conditions A and B,, and the state vector of V particle in that model 
also satisfies the condition D,. 


21E,~E,—ie€|da< M (A-6) 


Another example is the quantum electrodynamics and 
the meson theory in which the conditions A and B, are satisfied by the R-matrix (up 


to the second order) derived by the perturbation after the renormalization has been 
performed. 
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Reversing the argument, we can start with the assumption that any ¢, can be te- 
presented by a linear combination of the complete set {¢/*, ¢}. In this case we can 
derive the following conditions, 


P . i 
lim |e (fi V0,) ef Ec—Ea)t= — in| de? (PiVO,). (Condition B;) 
oe | ee ce E,=E, 


We can prove the modified adiabatic theorem using conditions 4, B, and D, instead of 
conditions A, B, and D,. The condition B can be substituted with 


P : : 
Gr \4—*— Vis) (6,0, eiEc—Ea)t= in | de(4,V iis) (0,0,) (Condition B) 


t>-o 


(7 a * Eq= c 
for a particular wave packet ~,. 


Then, we can prove the equality between Sj and S, for an initial state Y,;, using con 
ditions A and B instead of A and B. The present conditions B and B do not guarantee 


the asymptotic behaviour of ¢”. 
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A systematic analysis using the cloudy crystal ball model of Feshbach, Porter and Weisskopf is 
carried out for the total cross sections and the non-elastic cross sections of neutron scattering by nuclei. 
The energy range considered extends from 3.5 to 14.0Mev. Almost all the regions of mass number 
of the target nuclei are covered except for very light ones. The optical potentials assumed are of 
square well shape. The energy dependence of the potential strength, V+iW, and the mass number 
dependence of the range of potential, R, are carefully studied. It is found that the mass number 
dependence of the total cross sectiors at each of the fixed energies is well reproduced by the calcula- 
tion with the suitable choice of the potential parameters. On the other hand, the calculation fails te 
give the correct magnitude of the non-elastic cress sections. The calculated values are considerably 
smaller than the experimental ones especially for lower incident energies. 

The parameters which have been found to give the best fit to the experimental data are as 
follows : 

R= (0.54+1.35 A1/3) X 10718 cm, V=40 Mev for all the neutron energies studied and W varies 
from 2 to 7 Mev as the incident energy increases from 3.5 to 14.0 Mey. 


$1. Tatroduction 


By using the so-called cloudy crystal ball model proposed by Feshbach, Porter and 
Weisskopf'? the analyses of the nucleon scattering by nuclei have been carried out ex- 
tensively by many authors.’ From these analyses it became apparent that the cloudy 
crystal ball model would be valid for much wider range of incident nucleon energy than 
that covered by the original work of Feshbach, Porter and Weisskopf. It has been found, 
however, that one should permit the potential parameter, especialy its imaginary part, to 
vary with the energy of the incident nucleon. As has been pointed out by several 
authors," the energy dependence of the imaginary part of the potential strength thus 
found is in semi-quantitative agreement with that predicted by the semi-classical calculation 
of the mean free path of the incident nucleon within the nuclear medium which is 
assumed to be described by degenerate Fermi gas. 

It seems to the authors, however, that the systematic analysis of the nucleon 
scattering in higher energy region is still insufficient. The analyses carried out so far 
were mostly concerned with the angular distributions of the elastically scattered nucleons, 
at fixed, fairly well-defined energies, by the particular target nuclei which occupy scattered 


positions on the periodic table. In order to see the applicability of the model and to 
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determine the energy dependence of the potential parameters, it seems necessary to carry 
out the systematic analysis of the cross sections. For that purpose it should cover as 
wide ranges of both incident energy and mass numbers of the target nuclei as possible, 
since the general trend of the variations of the cross sections with both the incident 
energy and the mass numbers of the target nuclei should primarily be accounted for by 
the cloudy crystal ball model. In particular it seems most suitable, at first, to study the 
total cross sections and the total reaction cross sections (non-elastic cross sections) of 
nucleon scattering, although the angular distribution of the elastic scattering might give 
some information useful for the further refinement of the model. It is, however, difficult, 
especially at low incident energies, to estimate the compound elastic contributions’) to the 
elastic scattering and furthermore the experimental data are still insufficient at present. 
These situations make it difficult to carry out systematic analysis of the angular distribu- 
tion of elastically scattered nucleons. On the other hand, the experimental data on the 
total cross sections are sufficiently provided”? and the data on the non-elastic cross sections 
have recently been accumulated.) In view of above situations we have carried out 
an analysis of the total and non-elastic cross sections of neutrons in higher energy range 
for the target nuclei which cover almost all the region of the periodic table except for 
very light and very heavy ones. The energy range taken up in the present analysis is 
extended from 3.5 to 14.0 Mev. Actual calculation has been carried out for the energies 
of the incident neutrons of 3.5, 4.5, 5.5, 7.0, 9.0, 11.0, 12.7 and 14.0 Mev, using the 
complex potential of square well shape with various values of the potential parameters. 
Fixing the incident energy at one of those values, attempt has been made of finding the 
set of potential parameters which gives the best fit to the experimental tota! cross sections. 
In comparing the calculated values with the experimental data a particular emphasis has 
been put on the overall fitting throughout the wide range of mass numbers of the target 
nuclei rather than on the minute detail of the variation of the cross sections from one 
particular nucleus to another. 

After finding, in this way, the appropriate values of the potential parameters for 
each of the incident neutron energies, the comparison has been made of. the calculated 
compound nucleus formation cross sections resulting from these potentials with the ex- 
perimental non-elastic cross sections. Theoretically, the former should exceed the latter 
by the contribution of the compound elastic cross sections,’ the estimation of which 
cannot be unambiguous, but it depends, to some extent, on the model assumed and the 
parameters included therein which are indispensable for the numerical calculations. One 
of the plausible ways of the estimation will be to assume the statistical model of Hauser 
and Feshbach”? and to carry out the similar calculation as what has been done by Oleksa.” ’ 
This sort of calculation, however, becomes tedious as the incident nucleon energy increases. 

In the case of the present analysis, however, it has incidentally been found that the 
calculated compound nucleus formation cross sections o, are considerably smaller than the 
experimental non-elastic cross sections o, for all the incident energies and the target nuclei 
investigated, contradicting to the theoretical expectations. Therefore, no calculation has 


been attempted for the compound elastic cross sections. It seems probable that this 
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failure has been caused by the improper shape of the potential assumed. 

The need of the diffuse edge for the optical potential in reproducing the experimental 
data has already been pointed out by many authors!" and some suitable choice 
of potential shape has been proposed through the analysis of the angular distribution of 
the elastic scattering of nucleons.°7""°" It has also been noted by several authors'7°7"*1 
that the square well shape of the optical potential fails to give correct magnitude of the 
non-elastic cross sections for some particular incident energies and target nuclei. It is 
found, in the present analysis, that this tendency is of general nature regardless of either 
the kind of target nuclei or the incident energy. This shows a definite evidence for 
excluding the square well shape of the potential as far as the cloudy crystal ball model 
is retained. Probably a part of the discrepancy mentioned above might be ascribed to 
the failure of the cloudy crystal ball model itself, although such a discussion is beyond 
the scope of the present paper. 

In § 2 the underlying assumptions of the present analysis and the procedures of the 
calculations are described. The results are compared with the experimental data. 

In § 3 critical discussions are given on the results obtained and on the assumptions 


made in § 2. 


§2. The calculation and the result 


The calculations have been carried out of the total and the compound nucleus 
formation cross sections for the incident neutron energies of 3.5, 4.5, 5.5, 7.0, 9.0, 11.0, 
12.7 and 14.0 Mev. The mass number dependence of the cross sections for each of 
these energies has been compared with the relevant experimental data. For some of the 
light nuclei which are still in the resonance region for the lower incident energies the 
suitable average over the cross sections within an energy interval is taken from the ex- 
perimental data. 

The calculations have been carried out by the exact partial wave analysis using the 
complex square well potential (V+iW). For each of the incident neutron energies the 
various values for the potential parameters, i.e., V, W and its range, R, have been taken, 
so as to get the best fit result to the experimental data of the mass number dependence 
of the cross sections by trial and error. 

Throughout the analysis the following assumptions have been taken as the working 
hypothesis : 

(1) The potential parameters V and W are independent of the mass number of 
the target nucleus. They are, however, dependent on the incident neutron energy. 


(2) The range of the potential, R, depends on the mass number, A, through the 
formula, 


R=aA)"*+6 
where a and 6 are constants. 


(3) R is assumed to be independent of the incident neutron energy. 
We shall discuss the validity of these assumptions in the later section in some detail. 
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(a) E=35 V=40 W=2 (Mev) 


(6) E=455 V=40 W=2 (Mev) 


(c) E=5.55 V=40 -W=3 (Mev) 


RATIO OF THE TOTAL & NON-ELASTIC CROSS SECTIONS 
TO THE GEOMETRICAL CROSS; SECTION 


3 4 5 Aus § 
Fig. 1. The comparison of the experimental data with the best fit result obtained 
by the cloudy crystal ball model calculation for lower incident energies. 

The solid curves represent the result of the calculations using the square well 
potential with the depth, V+iW, for o,/7R° vs Al (above) and o,/zR? vs A‘/§ 
(below). “The dots represent the experimental o,/7R® (above) and o,/7R? (below) . 
The values of the parameters used in the calculations are indicated in the upper 
part of each figure. The incident energies are (a) E=3.5 Mev, (b) E=4.5 Mev 
and (c) E=5.5 Mey, respectively. 


In Figs. 1 and 2 the best fit curves, o,/7R? vs A‘, are compared with the ex- 
perimental data for each of the incident neutron energies mentioned above. 

We shall discuss in some detail the comparison of the calculation with the experiment. 

()t B35 Mev 

The overall feature of the experimental results can be best reproduced by the calcu- 
lation with the parameters V=40 Mev, W =2 Mev and R= (1.35 4'"+0.5) X 107 cm. 


There is also one-to-one correspondence between the experimental maxima in the o,/7R 
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RATIO OF THE TOTAL & NON-ELASTIC CROSS SECTIONS 


(e) E=9.0 V=40 W=5 (Mev) 


(f) E=110 V=40 W=5 (Mev) 


TO THE GEOMETRICAL CROSS SECTION 


Fig. 2. The comparison of the experimental data with the best fit result obtained 
by the cloudy crystal ball model calculation for higher energies. 

The solid curves represent the result of the calculations using the square well 
potential with the depth, V+iW, for o,/7R? vs A'l8 (above) and o¢/zR?2 vs Al/3 
(below). The dots represent the experimental o,/zR? (above) and o,,/zR? (below). 
The values of the parameters used in the calculations are indicated in the upper 
part of each figure. The incident energies are (d) E=7.0 Mev, (e) E=9.0 Mev, 
(f) E=11.0 Mev, (g) E=12.7 Mev and (h) E=14.0 Mev, respectively. 
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vs A’” curve and the “shape resonance” peaks in the calculated one. The peak in 
small A region corresponds to the p-wave resonance. The broad peak around 4=40 is 
accounted for by the d-wave resonance, and it is probable that the peak in the experimental 
curve around A=80 corresponds to the f-wave resonance which is situated at A=70, a 
little deviating from the experiment. This discrepancy cannot be removed by adjusting 
the potential parameters. In order to displace the position of the f-wave resonance to 
a larger value of A, the parameter V must be taken smaller, which, in turn, gives rise 
to a shifting towards a larger value of A of the position of the d-wave resonance men- 
tioned above. Thus, it is clear that the discrepancy is inherent to the square well 
potential. The increase in o,/7R® as we proceed to the region 150 > A>110 corresponds 
to the g-wave resonance and the unresolved d- and s-wave resonances. The heaviest 
nuclei investigated, 4>180, are located near the f-wave resonance. On account of the 
large value of R, however, the peaks resulting from these resonances are not so pro- 
nounced as in the case of light nuclei. Furthermore, the increase in the experimental 
o,/7R® with increasing A in this region is more rapid than that resulting from the 
mentioned resonance. 

(2) E=4.5 Mev 

The best fit parameters are V=40 Mev, W=2Mev. The experimental data are 
still insufficient for checking the position of the most pronounced d-wave resonance at 
A~40. However, it can be seen that the broad peak covering the region 20< 4<90 
can be accounted for by the successive p-, d- and f-wave resonances. A small maximum 
around A=110 and the gradual increase for 130<A<150 may be attributed to the g- 
wave resonance and the unresolved d- and s- wave resonances, respectively. The rise for 
A~>180 can be accounted for as the broad f-wave resonance. In this case also the rise 
in the experimental data is more rapid than that in the calculated one as is the case 
for E=3.5 Mev. 

(sje, tJ.) Mev 

The best fit parameters are V=40 Mev and W=3 Mev. Nearly the same thing as 
for 4.5 Mev can be said for the case of 5.5 Mev. Only difference noted is that resonance 
peaks. are much more broadened than that for E=4.5 Mev. The cross sections for 
20<A<90 can be well reproduced by partially unresolved p-, d- and f-wave resonances 
and the rise of the cross sections for the heaviest nuclei is attributed to the broad f- 
wave resonance. It should be noted, however, that the experimental o,/7R° for this 
region is slightly smaller than the calculated ones, which tendency is common to the 
higher energies, as will be discussed later. 

(4) Higher energies 

Since there is no remarkable difference, in their general features, among the results 
obtained for E=7.0, 9.0, 11.0, 12.7 and 14.0 Mev, we shall discuss them as a whole 
under the same heading. The best fit parameters are V=40 Mev for all cases, and 
W=4, 5, 5, 6 and 7 Mev for E=7.0, 9.0, 11.0, 12.7 and 14.0 Mev, respectively. The 
broadening of the peaks is the more apparent, as the incident energy becomes higher. 
For the case of E=12.7 and 14.0 Mev the o,/7R vs A’ curves are almost smooth and 
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flat, except for very small value of A’/. This is due to the overlapping of the many 
partial wave resonances. The general trend of the experimental data is well reproduced 
by the above choice of the potential parameters. However, a closer examination shows 
that the general tendency common to all these cases, especially conspicuous for the cases 
of E=7.0, 9.0 and 11.0 Mev, is a slight overestimation of o,/7R° for the heaviest nuclei 
(A>180) in our calculation. This fact suggests that the assumptions made on the 
potential parameters might be incorrect. This point will be discussed in the next section. 

The apparent discrepancy in the total cross sections for very light nuclei (4< 20) 
shown in Figs. 1 and 2 will also be discussed in the next section. 

The compound nucleus formation cross section o, has been calculated using the 
parameters which have given the best fit to the curves of o,/7R° vs A’ for each of the 
energies mentioned before. The results are shown in Figs. 1 and 2. As can be seen 
from these figures, the qualitative features of the experimental curves of o,/7@R vs A’® 
can be reproduced by the calculated ones of o,/7R° vs A’. Quantitatively, however, the 
calculated o,/7R* are systematically smaller than the experimental o,,/7R°. This behavior 
is especially conspicuous for lower incident energies. On account of the above situations 
no attempt has been made of the estimation of the compound elastic scattering cross 


section as has been mentioned in § 1, the discussions of which will be given in the next 
section. 


§ 3. Discussions 


As can be seen from the figures in § 2, the agreement between the calculated and 
_the experimental total cross sections is in general satisfactory in view of the approximate 
nature of the model. Therefore, we may conclude that the cloudy crystal ball model of 


the square well type can approximately reproduce the overall features of the total cross 
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Fig. 3. The result of the continuum theory for E=7.0 Mev. 

Solid curves represent the calculated o,/7R? vs A'/3 (above) and o¢/7R* vs Adl3 
(below) using the continuum theory with the parameter of K=1.1610!3 cm-). Broken 
curves represent the best fit result obtained by the cloudy crystal ball model, the one 


shown in Fig. 2-(d). The experimental data on o,/7R° (above) and «,,/7R? (below) 
ate represented by dots. 
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sections for neutron collision with nuclei in their absolute magnitude as well as in their 
mass number dependence, if appropriate values are chosen for the potential parameters. 

On the other hand, the failure of the continuum theory” in reproducing the 
characteristic behavior of o,/7R* vs A‘! is apparent in Fig. 3. , 

o,/7R* calculated with the continuum theory decreases monotonously with increasing 
A, in disagreement with the experimental data which show characteristic diffraction-like 
pattern in the figure. It should be noted, however, that the reasonable absolute magni- 
tude is obtained for the total cross sections by the continuum theory. 

As to the compound nucleus formation cross sections, «,, the agreement is poor as 
is seen in Figs. 1 and 2. The calculated values of o, are by several tens per cent 
smaller than the experimental non-elastic cross sections, o,, for low incident energies. 
The discrepancy becomes smaller for higher incident energies and the calculation gives 
nearly the correct absolute magnitude for the incident energies higher than, say, 12 Mev. 
However, even in these cases the experimental o,, are systematically a little larger than 


the calculated o,. Since the relation between o, and o,, is given by 
T,=Gnt Occ, 


where o,, is the compound elastic cross section, we have o,—o, where the equality 
approximately holds for high incident energy, o,, being expected to be very small. Thus, 
the result obtained in § 2 is clearly in contradiction to the theoretical expectation. 

The fact that the square well complex potential is unable to give the correct absolute 
magnitude of the compound nucleus formation cross sections has already been pointed 


7 % ; , : wnt 
A933) through their analyses for particular nuclei and incident 


out by several authors 
energies. The discrepancy has been attributed to the strong reflection of the incident 
wave due to the abrupt change in its wave number at the boundary of the potential. 
It can be seen from the present analysis that this situation is of general nature, not 
depending on the particular choice of the incident energy or the target nucleus. 

At first sight one might suppose that the calculated o, can be as large as one 
wishes, if a sufficiently large value is chosen for the imaginary part of the potential, W. 
This is however, not the case for the following reason. It is true that the o, is an 
increasing function of W, as far as W is smaller than or comparable to the energy of 
the incident neutrons. But, if W becomes very large, it makes the wave number of the 
incident wave very large inside the potential and the smooth continuation of the wave 
function at the boundary of the potential becomes impossible unless the amplitude is 
very small there. Thus, the scattering reduces to that by a hard sphere and the cross 
section, o,, tends to vanish in the limit of infinitely large W,* 


limo,=0. 
Wao 


Soe ; , 
Hence the quantity o- has a certain upper limit as a function of W. In Fig. 4 o,/7R 


* Tt might be worth mentioning here that the cloudy crystal ball model does not reduce to the con- 


tinuum theory even in the limit of infinitely large W” 
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Fig. 4. (a) Dependence of o,/7R° on W. 

Curves are for x=2.2 (above) and x=2.4 (below) 
at E—3.5 Mev, where x=AR, k being the wave 
number of the incident neutrons. V is taken to be 
40 Mev in both cases. The former corresponds 
nearly to a maximum and the latter a minimum 


in the o,/zR2 vs x curve as are shown in (b). 


These correspond to the target nuclei, Ti and Ni, 
respectively. The probable upper-limits of o¢/7R° 
for these values of x’s at 3.5 Mev are indicated by 


arrows in the figure. 

(b) o-/xR? vs x curves for E=3.5 Mev for 
various values of W and V=40 Mev. 

The values of W are indicated in the upper part 
of each figure. The values of x which are taken 


in (a) are indicated by arrows. 


IE eZ! OG 
(a) 
is plotted against W for E=3.5 and x=kR=2.2 and x=2.4, k being the incident wave 
number. It can be seen from the figure that the tangent of the slope of the curve, 
(d/dW) -(o,/7R*) decreases as W increases and it might be reasonably supposed that 
the maximum values of o,/7R° for these E and x’s lie somewhere around the greatest 
values indicated in the figure. These maximum values of 1.30 and 1.12 are small 
compared with the experimental ones, 1.38 and 1.33, for the target nuclei, Ti and. Ni, 
respectively, and the incident energy, E=3.5 Mev. Moreover, the increase in W results 
in the flattening out of the curve, o,/7R? vs A'”, and the agreement between the 
calculation and the experiment is destroyed. 

In this connection, it might be noted that the continuum theory gives better 
agreement with the experimental data than the present calculation as far as the absolute 
magnitude of o, is concerned, as is seen from Fig. 3. On the other hand, it fails to 
reproduce the characteristic fluctuations in the o,/7R® ws A’! curves, just as in the 
case of o,/7R? vs A’” curves. 

The only way of removing the contradiction about o, mentioned above is to choose 
the parameter R larger, as far as the square well is adopted, so that the experimental 
values of o,,/7R* become smaller than the calculated values of o,/7R*. But this procedure 
is again untenable, because then the unreasonably large value of R is required, which 
results in the serious discrepancy between the experimental and the calculated total cross 
sections. Thus, we conclude that the cloudy crystal ball model with the square well 
can hardly reproduce both the total and the compound nucleus formation cross sections 
consistently, the calculated value of the latter being too small. 

The calculated ratios of the elastic scattering cross section, o,,, to the compound 
nucleus formation cross section, o,, are plotted in Fig. 5 and are compared with the 
experimental ratios of o,, to o,. The experimental values of o,, can be obtained either 
by integrating the angular distribution of the elastic scattering over angles or by subtracting 


o, from o,. The values shown in Fig. 5 are those obtained by the latter method. 


—_ 
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The theoretical estimation of o,, is difficult because of the reason mentioned in $1. 
At the higher incident energies, however, the following approximations are expected to hald, 
Cay, 

and hence we have 
CLEC — 


th = : . : : 5 3 
where o%" indicates the theoretical estimation of the elastic scattering cross section. More 


generally, 
es oF 

and so, 

(others) Coe / oy) 
The underestimation of o, men- A A 
10 50 100. 200 10 50 100° 200 
tioned in connection with Figs. 
1 and 2 and consequently the 
overestimation of o,, are even 
more apparent in Fig. 5, although 
the theory can reproduce the 
qualitative features of the ex- 
perimental o,,/o, Us A’! curves. 
This fact has already been noted 
in the case of the 14.0 Mev 


neutron reactions.’’ 


(6) E=4.5 Mev 


In order to illustrate the 
dependence of the calculated 
cross sections on the potential 
parameters, some of the examples 
of the cross sections vs x curves 
are shown in Fig. 6 for several 
sets of the potential parameters 
for the case of E=7.0 Mev. 
As is seen in the figure the E=5.5 Mev 


Ratio of the elastic cross sections 
to the non-elastic cross section 


general tendency of the para- 
meter dependence of the calculat- 
ed results is.such, that the 
SrEreHsetase; pEestlts «itunthe 
shifting of the whole pattern 
towards the direction of small x 
and the increase in W results Ail Ae 


in the flattening out of the Fig. 5. Ratio of the elastic scattering cross section to the non- 


elastic cross section, Osc¢/O, VS Ail, 

Solid curves represent the theoretical values of osc/o¢ im 
which og¢ is approximated by o,—o-- Dots represent the 
dips in the curves. As can be experimental values of the ratio osc/o,-. Parameters used in 


seen from the figures the calculat- the calculations are the same as those indicated in Figs. 1 and 2. 


pattern without changing the 
positions of the peaks and the 
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ed values are mildly dependent 
on these parameters. This mild 
dependence of the calculated cross 
sections on the potential para- 
meters is common to all the 
incident energies investigated, so 
that the best fit parameters can 
not be determined very sharply. 
The uncertainty of the determt- 
nation of the parameters V and 
W is 
lIV| <2 Mev 

and |W | <1 Mev, 
respectively. 

The. energy dependence of 
the parameters, VY and W, deter- 
mined through the present 


analysis is shown in Table 1. 


Table 1. Energy dependence of the 
potential parameters, V ard W. 

For each value of the incident energy, 
E, in the first column, the values of V 
and W determined through the present 
analysis are shown in the second and 
the third columns respectively. The 
uncertainty of the determination of these 
parameters is |4V| <2 Mev and |4W| 
<1 Mev respectively (see text). 


E (Mev) | V (Mev) | W (Mev) 

55 | oe Ae Adee 

4.5 40 24 

SiS) | 40 3 

7.0 4Oie 4 4 

Fig. 6. Dependence of the calculated o,/7R* and o./7R* on oe ry “ 
the potential parameters, V and W, for the case of E=7.0 Mev. 11.0 wl 5 
R= (0.5+1.35 A41/8) X10—8 cm is assumed for all parts of the 12.7 40 6 
figure. The potential parameters, —(V+iW), are indicated in 14.0 40 7 


each part of the figure. os 


It is remarkable that the real part, V, of the potential is constant, within the accuracy 
of the present analysis, for energy range investigated. In Fig. 7 W is plotted against 
the incident energy, E, and is compared with the value calculated from the mean free 


path of the incident nucleon in the nuclear matter which is described by 


the Fermi gas 
model.” . 
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As can be seen from the figure, the 
values of W calculated in this way are 
in semi-quantitative agreement with the 
ones obtained by the analysis. We see 
also that the calculated values based on 
the “1/E”-law for the free nucleon- 
nucleon cross sections are slightly in 
better agreement with that determined 
by the analysis than the value obtained 
from the energy independent free nucleon- 
nucleon cross sections. 

At this point we shall discuss on 
the assumptions made in the analysis 
mentioned in § 2. The potential depths, 
V and W, were assimed to be indepen- 
dent of the mass number of the target 
nucleus, A. Generally speaking, how- 
ever, the possibility of the mass number 
dependence of these parameters might 


be expected, even if we disregard the 


A=100 
R=1.35 A? +0.5 (107% cm) 
E,=22.6 Mev 


0 10 20 E (Mev) 
Fig. 7. Energy dependence of W for A=100. 

Solid and broken curves represent the theoretical 
value obtained by the semi-classical mean free path 
calculation using the energy independent and “ 1/E ”- 
free nucleon-nucleon cross s2ctions, resp2ctively. The 
energy of the incident neutron inside the nucleus is 
given by E,=E+Ey+B where Er=22.6 Mev and 
B=8.6 Mev. Also plotted are the values of W deter- 
mined by the present analysis. 


effect of the shell structure of the individual nuclei 


1.00 
W/W 


on these parameters. 


0.95 


0.90 


E=7 Mev 
R=1.35 A’ +0.5 (107'° cm) 


100 200 
2 A 


Fig. 8. Mass number dependence of W 
for E=7.0 Mev. 

The ratio of W for mass number A 
to that for 4=20 is plotted agzirs: A. 
R= (0.5+1.35 A!/®) X10 cm is assum- 
ed. The calculation is bas2d upon the 
semi-classical mean free path theory of 
W. The energy of the incident neutron 
inside the nucleus is given by E,=7.0 
+ Evy (A) +B(A) Mev. where Evy (A) 
is the Fermi energy and B(A) the 
binding energy of neutrons in a nucleus 
with the mass number A. 


In fact, the imaginary part, W, of the potential 
for the neutron scattering, for example, is expected 
to become smaller for heavier nuclei than for lighter 
ones, if the semi-classical mean free path theory of 
W*” is adopted. 


heavier nuclei results in (1) the enhanced effect of 


Because the neutron excess in 


the Pauli principle on the elementary collision process 
and (2) the reduction of the average nucleon- 
nucleon cross section in the nucleus, since the free 
factor cf. 


is by a 


neutron-neutroa cross section 
about 3 smailer tn221 the free neutron-proton cross: 
of W 
calculated on these lines is illustrated in Fig. 8 for 
E=7.0 Mev.* 

Unfortunately, however, the uncertainty of the 


section. The mass number dependence 


det2rmination of the potential parameters is com parable 


with the amount of reduction in W of 10% for 


* Tn the calculations it is assumed that the volumes occupied by the neutrons and the protons are the 
i i 26) 
me, though it might not always be the case, as, for example, has been pointed out by Johnson and Teller. 
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A=200 nucleus compared with A=20 nucleus, so that we can hardly draw any definite 
conclusion about the existence of the mass number dependence of W in the present 
analysis. For this purpose it would te highly desirable to make more careful study, ex- 
perimental and theoretical, of both the non-elastic cross sections and the angular distribu- 
tions of the elastic scattering. 

In contrast to the mild dependence of the calculated cross sections on the potential 
parameters, V and W, they are sensitive to the variation of the potential range, R. In 
view of this situation we shall examine in detail the assumption (2) in § 2 with regard 
to the relation between the range R and the mass number. On fitting the calculated 
values of o,/7R° to the experimental ones for the medium weight nuclei the slight 
systematic deviations are found in the 


region of heavy nuclei as has been 


o, 

mentioned in § 2, as far as we adhere aR? 6 
to the same formula of R=aA’!'+6 for ‘ 
all the region of A. The above dis- 3 
crepancy can be remedied if we assume 2 
different formulae for Rvs A’” for dif- 
ferent region of mass numbers.” In y 
fact, if we assume R= (1.25 A'"+0.8) 5 
107" cm for heavy nuclei with A> 2 
180, the discrepancy mentioned above 
can be considerably improved. Even in 2 
that case, however, it is difficult to re- : 
produce accurately the large variation 2 
with energy in the shape of the o,/7R° 
vs A’! curves only by adjusting R, which a 
probably represents the difficulty caused : 
by the improper shape of the potential. 

For light nuclei the experimental 
data show considerable fluctuations from 
nucleus to nucleus, although the general 
trend of the mass number dependence 4 6 810542, 14: 04 BO9e8 p10 .a yas 
of the cross sections can be reproduced (a) BAMev) (b) EMes) 
by the calculation. One of the possible Fig. 9. Fluctuation of R’s for light nuclei, Be%, B'9, 
interpretations of this situation is to O%, N® and Fi. 
Atiribines chen fucedarieneiotedies crac The solid curves in (a) and (b) represent the result 


of the calculations using the modified R’s (indicated 
as R’s in the figure in units of 10—%cm) ard using 
the original values of R given by R= (0.5+1.35 A1/3) 
nuclei with properly modified R give X 107! cm, respectively. 

Pelee rece agreement with the experi- Bee dots represent the experimental «, divided by 
mR”, in (a) and by xR? in (b). The potential depths, 
V and W, used in the calculations are the same <s 
these shown in Fig. 1 and 2. 


sections to that of the potential ranges. 
In fact the calculations for the light 


ment than the original ones as is illus- 


trated in Fig. 9. In the figure the 
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Fig. 10. Comparison of the values of nuclear radii 
for light nuclei taken from various sources of informa- 
tion. 

The values of nuclear radii (or interaction ranges) 
obtained from various sources are plotted against 4'/* 


experimental energy dependence of 
o,/@R° is compared with the theoretical 
one for some of the light nuclei, (a) 
taking into account the fluctuation of 
R’s for individual nuclei and (b) assum- 
ing R= (055-6135 A) X10- car 
The values of R’s thus determined and 
the ones given by the above formula are 
indicated in upper part of each figure. 
It may be interesting to compare 
the values of R’s obtained in this way 
with those obtained from other soutces. 
In Fig. 10 they are plotted against A‘!” 
and are compared with the ones obtained 
from the deuteron stripping reactions” 
and the ones obtained from the 15 Mev 


for light nuclei. Crosses and open circles represent the 28) 


neutron total cross sections”’ assuming 


values derived from the analysis of the deuteron strip- 


ping reaction in terms of the theories of Bhatia et al. the equation, 


and of Butler, respectively. Triangles represent the 


F o,=27R’. 
values derived by Coon et al. from the analysis of © 


Dots are the 


15 Mev neutron total cross sections. All these data show the similar trend 


values obtained from the present analysis. AG a Cietiene oft ee Patticularty 
large value of R for Be’, a conspicuous 
minimum at C™, small value of R for O' and the gradual approach to the R=aAP+b 
curve. It should be noted, however, that the above formula for the total cross sections 
is inaccurate for the light nuclei, from the point of view of the cloudy crystal ball 
model, even in the case of the rather high incident energy of 15 Mev. 

Finally, it may be concluded that the cloudy crystal ball model is applicable to the 
energy range, 3 to 14 Mev of neutrons, considered in the present paper. However, the 
square well shape of the potential, is essentially to be modified because of the fact that 
it fails to give the correct magnitude of the compound nucleus formation cross sections 
and that the fit of the theoretical o,/7R* vs A’!® curves to the experimental ones 1s not 
quite satisfactory in every detail. The same type of analysis as the present one using 
the modified shape of the potential may be desirable. In this connection it is of special 
interest to work the potential shape which is known to reproduce the angular distribution 


6) 
of the elastic scattering of nucleons such as the one presented by Woods and Saxon. 
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The charge distribution of pions produced in a high energy collision of two nucleons is calculated 
by means of a statistical model including excited nucleons. The results are compared with experimental 
data. The qualitative agreement is obtained for the ratio of (single z~) to (x~+7z°) to (x*+77) 
in an n-p collision, but not for the ratio of (z+) to (z~) in a p—Be collision. 


SATE Introduction 


The application of the hypothesis of charge independence to nucleon-nucleon colli- 
sions has been discussed by several authors. Using his statistical method,” Fermi calculated 
the charge distribution of the produced pions by means of the statistical model,” in 
which only direct production of pions by the incident nucleons was considered. But 
Fermi’s simple statistical theory” fails to explain the experimental data. Peaslee’) and 
Belinfante” discussed independently the consequence of the hypothesis that the produced 
pions are the decay products of nucleons excited by the collision. 

In this paper we apply Fermi’s method to a statistical model by which we can 
treat direct production of excited nucleons as well as of pions. 


We shall consider all possible processes creating pions. For example, the processes 


for production of two pions are 
0 ntn>n+n4+747, 
I ntnon*ttn4+n75n4+n4+7 47, 
IL ntn—n*+n* Sn+n4+7-77, 


whete n and n* denote a nucleon and an excited nucleon, respectively. 7 denotes a 


pion and the charge sign of these particles are omitted. 
The process 0 represents direct production of two pions associated with emission of 


The process I represents direct production of a pion, a nucleon and an 
The process II is direct 


The contribution of these 


two nucleons. 
excited nucleon which disintegrates into a pion and a nucleon. 
production of two excited nucleons accompanied with no pions, 
processes to pion production is determined by following two factors: the statistical weight 


in momentum space and the statistical weight in isotopic spin space based on the hypo- 


thesis of charge independence. 
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§ 2. Isotopic spin space weights 


We assume that the excited nucleon has isotopic spin 3/2. The statistical weights 
in isotopic spin space are obtained immediately from the well-known Clebsch-Gordan 


coefficients, as was shown by the several authors mentioned above. 


Table I. The Clebsch-Gordan coefficients for a proton-proton system (T=1). 


no excited nucleon one excited nucleon | two excited nucleors 

(pp) 1 0 | 0 
| 

( pp0) 1/2 1/6 

(pn+) 3/2 5/6 

(ner =) 6/5 42/60 1|5 

(pp00) 2/5 14/60 8/45 

(pn +0) 9/5 | 58/60 | 26/45 

(nn++) 3/5 6/60 | 2/45 

(pp+0-—) | 144/60 504/360 66/90 

(pp000) 18/60 10/60 | 8/90 

(pnt++-—) 90/30 648/360 | 114/90 

(pn +00) 126/60 444/360 | 68/90 
| 

(nn+ +0) 72/60 144/360 14/90 


Table II. The Cleksch-Gordan coefficients for a neutror-proton system. The resultant isotopic spin T=1. 


no excited nucleon one excited nucleon | two excited nucleors 

(pn) 1 (0) | 0 , 
(pp—) | 1/2 1/6 | 0 
(nn+) 1/2 1/6 0 
(pnd) 1 2/3 4) 
(pp0—) 4/5 18/60 1/45 
(pn+—) 9/5 68/60 41/45 
(pn00) 3/5 16/60 2/45 
(nn+0) 4/5 18/60 1/45 
(pp-r——) 1.2 72/120 20/90 
(ppoo—) 0.9 156/360 22/90 
(pn+0—) 4.2 912/360 ‘ 158/90 
(nn++-—) 2S 72/120 20/90 
(nn +00) 0.9 156/360 22/90 
(pn000) 0.6 18/45 28/90 


—— SS 
The results are given in Table I for p-p collisions which produce two nucleons and up to 
three pions. The first column gives the different types of particles which may appear in 
the final state ; the symbols p and n denote a proton and a neutron respectively. The. sign 


symbols +, 0, and —, indicate positive, neutral and negative charged pions, respectively. 
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Table II. The Clebsch-Gordan coefficients for a neutron-proton system. The resultant isotopic spin T=0. 


sneer II 


no excited nucleon one excited nucleon | two excited nucleons 
(pn) 1 0 ) 
(pp-) 1/3 0 0 
(pn0) 1/3 0 fy) 
(nn+) 1/3 | 0 0 
(pp0—) 1/3 1/9 1/9 
(pn+—) 1 | 5/9 5/9 
(nn+0) 1/3 1/9 1/9 
(pn00) 1/3 2/9 2/9 
(pp+——) 0.6 48/180 11/135 
(pp00—) 0.4 32/180 9/135 
(pn+0—) 1.8 184/180 93/135 
( pn000) 0.2 16/180 2/135 
(nn+00) 0.4 32/180 9/135 
(in) 0.6 48/180 11/135 


Table II gives data on n-p collisions which take place in the state of resultant isotopic 
spin equal to one, and Table III for n-p collisions in the zero-spin state. 


§ 3. Phase space weights and relative probabilities 


We assume that the production of the excited nucleon and its decay are independent 
processes, and treat the excited nucleon as a particle having the rest mass 1.17 Mc 
(=Me+0.17 Me). 
energy of the nucleon. 


Then Fermi’s statistical method becomes applicable to our processes. 
1) ,6) 


Mec is the nucleon rest mass and 0.17 Mc indicates the excitation 


Fermi’s formula — 


for n-pion production by nucleon-nucleon collisions are 


5S, (n) = {2 w—2)' [2 x2x-- x", 
n!\o 2 2 


2 
(1) 


(no excited nucleon) 


( n—1 oR 
S,(n) =2 X i x 1.12% {224 (—2.17))| [2.x 2x-.xSe 2) as 
(n—1)! wo 2 2 
(one excited nucleon) (2) 
1 (251 eh Ely a 6(n—2) +1 ; 
Beers Koh 291 (w—2.34 PAG idk a aera 
S,(n) As 265 | 2" (w ) a x3 ; (3) 


(two excited nucleons) 


where w represents in units of Mc’ the total energy of colliding particles in the center 


of gravity system. In these calculations the interaction volume of colliding particles was 


taken to be, following Fermi, 
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The relative probability for an event will be calculated in the following way: 


(2/w) (4/3) 7R, 
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R=6/po=1.4%107%cm. 


For 


p-p collisions, it is given by the linear combination of the corresponding phase space 


Table IV. The statistical weights for multiple pion production by proton-proton 
collisions at the bombarding energies 1.25, 1.75, 2.2 and 3.0 Bev. 


E Bev. 1.25 EAS) 2.2 3.0 

o 2.58 2.78 2.94 Bizz 
pp 9.40 4.32 D2 0.90 
ppo 10.46 8.66 7.13 5.17 
pnt+ 38.37 29.20 23 ie. 16.16 
pp+— 10.66 13.93 14.71 14.99 
ppoo 4.96 5.14 5.19 5.08 
pn+0 18.88 21'S 21.60 21.64 
nn++ 2.10 3.86 3.32 3.98 
pp+o-— 1.23 3.76 5.88 9.54 
pp000 0.15 0.46 0.71 1.15 
jis? sp 1.97 5.89 8.86 9.85 
pn+00 1.22 3.69 5.63 8.90 
nn++0 0.29 0.93 151 2.65 


Table V. The statistical weights for multiple pion production by neutron-proton collisions. 


Bev. 125) 575) 222 3.0 

o 2.58 2.78 2.94 3222 

pn 14.42 6.65 3.63 1.41 
pp— 9.93 9.21 8.02 6.11 
nn+ 9.93 9.21 8.02 GA 
pnd 18.92 sys 12.45 9.18 
ppo— 4.91 6.07 6.59 7.20 
pr 25.93 26.52 26.50 25.96 
pn00 yet 8.07 8.26 8.27 
nnO + 4.91 6.07 6.59 7.20 
pp+—=— 0.37 1.22 2.03 3.63 
ppoo— 0.32 1.04 1.65 2.80 
pn+0— 2.48 7.09 11.43 13.54 
pn000 0.28 0.85 Lot 2.16 
nn+00 0.32 1.04 1.65 2.80 
nn++— 0.37 de22 2.03 3.63 
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factors S(n), with the coefficients listed in Table I. For example, the relative probability 
for the reaction (pp)—>(pp+—) is given by 

6/5-S,(2) +42/60-S,(2) +1/5-S,(2), (4) 
apart from the normalization constant. 


Table IV illustrates various possible products which may emerge from a proton-proton 
collision. The first line represents in units of Bev the kinetic energy of the bombarding 


particle in the laboratory system. The second line represents in units of Mc? the corres-’ 


ponding total energy in the center of gravity system. The following lines give the rela- 
tive probabilities for the events listed in the first column. 

For a neutron-proton collision, we assume that the interaction cross section is the 
same for both isotopic spin states, T=0 and T=1. Table V gives data on neutron- 
proton collisions. 

In Table IV and V, each column is normalized to unity. If we assume,” however, 
that the interaction cross sections are equal to each other for p-p and n-p collisions, 
then the data listed in the corresponding column in Table IV and V indicate the relative 
probabilities for p-p and n-p collisions, apart from the normalization constant 1/2. We 
will adopt this assumption. 


§ 4. Discussion of the results 


All the physically significant quantities can be calculated immediately from Table 
IV and V. Table VI gives the ratio of (single 77) to (a~+7°) to (x° +77) in 
neutron-proton collisions at 1.25, 1.75, 2.2, and 3.0 Bev. The second line gives the 
calculated ratio, not containing 3-pion productions. The third line is the experimental 
data observed by Fowler et al.” 

Table VJ. The ratio of (single z~) to (x~+7°) to (x*+z7) in n-p collisions at 1.25—3.0 Bev. 


a 


| 1.25 Bev 1.75 Bev | 2.2 Bev | 3.0 Bev 
Call 2.06 : 1.0: 5.28 | 1.52: 1.0: 4.37 | 1.22: 1.0: 4.02 | 0.85: 1.0:3.61 
Exp. | (0.8-£0.3) : (1.00.35) : (3.20.7) | 


Table VI shows the qualitative agreement between the calculation and the experi- 
mental data. 


Table VII. The ratio of single- to double- to triple- pion events with 3-prongs in n-p collisions 
EEE 


| 1.25 Bev 1.75 Bev | 2.2 Bev 3.0 Bev 


Cal | 35: 108): 11 27 97 #30 22) Gi: AL 1679 86 2152 


Table VIII. The ratio 1-prong: 3-prong: 5-prong stars produced in n-p collisions. 


ee 


1.25 Bev 1.75 Bev ; 2.2 Bev 3.0 Bev 


| 
Cal. | 7S FY. 2906 (Wee tey eZ Oise 9Ous3 56: 92:6 
Ee ——————— SO ee 
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Table VII gives the ratio of single- to double- to triple-pion events with 3-prongs in 
neutron-proton collisions. Table VIII gives the ratio of 1-prong to 3-prong to 5-prong 
stars in n-p collisions. In these tables, each column is normalized to 154, the observed 
number of 3-prong stars. The elastic scattering, which is observed as one-prong stars, 
is not taken into account. Table VII shows the large probability for 3-pion events with 
3-prongs while 3-pion event with 3- or 5- prongs has not been observed. 


Table IX. The ratio z+/z- produced from protors on beryllium. 


| 1.25 Bev 1.75 Bev | 2.2 Bev | 3.0 Bev 
Cal. 2.10 | 1.82 1.71 1.76 
Exp.®) ~6 ~1.8 


| 
Table IX gives the ratio of positive to negative pions produced by the proton bombard- 
ment of beryllium. This table shows considerable descrepancies at low energies. 

The discrepancies with the experiment may indicate that conservation of angular 
momentum, which we have disregarded, makes large contribution to pion production in 
nucleon collisions. 

In the above calculation, we have neglected the possibilities of four pion production 
by nucleon collisions. The formulas (1)—(3) lead to the result that this probability for 
n-p collisions is about 0.0% at 1.25 Bev, 0.6% at 1.75 Bev, 2.8% at 2.2 Bev, and 
9.1% at 3.0 Bev, if we set the isotopic spin space weights approximately equal to 10 
for the resultant isotopic spin 1 and approximately equal to 5 for its spin 0. Consequently 


four pion production gives no contribution to pion production at energies up to 2.2 Bev. 


$5. Conclusious 


We have applied Fermi’s statistical method to a statistical model including excited 
nucleons. The calculated ratio of (single 7~) to (7 +4-7°) to (7°+77-) in n-p collisions 
is in rough agreement with the experiment. The calculated probability for 3-pion 
production is more than 30 times higher than the observed one. The calculated ratio 
m*/7~ in p-Be collisions does not agree with the experiment. 

Further agreement would be obtained by taking into account the conservation of 


angular momentum. 
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E2+-M1 Mixed Transitions 
in Heavy Odd A Nuclei 


Mitsuhiro Kawamura 


Department of Physics, Saikyo University, Kyoto 


February 22, 1957 


Many experimenta! data accumulated 
in the field of nuclear spectroscopy show 
the existence of E2+M1 mixed nuclear 
transitions. And these mixing ratios are 
obtained from the experiment of the angular 
cottelation, the measurement of the angular 
distribution, the internal conversion co- 
efficient and from the conversion ratio etc. 
In most cases, the value of the mixing 
ratio obtained from one method coincide 
not always with the value of that obtained 
from the other method for the same nu- 
cleus. However, as we can find a certain 
appreciable variation between the mixing 
ratios for two nuclei differing in mass 
number, we can get some information on 
the nuclear structure and the transition 
mechanism from these data of the mixing 
ratio. The available data are tabulated in 
Table 1, which contains only the transitions 
decaying from the first excited state to the 
ground state in nuclei. E2/M1 means the 
intensity retio. L, ang. cor., ang. dist. and 
pol. dir. respectively indicate L conversion 
ratio, the angular correlation, the angular 


distribution in nuclear h.f.s. alignment and. 


the polarization-directional measurement. 
Other notations are to be understood as 
usual ones. Asterisks mean that the data 
are corrected for the finite nuclear size 
effect.» As the data are not sufficient 
and have some spread on each nucleus, it 
may be premature to draw a definite con- 


clusion. But we believe it is worth noting 


the following several points. 

1) The mixing ratio increases smoothly 
with increasing mass number in general. 
2) The mixing ratio for the isotope having 
(N+2) neutrons is always smaller than 
that for the isotope having N neutrons. 
Though the value for TI is no: always 
well established, Te, Au end TI present 
good examples. 

3) Mixing ratios for Te™, Eu'™, Ir’, 
and TI’ are appreciably larger than that 
for the neighbouring nuclei. 

We might consider the existence of the 
difference between the mixing ratios for two 
isotopes of Te, Gd, Ir or Au to be reliable 
from the fact that these data are obtained 
respectively from the same experimenters. 
According to the extreme single particle 
shell model assignment, more than half 
transitions listed in Table 1 should be 
obviously /-forbidden M1 transitions and 
the others should have the negligible order 
of E2 transition matrix element to M1 one. 
For [-forbidden M1 transitions, Jensen and 
Mayer’ pointed out the fact that the 
spin orbit coupling effect in the single 
particle model for proton produces non- 
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Table 1 E2+M1 mixed transitions in some heavy odd A nuclei 
eee ee er 


Nucleus Energy (kev) Spin, Parity E2/M1 Method Reference 
poonars 162 3/2+—1/2+ 0.0015 ang. cor. (1) 
Be least 214 3/2+—1/2+ 0.056 ang. cor. | (2) 
0.055 | ang. cor. | (3) 
iG 159 3/2+—1/2+ 0.013 ang. cor. | (2) 
0.012 ang. cor. (3) 
0.009 ang. cor. (3) 
plan 166 5/2+-—7/2+ 0.04 | ang. dist. | (4) 
euemaa” 92 7/2+—5/2+ 0.03 ang. dist. | (4) 
pee 84 3/24—5j2+ | 2.5 | K/L | 6 ) 
Gd 60 (5/2) —3/2 0.052 K/L (25) 
eiGdh>” 55 (5/2) —3/2 0.042 | K/L | (25) 
Pigoes 96 5/24-—7/2+- 0.09 ae Kale | (5) 
mate 114 9/2+—7/2+ 0.05 K/L (5) 
113.6 0.30 ayy (6) 
113.81 0.18 az, aL (7) 
planes 135 9/24+—7/2+ 0.25 ang. cor. | (8) 
137 0.075 K/L (9) 
136.25 0.111 ant L* (10) 
Paes 134.2 7j/2+-—5/2+ | 0.111 K/L* (11) (14) 
135 | 0.12 K/L pee 5) 
Palecey: 129 5/2 2 1.16 K/L | (5) 
miries 139 (5/2) —3/2 0.28 [RL (5) 
peAnnee 61.4 1/2+—3/2+ 0.20 L | (12) 
woAul3? 77.4 2+ —3j2 4 0.14 B (12) 
aT lyo2 279 3/2+—1/2+ 3.0 aK ay, (13) 
225 pol. dir. (14) 
1053 (a, K/L)* (15) 
1.38 a* a7y* any (16) 
ai T 12% 205 124. (0.27) ap (17) 


vanishing matrix element and using this 
deWaard and Gerholm”’ 
explained the experimental half life of - 
How- 


experimental half life for 


assumption 


forbidden M1 transition for proton. 
ever, the 
l-forbidden type odd neutron nuclei” also 
suggests the existence of the other important 
22) 23) 


effects. From the standpoint of the 


collective model, it seems that the tendency 
in case 1) corresponds to that of the 


mixing ratios affected by the core defor- 


mation effect”” due to the particle surface 
would be 
necessary to further our study about the 


quantitative consideration on this and the 


coupling scheme.*” But it 


other two points theoretically as well as 
experimentally. 

The author wishes to express his 
thanks to Professor K. Kimura and Mr. 
T. Hayashi for their interest in this work. 
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On the Effective Coupling Streagth 
in the Static Pion Theory 


Tetsuro Kobayashi, Jun’ichi Osada 


and Smio Tani 


Department of Physics, Tokyo University 
of Education 


April 30, 1957 


It is the purpose of this note: to re- 
examine the static theory of the pion- 
nucleon scattering in terms of the “ effec- 
tive coupling strength”. In this model, 
the scattering of pion is caused only by 
the flip of o- and c-spin of the nucleon. 
These spin operators never change their 
character even if they receive the reaction 
of the pion cloud around them, while the 
strength of the coupling of pion with these 
spins (which is a scalar quantity with 


respect to the rotation of these spin 
spaces) is changed as the result of the 
reaction of the pion cloud. This is the 
peculiarity of the static model. 

In Chew and Low’s theory’? some part 
of reaction of the pion cloud is taken into 
account by introducing the renormalized 
coupling constant. But there remain some 
effects of the pion cloud on the nucleon 
which are not exhausted by the renormalli- 
zation of coupling constant. 

Let us take an example for definite- 
The Chew-Low equation for the 


ness. 


charged scalar field is as follows: 


co 
e 


h, (w) oe a ei ku (Rk)? do! 
oO) r 
(L 
Py) |2 helio? 
xf AiaCwd 4 3 Aa FY 
wow! —w—1é B w +o 
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- ea (9) sin 0, (q) 


b,(w,) = : 
qv(q)° 


where @=1, 2 stand for the states in 
which the isospin of the nucleon is parallel 
and anti-parallel to the isospin of the pion, 
respectively. Needless to say, @ is an 
exact quantum number in this model. 

One may raise a question, then, why 
two states with different quantum numbers 
are mixed with each other through the 
last term of the equation (the so-called 
crossing-term) . 

This equation is easily solved by 
observing the following property of the 


matrix A,,, 1.¢-, 


Hoy an an (dot at ye 


Substituting this expression in the 
above equation, we can rewrite it as 


follows : 


w 


‘iat Cap ese ROT fee) *do" 


y [Helo elo]. 


ow! —w—ieé wtw 


o 


fey=f+— |e (k’) * dw! 
u 


Oya ol 


8 wo +a 


The states with different quantum 
numbers are no more mixed with each 
other in this equation, while the coupling 
strength becomes dependent on energy. 
(We call it the effective coupling strength.) 
This energy dependence is due to that 
part of the reaction of the pion cloud 
which cannot be taken into account by the 


renormalization of coupling constant. Of 
course, the value of the effective coupling 
strength at w=0, f(0)*, is equal to ‘i 
this is in accordance with the definition 
of the renormalized coupling constant. Such 


“ effective coupling 


an introduction of the 
strength”? and the consequent separation 
of the states with different quantum 
numbers are always possible for any kind 
of static models. 

For example in the case of sym- 


metrical scalar field, we are to put 


wy) yore 
fd 8 


instead of the previous definitions. Here 
a@ takes 1 or 3, which means twice of the 
total isospin of th2 system. 
the following S,, S,= (2/3, —2/3), we 


can rewrite A,, in the same way as before. 


Now, using 


Thus we can similarly introduce the 
“* effective coupling strength’ in this case, 
too. 

Further, in the case of the sym- 
metrical pseudoscalar field, the Chew-Low 
equation is obtained by replacing w(k) by 
ku(k) in the above equation and using the 


following values for 4, and A,,: 


“—8 
pS eye 
3 - 

U SS.s446 

A, =—— —2 7. 4 

At ba 1 


Here @ takes 1, 2 or 3, which means 


(1/2, 1/2)—, (1/2, 3/2)— or 3/2, 
(One of the 
figures in the parenthesis stands for the 
total isospin and the other the total angular 
momentum. ) 


3/2) — state, respectively. 


In this cases, defining 


S,=[1/3, 1/3, —2/3], 
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we can go on quite similarly. 

It is to be noticed that the effective 
coupling strength gets smaller by the 
contribution of the states with attractive 
scattering phase shift and larger by that 
of the repulsive states. 

Finally we shall the actual expression 
of the effective coupling strength for the 
case of Lee and Serber’s example” (a 


charged scalar field without cutoff) : 


fo)’ se OW | te: 


od = 9 
Ai re 2 wo 


SAORI" si [OAT 
w+1 


w(@—«a,) 


ia SIE V1= ce" tan7? Hi 1+, 
O+ Wy Wo teow; 
rio 5 ag AG +f"); 


where the pion mass is taken equal to 
unity. 

The numerical: values of f(w)*/f? for 
f?=0.134 are 0.98, 0.99 and 0.93 at 
w=1,5 and oo, respectively. In this 
example, f(w)* is weakly dependent on 
energies, but in some other cases it 
strongly depends on them. 

In fact, f(w)” for symmetrical pseudo- 
scalar field shows a strong energy depen- 


dence, 


f(w)?—f?= — 0.0104 
= — 0.0337 


at w=1, 


at w=, 


which are obtained by making use of the 


recent experimental values”, 
0.~ 0.~0 


and _‘ tan0,~ 0.134 p*/w(2.1—). 


1) Chew and Low; Phys. Rev. 101 (1956), 1570.. 

2) Castillejo, Dalitz and Dyson; Phys. Rev. 101 
(1956), 453. 

3) Lindenbaum and Yuan; Phys. Rev. 100 (1955), 
314. 


Numerical Discussions on P-wave 
Meson-Nucleon Scattering 


Toshio Sawaguri and Jun’ichi Osada* 


Department of Physics, Tokyo. Metropolitan 
University, Tokyo 

*Department of Physics, Tokyo Univer sity of 
Education, Tokyo 


April 30, 1957 


Previously, Fujino and one of us (J. 
O.)” investigated the Chew-Low equation” 
by the iteration method, gave the Feynman- 
graphical interpretation to so-called “ one- 
meson approximation” and presented a 
recipe for direct calculation of the renorma- 
lized values of arbitrary Feynman diagrams. 
in the static model. 

Using this method, 
numerically all diagrams of meson-nucleotr 
scattering to the sixth order in coupling 
constant and obtained some interesting 
results. (We took o,=6F/, where , 1S- 
the cut-off energy and / is the meson. 
Here, we report the main results. 


we examined 


mass.) 
briefly. 

(i) Among the sixth order diagrams, 
those which are corrected only in propa- 
gators (Figs. ¢, d and e) are of specially 
large values (10~100 times larger than 
the others), as Chew” anticipated previous- 
ly. Moreover, for this type of diagrams, 
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the perturbation method is quite unsuitable 
even for the fairly small usual value of 
coupling constant (f?=0.08), and some 
different methods must be used. 


Fig. 1 


(ii) If the renormalized coupling 
constant is not sufficiently small, one- 
meson approximation is not a good one. 
Only when the sixth order terms are far 
less important than the lower-order terms, 
that approximation is effective. 

(iii) The sum of the values of all 
sixth-order non-crossing diagrams (the dia- 
grams in which the initial meson line and 
the final one are not crossing) are not 
very large compared with that of all sixth- 
As Wyld” dis- 


cussed, the non-crossing diagrams of some 


order crossing diagrams. 


order are calculated in the Tamm-Dancoff 
approximation of the order lower by f”, 
Therefore, 
the T—D approximation of even the 


but the crossing ones are not. 


fourth-order is not suitable in this case. 


The numerical results are as follows: 


At the threshold. 


y 


O73 P/N S73 
a (3.04 8:40") 7 |=, 0.333 7 0.187 
+ (—36.0+40.4*) f*}, 

Oy= 7° {— 0.667 f?+0.43f" 
+ (17.5 14.4*) fr, 

0, = 77 {1.333 f?+6.81f" 

+ (42.3-+39.0*) f% ; 


171 Mev 


meson kinetic energy in Lab. system), 


at w=2p (corresponding to 


tan’; = 7031 3f / [2+ 200; | 
+ (50.0 +36.9*) f']+0.167 f° 
—1.92f'+ (—61.44+36.3*)f*}, 
tan 0,= 7,20 { — 0.333 f?+0.76f" 
+ (10.7 +13.4*) f*}, 
tan 0,= 73,29 {0.667 f?+ 7.25 f° 
+ (100.6+40.9*) f°}. 


These were obtained by calculating all 
diagrams to the sixth order by means of 
the method of reference 1. As mentioned 
above, we cannot use the perturbation 
method for the diagrams like Figs. b—e. 
Inserting Chew’s closed form? of the 
propagator corrected to the fourth order 
into the simplest non-crossing diagram 
(Fig. a), we took this type of diagrams 
into account. In the equations, the figures 
with the star are due to ‘‘ two-meson 
states”? and do not appear in one-meson 


approximation. 7=p/f, p is the meson 


x 


momentum in C. M. system and 0,, 0, 
and 0, is the phase shift in (1/2, 1/2) — 
state, (1/2, 3/2) — or (3/2, 1/2) —state, 
(3/2, 3/2) —state, (The 


first number in brackets means the value 


respectively. 


of isospin and the second the value of 
angular momentum.) 

If we take f?=0.08, 0,~ —4.2° 7%, 
Oy —1.9° 7? and. 6,~11.0°7* at. the 
threshold and 0,~—17°, 0,~—3° and 
0;~43° at w=2p. The ratios of the 
sum of all crossing diagrams to that of 
non-crossing ones in the sixth order are 
—0.52, 2.53 and 0.07 at the threshold 
and —0.15; -2.02:-and -0.07..a¢ @=2¢ 
respectively for three states. 0, is as 


small as expected from experiments, but 
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0, is not so small. Also this result tells 
us very instructively that the perturbation 
method is quite unsuitable for such a 
resonating phase shifts 0, even in the case 


of fairly small coupling constant. 


1) Fujino and Osada; Prog. Theor. Phys. 17 
(1957), 751 (in press). 

2) Chew and Low; Phys. Rev. 101 (1956), 1570. 

3) Chew; Phys. Rev. 94 (1954), 1748, 1755. 

4) Wyld; Phys. Rev. 96 (1954), 1661. 


Stationary Fusion Reactions at 


Low Temperatures 


Toshiyuki Nishiyama, Tamotsu Sekiya 
and Yoiti Watanabe 


Physics Department, Osaka University, Osaka 


May 6, 1957 


Recently Alvarez et al.) have reported 
a successful experiment to fuse a proton 
and a deuteron in a bubble-chamber making 
use of f/~-meson as a catalizer. Here we 
inquire about the relationship between the 
stationary energy out-put and the concent- 
ration of deuterons in liquid hydrogen, 
considering a sufficiently large number of 
po--mesons supplied in a sufficient number 
of atoms, H and D, in the liquid hydrogen. 
The dissipation of the mesons comes on 
the one hand from the natural decay, and 
on the other hand from the formation of 
the mesic molecular ions -H,*. Fig. 4 
shows the mechanism of the reactions. 


He? +n+3.1 Mevt+ 
(feed back) > 


(c) 7 (DD), ——? T+P+4+4.0 Mev+ p- 
Ye (feed back) > 
Dake 
Ha e \ Co) 
(4) 7 \ 
Y ~ (d) 
| (6) (DH) faa et 5.4 Mev+ yp 
\ | (c) 7 (feed back) > 
(a)\ oxiae (He#+ 7) 
eC 
wv 
iN 
c 
(HR), 
Fig. 1 
= 2H+2n 
2.3 Mev 
* D+H+n 
2.3 Mev 
~ 2D 
3.1 Mev 
~ — He?+n 
0.9 Mev 
Vv T3+n 
Fig. 2 


Denoting the number densities of the 
elements which take part in the above 
reactions by n(#), n(H), °° respectively, 


we have, for example, 
n(#) = —p(HH) n(r) —p(HD) n(¥) 
+ p((DH),,)n((DH) y) 
+ p((DD),,)2((DD) ,) —(#) +. 
(1) 


similar to the above expression for other 
processes. Here, for example, (o (4H) 
9 (PH) > ayn (A) is written briefly as p(“H) 
where o(YH) implies the capture cross 
section of ~ by H, and g (PH) _ stands 
for the relative velocity of #~ to H, while 
a is the number of the mesons supplied 
per second to sustain the stationary state. 
On solving the simultaneous equations for 
the stationary state, we can set the left- 
hand side of (1) to vanish.’ In fact, if 


we put 
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n(H) =(1—x)n, 

n(D) =xn, 

p(HD) =p’ (HD) «x, 

p (4H) =p’ (4H) (a —2), 


where x stands for the concentration of D 
and n for the number density of hydrogen 
atoms, the number of occurrence of the 
d—h and d—d reactions per unit time are 


given respectively by 


p((DH),,)n((DH),) 
__ p((DH);) 
p((DH),,) +4 
(1—x)x(Ex+F) 
(Ax +B) (Cx+D) 
p((DD),,)n((DD),) 


p((DD) ,) 
p((DD),,) +4 
x2 (Ex + F’) 
(Ax+ B) (Cx+D) 


; n(/2) ) 


n(/4) 


where 
A= (H,,D) +p'({DH,}) 
=p); 
B=p'(H,H) +4, 
C=p’' (D,D) —p’(D,H), 
D= p'(D,H) +4, 
E = p'(D,H)|4p' (vD) 
—p’ (HF) p’ ({DH,}) | 
+p’ (H, D) p’ (HH) C, 
_F = Bp! (yD) p’ (D, H) 
+p’ (D,.H) p’ (4A) p’ ({DH,} ) 
+p’ (Hi, D) p’ (4H) +D, 


'==p!(DD,)[p! (HD) 4 
— p' (HH) p’ ({DH,}) ], 
F’=p' (DD,)[ p’ (4H) p’ ({DH,} ) 


+p’ (#D) B}. y 
(2) 
From (1) the number of the mesons 


supplied should be 
a=p(H,H)n(H,) +4 (4) +2 (Hu) 
+n(D,) +n((DH),) +2((DD),) |]. 
(3) 
Then the ratio (2) /(3) plotted in Fig. 3 


shows the number of occurrence of the 
d—h and d—d reactions per unit time and 
per meson supplied. The numerical values 
of p’’s used for plotting Fig. 3 are listed in 
Table 1. 


Table 1 


(a) p/(wD) =1.1X10"%, p’(#H) =1.3x 10” 
(b) p’({DH,}) =1.3x 109 
(c) p’(D, D) =1.1 105, 
p’(D,, H) =1.7x 10°=p/(DH,), 
p/(H,,H)=2,2 x 103 
(d) p’((DH),)=10°~108, p’((DD),,) =108 


Now let us note briefly the way to obtain 
the values in the Table. 
A. slowing-down process has been investigat- 


ed by Wightman” and Wheeler.” 


Process (a). 


Process 


(b). As pointed out by Yamaguchi,” the 


increase in the phase volume of the rela- 
tive motion of D, and H, after a collision 
of H, and D,. favours to exchange ps7 
between H and D. The cross section for 
the exchange reaction is thus given by 
o (exchange) = (E’/E)'” o (elastic) where 
o’s imply the cross sections of the collision 
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beat 


p’ ((DH),) =10° 


The number of occurrence of the reactions per second 


per meson supplied 


Fig. 3. D-corcentration 

between H, and D, and E and E’ stand 
for the translational energies of D relative 
to H before and after the reaction, respec- 
(c). The 
the mesic molecular ions occur by means 


We have 


calculated the cross section for the mole- 


tively. Process formations of 


of the Frank-Condon principle. 


cular formation: o=27°4°I’/D, where i 
is the de Broglie wave length of the rela- 
tive motions of the colliding mesic atoms 
and protons or deuterons, and [” is the 
level width of the 2p-state of the molecular 
ion, and D is its level spacing.” Process 
(d). As for the transition probability of 
the nuclear reaction, (DH),—>He’+5.4 
Mev-+p, the 0—0 transition probability” 
is applicable. No 
p’((DH),) has been obtained for very low 
Some resonating capture might 
occur’ in this region. The value of 
p’((DH),) of order 10° will be the lower 


bound. 
The energy out-put shown by the 
dotted curves in Fig. 3 is obtained from 


exact evaluation of 


energies. 


100 


95 


the thean values of the numbers 
of occurrences of the two nuclear 
reactions weighted by the respec- 
tive Q-values 5.4 Mev and 3.6 
Mev. The curve 34 corresponds 
to* the case Lp C(DD),,) = 
p’((DH),,) >4 and the curve 36 
corresponds to p’((DH),,) =1.0 
x 10°. 


mum 


The former has a maxi- 


Energy out-put 


at a comparatively low 

concentration, while the latter 

reaches. maximum at the 100% 

concentration. 

At the present stage, the 

lack of our knowledge about the 

d—d reaction at extremely low 

energies and the rough estima- 

tions of the values of p’s prevent 

us to go further beyond qualitative con- 

clusion mentioned above. We should expect 

the more exact data concerning those pro- 

cesses, especially the molecular formation 
and the d—d reaction at low energies. 

The authors thank Professor Husimi 

for calling their attention to this problem. 
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Some Remarks on the Goldhaber 
Model for Strange Particles 


Rokuo Kawabe* 


Institute for Theoretical Physics, 
Nagoya University, Nagoya 


May 6, 1957 


In the efforts of accounting for the 
meaning of the “ strangeness” quantum 
number, many authors have proposed various 
ideas. One direction in these researches, 
e.g. theory of d’Espagnat and Prentki,’ 
lies in that the strangeness conservation is 
due to some transformation properties of 
the space in which the behaviours of 
In the 


other type of treatments elementary particles 


elementary particles are described. 


are considered as the objects composed of 
a few of more fundamental components, 
i.e., they have some internal structures. 
In Goldhaber’s theory,” these basic com- 
ponents are nucleons and v-mésons, and 
the state of resultant isotopic spin [=1 
corresponds to >}-particles and [=0 to a 
A’-particle. If these components should 
preserve their individual characteristics even 
in bound states, as-is the case in atomic 
nuclei, we might see a Pais-Piccioni type 
effect” in the time variation of the rela- 
tive intensity of /° because of the different 
Now the 


charge function of A’- and $}’-particle is 
$(A’) = (1/2 JL, (p, I) =bo(n, 9°) ] 
and (30) = (1/2 )[9.(p, 9) +H(n, 


o) | , respectively. We write also the wave 


lifetimes of %° and «~-mesons. 


* Now at Physics Department, Kyusyu Univer- 
sity, Fukuoka. 


function of the system at time ¢ after the 
production of /l’-particles as V(t) =a, (t) d, 
+ a, (t) do. 
ing to 


It changes with time accord- 


d¥ (t) | 


| = — iw, &, (t) $,—1, a(t) bo, 
dt _|phase 


where w, and w, are the phase changes 

which result from the change of kinetic 

energies of mesons in bound states, and 
dV (t) | 1 


—|decay &— — a; 6, 
dt \ereation Zag 


x [n a Ps f+ ral 


1) a& te 
oF V2 


$C) [39> A+7]- 


In the above equation, 7,, t. and T 
is the mean decay lifetime of bounded v, 
meson and of S\-particle, respectively. 
The third term expresses the reaction 
induced by °-mesons in the bubble chamber 
and its lifetime of absorption is T,. The 
recontribution to /’-amplitude from the 
third and the fourth term is not considered 
here, although it is anticipated that these 
contributions would be appreciable. And 
moreover we must take into consideration 


the process 


dP (t) | anes ack 
dt transition Qhg 


x [ptd-n+e"). 


Comparing each coefficient. of ¢, and 4,, 


we obtain following system ‘of equations 
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; da, (t) }° 1 a 
eS Ne A My E 2 > 
; a, ( ) aT 2 (t) 
Lin t 1 vf 
Se gp BOTH OO 


AL =iw,+ i = Se 
2c, Dile 4T 


(i=1, 2). 


As a result, for the relative intensity 
of A’-particles we have (with the initial 
condition a,(t=0) = —a,(t=0)) 


I(t) _ |A’—component in ¥ (¢) |? 
I(0) | A°—component in ¥ (0) |” 


e i+8+ B1+ B2+B)t/2 


4 [ (1 +R°—R°)?+4R-? R’| 


x| ((a—R) RP 
+4R2(1—R,)*} e781 

+ {(Q+R,)?—R2P 

+4R?(1+R,) ete 
+2{[U—R)?-Re]LA+R)?—-R'] 
—4R3(1—R,2) } cos (0, t/t.) 
—4{R,(1—R) [1+ R,)?—-R'] 
+R (14+) (A -R)?— RJ 


x sin (Byt/+.) | 
R= (1/2T)[G—42’) 

+ V (49-4 P + (1/47) JT HR +R, 
0, +10, 


aN (217 +P 14+ BB) PB, 
2 


| 


Titi else oT! (FS 10e? sec”), de 


B/2, 0,0; Ri= 05-2 Ry =A; 
I(t) /T(0) ~e~ A +8 + Bi + Bs) t/2e2 
eat lee) 


Here we take B,~B,°~0.3 (for Xenon”) 
and values of free particles for the ratio 
&, but it is very plausible, as in the /- 
disintegration of nuclei, that the lifetimes 
in bound states differ appreciably from 
those in free states. 

The author wishes to express his 
thanks to Dr. Y. Ohnuki for his illuminat- 
ing discussions and to Prof. S. Sakata for 


his interest in this work. 
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In 300 Mev-proton bombardment on 
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various target, Hess and Moyer’ observed 
high energy deuterons ejected at large 
angles where direct pick-up deuterons were 
improbable. For these deuterons, the 
dependence of the cross section on the 
mass number of the target nucleus suggests 


induced by 


secondary nucleons which are produced by 


an Indirect Pick-up Process, 


one or more collisions of the primary proton 
in the same nucleus. With some assump- 
tions about the pick-up probability of the 
secondary nucléons, the indirect process 
hypothesis is shown by the above authors 
to give results consistent with the experi- 
mental data on energy spectrum shape and 
angular dependence of the deuterons. In 
the present note, we shall calculate the 
effective pick-up probability considering the 
attenuation effects of produced deuterons 
and have obtained the absolute magnitude 
of indirect pick-up cross sections. 

Along the direction of secondary 
nucleon beam, the effective pick-up pro- 
bability is given by, 


a 
Pog = o Beis: (1) 
‘ Le 
where /, is the mean free path of a 
secondary nucleon allowing for the forward 
pick-up process only and is calculated by 
the well-known direct pick-up theory, [, 
the mean free path of produced deuteron 
which corresponds to thickness of pick-up 
layer, d the path length of a secondary 
nucleon travelling through the nucleus, 
being approximately of the order of nuclear 


For d/l,>1, we have 


radius. 
Pop=ls/1 5x (2) 


In view of the strongly forward ejec- 
tion of directly picked-up deuterons, we can 


make use of the total cross section o, for 
calculating the pick-up mean free path /, 
in Eq. (2), which approximate procedure 
is justified when the energy spectrum of 
the secondary nucleons is slowly dependent 
on the scattering angle in shape and 
magnitude. The error in our approximation 
in the final results is estimated to be 
By the use of the 


smaller than 10%. 


cross section of the direct pick-up process 


given by Chew and Goldberger,’ we have 
o,= 242A” oe des v ‘4x oe ) | 
| 
x Lf) f(t.) ] | 
X exp | -_(2#+"—— )t, 
Co: e—ts | on dt, (ey 
be £ 
a Ph 
NP Ka 
y= P+ k+— | 
~ tiawe* | ( y) ) 
Bis =16 Mev 
2m 


where we have assumed 16 Mev-Gaussian 
for the momentum distribution of a picked- 
up nucleon, which has been successful in 


The wave numbers 


high energy processes. 
k and K of the secondary nucleons and the 
produced deuteron within the nucleus should 
be increased, corresponding to the increase 
of kinetic energy in nuclear matter, i.e. 
30 Mev. 
vation law has been evaluated in the 
average by the Fermi Gas Model. 

The deuteron produced inside the 
nucleus will be scattered or disintegrated 


before it can escape from the nuclear 
surface. 


Furthermore, the energy conser- 


As our knowledge of these cross 


sections is scanty, we shall assume that the 
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deuteron disappears from its own direction, 
if either of the constituents of deuteron 
collides with the nucleons of the nucleus. 
Then, assuming the Fermi Gas Model for 
the nucleus in addition to the free nucleon 
scattering data,” we can get the attenuation 


mean free path of the deuteron, /,. 


The numerical values of P.; are plotted 
in Fig. 1. Using the obtained Pi. and 
the observed spectra of the secondary 
nucleons, we have finally calculated the 
indirect pick-up cross sections in a similar 
way to that of Hess and Moyer. The 
calculated energy spectra at three angles 


for a carbon target are shown in Fig. 2 


and seem to be consistent with the ex- 
perimental data. The absolute magnitudes 
of differential cross sections for various 
targets are listed in Table I. The agree- 
ment with experimental values is also 
satisfactory in general. For heavier ele- 
ments, however, the observed values are 
slightly larger than the calculated ones. 
This behaviour may be interpreted as a 
neutron excess effect in the nuclear surface 
layer. Considering the approximate charact- 
er of the theory, we shall not discuss the 
effect in more detail. Furthermore, an 
indirect effect on the (p, d) process induced 
by a 95 Mev-proton can be estimated. 
Using the energy spectra of scattered 
protons,” the indirect cross sections in 
carbon are estimated to become at least 
10% and 30% of measured (p, d) cross 
sections,” at 30° and 42°, respectively. 
Such an effect may reduce the higher 
momentum components in the momentum 
distribution of target nucleons obtained by 
Selove.” The authors wish to thank 


Prof. T. Muto for his encouragement and 


valuable discussions. 
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Fig. 1. Pere; plotted in produced deuteron energy. 


Indirect ( p, d) cross section mb/ster, Mev. 


0 =100 200  Eq-Mev 


Fig. 2. Deuteron energy spectra; carbon target. 
Table. I. Differential cross sections, 


Ey = 50 Mev, (mb/ster). 


i 


element angle | theoretical | experimental 
G 26° Pas) 1.72+0.41 
40° PR) 1.90+0.35 

60° 1.8 1.42+0.30 

Al 26° 4.2 3.54+0.70 
40° 4.2 4.69+0.48 

Cu 26° 6.8 6.44£1.32 
40° 7.2 7.86+ 1.04 

Cd 40° 10. 11.22+1.20 
Pb 26° 7.0 13.9 +2.86 
40° As 18.0 +2.14 

U 40° 13. 16.80+1.68 
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Magnetic Dipole Sum Rules for 
Photodisintegration of the Deuteron* 


Moti L. Rustgi and Joseph S. Levinger 


Louisiana State University, Baton Rouge, 
Louisiana, U.S. A. 


May 18, 1957 


In a recent paper, Levinger'? has 
studied the photodisintegration of the 
deuteron and among other matters has 


given the value of the bremsstrahlung 


| @/ w) dw) 
for magnetic dipole transitions using the 


effective range theory matrix 


weighted cross section (o0,= 


elements. 
We shall in this note re-derive Levinger’s 
result for central forces from first principles ; 
and show that it does not change on 
introducing tensor forces. 

For magnetic dipole transitions in a 
” neglecting the contribution of 
exchange moments, 


deuteron 


ise 
es 27° eh > fe 
Mc cy (Ex—E,) 


27" eh 1 
= SHIOei Dy Gl 
et SIO Malt © 
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where v is the unit vector normal to the 
direction of polarization and to the direction 
of propagation of the photon. The vector 


M is the magnetic moment operator of the 


deuteron given by 


M= | 21+ G 1, + [t,)S 


inal (H4,—Ln) (Fp— Fn) i (2) 
2 


Only the last term contributes in transition 
3 1 
S,'S,« 


averaged over all initial states of polariza- 


The spin matrix element, when 


tion of the deuteron, gives 4/3 and the 
space part gives >> C1GR (1) no (1) op == 1. 


Combining all these results, we get 


wen SE Gi) om 


which agrees with Levinger.” 


On including the ‘S’ and ‘D” states 
both, in the ground state wave function 
for the deuteron, it is found that the 
matrix elemeats for all other transitions 
38'S, and 


Since the ‘D’ transition is not 


vanish except for two namely : 
3D,-'D,. 
large in itself and since it does not inter- 


fere with the ‘S’ 


cross section, we expect the D contribution 


transition in the total 
to be fairly small. On carrying out the 
calculation in a way outlined above, it is 
found that is not changed by introducing 


tensor forces.” 


We have also calculated o;,,,= | odw 


for M-1 
dependent 


transitions for central spin 


forces using Hulthen wave 
function. For E-—1 transitions attractive 
forces that do not commute with position 
(Majorana and Heisenberg) increase o; 
For M-1 transitions we find” an analogous 


increase in oj,, due to Heisenberg and 


ints 
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Bartlett forces that do not commute with 


the magnetic moment operator M: 


rin= | ode 28h. Orta 
Mc 2Mc 
x {lle @) p”, (y (ft, On riken G,) ) | ? 
AY (U0, + P50) |h, (4) 


where y and z are fractions of Heisenberg 
and Bartlett forces respectively. On carry- 


ing out the calculations, we find 


i Ia? fe N POR OR 
ru fate ENG) 


Pe ie 
x (y+2) (ty Pn)? 
27 i «a8 
(i791) 
il 1 
| as 5 
7+) 2p | o 


where we have used 7= (Me/h*)'” and 
8=5.837 as determined from the effective 
range theory using 1r,(—€, —€)=1.79 
x10-“cm. Using y+z=0.2 (Inglis or 
Rosenfeld mixture) we get Oj,,=1.55 Mev- 
mb which is in fairly good agreement 
with an approximate calculation of Levinger 
in which he obtains 1 Mev-mb. 
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Addenda 


On the Asymptotic Conditions in Quantum 
Field Theory 


Kazuhiko Nishijima 


Prog. Theor. Phys. 17 (1957), 765 


(1) The Theorem IV was proved in the text 
assuming the PT invariance of the theory, where 
PT is the preduct of space reflection and time 
reversal. This theorem holds more generally if one 
only assumes the CPT invariance of the theory. As 
is well known, this invariance holds for all known 
theories that are invariant against proper Lorentz 
transformations. (Liiders-Pauli theorem) 
(2) In the text the formal solution of the equation 
(6-10) was given by (6-18), the first term of this 
is, however, not generally symmetric in the variables 
Yo X19 X2y°*) Xp,» and in order to get a symmetric 
special solution it is necessary to take further terms 
in (6.13) than the first term in expressing the 
function A(u, v). 

The author is indebted to Dr. W. Zimmer- 


mann on these points. 


ERRATA 
Quantum Field Theory of Unstable Particles 


Huzihiro Araki, Yasuo Munakata, Masaaki Kawaguchi and Tetsuo Goté 
Prog. Theor. Phys. 17 (1957), 419 


Page line Original Corrected 
423 rol (2.1) (2.12) 
434 CA ee Meera ip ee ew ere rce /(2x (ms —Ex—irs/2)] 
434 7 The term...... drop it. to be omitted 
434 15 [km;R—imsR(vy +9) ms] [An .R—msR(vn +9) ln.] 
434 BRL TREE oot herp eiieiesiaed” panel beg gee | I>/2z. 
435 28 (4.22) (4.33) 
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Inelastic Scattering of Nucleons by Light Nuclei 


Ryoichi KAJIKAWA and Wataro WATARI* 


Department of Physics, Hiroshima University, Hiroshima 


(Received April 18, 1957) 


Inelastic scattering of nucleons by light nuclei is analysed by adopting the direct interaction model. 
The interaction between an incident nucleon and the target nucleus is taken into account by using the 
distorted wave method. As the interaction which causes inelastic excitation of the target nucleus, 
the two-body interaction between the incident nucleon and the nucleons which are most loosely bound 
to the target nucleus is assumed. Calculations are made for C!2 and Mg™ nuclei as examples. It 
is shown that the results are very sensitive to the parameters that are involved in our calculation. 
Although the fine fit between the calculated results and the experimental data is not intended here, but 
some general features of them are compared in some detail. Some unknown factors which have not 
been taken into our consideration are also discussed. 


$1. Tntroduction 


In the last few years, experimental data on inelastic scattering of proton which 
excites the target nucleus to a definite level have gradually been accumulated. In many 
cases, the angular distribution of scattered proton shows 90° asymmetry and is appreciably 
variant with slight change of the incident energy of proton. Measurements of the 
absolute cross section are also being performed but with larger errors so far. 

The compound nucleus theory’? with the statistical assumption cannot explain these 
general features of experimental data, but gives rather flat and exactly 90° symmetric 
angular distribution. 

Many authors”~” are now attempting to explain these data by other models (mainly 
by the direct interaction model). Particularly, calculations using the distorted wave 
method” have been performed by many workers. Among them Hayakawa and Yoshida” 
and Brink” assumed interactions between the incident nucleon and surface oscillation of 
the target nucleus. Lately, Yoshida” has published a more exact treatment of this 
approximation. 

The authors (with T. Sasakawa)” studied the angular distribution of inelastically 
scattered protons from the first excited state of Fe, assuming the two-body interaction 
between an incident nucleon and particles which are most loosely bound to the target 
nucleus. Agreement of the theory with the experimental data was fairly well. Important 
parameters contained in this model are the size of Hartree potential (assumed as square 
well) acting on the incident and emerging nucleons, and the strength and shape of the 
two-body interaction. In the course of investigation, however, they found that the results 


were very sensitive to the parameters involved in the formulation. Therefore, the sole 


* Now at Osaka City University, Osaka. 
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calculation which is performed for a fixed incident energy will not give a significant 
conclusion by itself. More extensive comparison of general features of the theory with 
those of the experimental data should be performed over a wide range. Parameters which 
are involved in the theory need to be examined in their general effects. In this paper, 
we shall consider about this point in some detail. 

Feshbach and Lamarch® have also calculated inelastic scattering of protons from C* 
nucleus. Their results about the angular distribution agree with ours in its general 
features, but the absolute cross section is somewhat different. ~That is caused by the 
different choice of the two-body interactions between an incident nucleon and nucleons 
in the target nucleus: They assumed the delta-type interaction between the incident 
neutron and the neutrons in the last shell, but did not consider the interaction with 
protons. Moreover, they represented the contribution from the whole neutron shells by 
that of only one neutron. While we assume a sum of the Yukawa-type interactions 
and each nucleon (proton or neutron) in the last shell of the target nucleus can be 
excited. Although the difference in the shape of interactions, does not allow the exact 
comparison of the strengths of two interactions a qualitative agreement is obtained by 
dividing our result by the number of nucleons in the last shell of the target nucleus. 

From their standpoint that the “‘ direct process”? model may not explain the rapid 
change of the experimental angular distribution, Eisberg and Hintz’ proposed an attempt 
to ascribe these data to possible correlations in the phases of levels excited in the com- 
pound nucleus. 

Other attempts have been proposed to analyse experimental data taking into account 
the effects of the compound nucleus formation process as well as the effects of the 
direct process.” 

Section 2 will be devoted to the general considerations and our standpoint will be 
explained. In section 3, the explicit form of the interaction will be given, and formula 
for the differential cross section are derived. Our calculation is, so to speak, based upon 
the perturbation theory, so that the strength of the two-body interaction which is the 
cause of inelastic scattering should not be too large. This will be examined in section 
4 by comparing the calculated cross section with the experimental absolute cross section. 
It seems that the order of magnitude of the interaction is permissibly small for the 
perturbation expansion, but the exact justification of its validity is not performed. Results 
of the calculation will be discussed ‘and compared with experimental data of C™® and 
Me™. 

In a comparison of the theory with the experiments, we should note that dependence 
of the angular distribution on parameters is too sensitive to draw any quantitative con- 
clusions. Since available experimental data are not sufficiently accumulated, it is too early 
to aim at perfect agreement of the theory with particular experimental data. We endeavor 
in this paper to discuss the general features, but not detailed features of inelastic scatter- 
ing. Finally, some remarks will be given in section 5. 
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§ 2. General considerations 


Some modes of nuclear reactions (for example, Gps Py. (ae). (d, p) etc.) sshow 
irreguralities in their energy dependences of cross sections which may be considered as 
the “resonance ’’ phenomena. An energy distance of adjacent “resonances” is usually 
large. Although the experimental angular distribution of emerging particles shows some 
change with a slight variation of the incident energy, the change itself is not so abrupt 
as to be attributed to the contribution of each level with the same weight, when the 
reaction goes through the compound nucleus in which great many levels are excited. 
That is, the interferences between these states would make the angular distribution change 
more rapidly than is seen in experiments. On the other hand, this rapid variation, 
possibly due to the compound nucleus effect may be flattened by some experimental 
conditions, for example, by the energy spread in the incident energy. 

According to this consideration, we may reasonably think that there is some “‘ gross 


structure”’. It may be said that for the case of inelastic scattering there is a kind of 


‘ 9241) .12) 


the “ gross structure ”’ which is analogous to the “ gross structure in elastic scattering. 
As we confine ourselves to discuss such a “ gross structure”, it is reasonable to consider 
that some few levels of the compound nucleus contribute more strongly than others to 
give rise to the “gross behavior” of inelastic scattering. With only these strongly 
contributing levels, the gross behavior will approximately be described and contributions 
of other levels may be smeared out or become small resonance effects which will be only 


“ gross structure ”’. 


a correction for the 

In view of the success of the optical potential model in the study of elastic scatter- 
ing and of the shell model in the study of nuclear structure, it seems to be a fairly 
good approximation to describe the “gross structure” of inelastic scattering in terms of 
the single particle picture. Then, in the case of inelastic scattering of protons, an 
incident proton collides with a target nucleus to form a compound system but the proton 
still maintains its particle nature considerably even in the compound system, namely, the 
interaction between the nucleus and the proton must be rather weak. 

If the interaction is strong inside the nucleus and the mean free path of the incident 
nucleon is much shorter than the nuclear radius, the above mentioned statement could 
not be true. But in this case, it is also possible to consider the contribution from 
outside of the nucleus as the “direct” process while the contribution from the inside 
of the nucleus as the compound formation process, and the interference effect between 
them should be taken into account.” However the contribution from the outside which 
is calculated with the two-body interaction of reasonable strength always amounts only 
to 2~5% of the experimental value (see § 4). Therefore, this model will not give 
such a remarkable 90° asymmetry as is seen in the experiment. 

In this paper, we assume that the single particle nature of an incident nucleon is 
still maintained even in the inside of the compound system. There are two methods 
to analyze the experimental data by this assumption : One is to make use of the many 
level formula in which contributions of a few levels are distinguishably stressed with its 
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single particle character.'” Another one is the analysis along the direct interaction model 
in which the incident particle is assumed to interact directly with the most loosely bound 
nucleons in the target nucleus. The incident nucleon excites the target nucleus and is 
scattered inelastically with a different kinetic energy which is lower than the incident 
energy just by the amount of the excitation energy of the target nucleus. 

The cross section of the transition from a initial state, a, to a final state, 6, is 


given by 
o p= (24/6) | Tal? Cte - (1) 


(» is density of the final state 6, v, represents velocity of an incident particle in the 
initial state a. If one represents total interactions between the target nucleus with 4 
nucleons and the incident nucleon 0 by 

A 


SIV (i, 0) 9U+Y, 


t=1 


where U is a function only of the incident (or scattered) nucleon coordinate and will 
be treated exactly, V is the residual part of the interaction and is assumed to be so 


small that it will be treated as a perturbation. Then, T,,, can be written as follows : 


Tar= (bo U+V|PoO?)= bol] OP) +O? VES) 


=(9,|0] 2.7) (2-a) 
ake (A ae (2-b) 
+{ ABO |V- (Ez —H+i9) Vl OP). (2-c) 


Here, /‘*> is an outgoing function of the total system, J'*) is an outgoing or incoming 
wave function distorted by U times a wave function of the target nucleus, and @ is a 
solution of the Schrodinger equation without an interaction, and is a plane wave function 
times a wave function of the target nucleus. 

aA 


Division of the interaction >) v(i, 0) into U and V is somewhat arbitrary. One 


t=1 \ 


may define U, for the moment, as 


A 


CG AL aces 5 SEDI AG: 0) |G, (1, SR 8 8 (3) 


where G, (n=0, 1, ---) are eigenfunctions of the target nucleus. Then V have only 
non-diagonal matrix elements with respect to the states of the target nucleus. We further 
assume, for the sake of simplicity, that 


(6,1 SieG, 1G) =G,| SvG, 0)1G,), GY) 


where 0 and 1 mean the ground and first excited states of the target nucleus. 


For inelastic scattering, (2—a) vanishes and (2~-b, c) contribute appreciably. If the 
interaction V is sufficiently small, (2—b) would be the main term of the “ gross struc- 


ture’. 
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(2—c) does not vanish for elastic scattering as well as for inelastic scattering. It 
would give rise to a kind of “‘ fine structure’ in the both cases. In the region where 
the incident particle is sufficiently apart from the target nucleus, the interaction V may 
vanish. One can divide the configuration space into two regions: the outer region in 
which V yanishes and the inner region. One can define in the inner region a complete 
set of orthogonal functions which are solutions of the Schrodinger equation for the total 


Hamiltonian with suitable beundary conditions given on the surface of the boundary” : 
WX, =F, XG 
Using this set of functions one can rewrite (2-c) as 


(2-c) = >} CDW |X) (X|V OP) | 
: Ea—E, 67 


The dependence of the numerator on the incident energy is given through distorted wave 
functions @{*? and PY. When the energy of the incident particle is in the immediate 
vicinity of its resonance on the distorting potential U, @*? will have a large amplitude.* 
The numerator of (2—c) does not show so sensitive energy dependence except the “ single 


° 99 
particle resonances ”’. 


If the numerator of (2-c) is sufficiently small, the contribution 
of (2-c) will appear only as sharp isolated resonances which take place when E,=E),. 
As the density of compound levels E, is very large for such high excitation of about 
15~30 Mev, (2-c) may be averaged over the energy spread of the incident energy E,. 
By this operation, the contribution of (2—c) becomes a smooth function of the energy 
and may be represented by a potential function. This potential may contain an imaginary 
part because of the tangential behavior of (2—c). For the case of elastic scattering, this 
potential together with the potential U may become the “ optical potential ”’. 

In the case of inelastic scattering, the additional complex term which. comes from 
(2-c) may be appreciably different from that of elastic case. But the quantitative dis- 
cussion is very difficult because of the scanty knowledge of the compound system, hence 
it is not performed in this paper. Some quantitative discussions on this point have been 
given by Yoshida.” We shall examine the contribution from (2-c) in its general 
tendencies using Ucompex instead of Uren. We think, at the present stage, it is important 
to analyze inelastic data phenomenologically assuming Ucompiex a8 a flexible parameter. 

A precise form of the interaction V cannot be known any more. We may assume 
V as a sum of the two-body interaction between the incident particle and the most 
loosely bound nucleons in the target nucleus, 


V= Soli, 0), 


t=1 


where #¢ is the number of nucleons which are bound in the last shell of the target 


* The phase shift of the resonating wave is (2n+ 1)z/2, its amplitude at the nuclear surface is 
proportional to n;(kR) of eq. (8), so that it is very large for light nuclei with small nuclear radius and for 


high angular momentum wave. 
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nucleus. If V is a large quantity, the single praticle description of inelastic scattering 
will lose a part of its significance and the compound nucleus on will be important. 
If the interaction V is sufficiently small, general features of the “gross structure rear, 
inelastic scattering will be clarified by studying simply the general tendency of the first 
term of the distorted Born approximation. 

Because of our poor knowledge. of the distorting potential and very little accumula- 
tion of experimental data, one is obliged to compare the results of the calculation with 
experimental data only in its general features. In other words, we should analyze what 
features could be explained by our treatment, or how the calculated results depend on 
the parameters involved in our calculation. Only after these examinations, we can proceed 


to aim at a perfect agreement of the theory with experimental data. 


§ 3. Formulation 


We assume that the interaction V which is the direct origin of inelastic scattering 
process is the sum of two-body interactions between the incident particle and nucleons 


which are most loosely bound to the target nucleus : 


£ 


V (0, Ibe aad L) a S1v(0, i) 
t=1 


For the sake of simplicity, we assume v(0, i) is the charge independent and non-exchange 
type two-body interaction. In the following calculation, we take it to be the delta-type 
interaction or the Yukawa-type interaction with the range of the Compton wave length 


of meson, 1.4y* 
v0, i) =v exp(—a|r,—r,|) /a|r>—r;|. (4) 


The range of the interaction will be an important parameter and its effect will be examined 
in § 4, ii). The strength of the interaction V may be expressed by the constant 7 (Mev) 
in (4) and we will estimate it from the experimental data comparing with the calculated 
result. 

To avoid unnecessary complication, we examine inelastic scattering in which the target 
nucleus in its ground state with spin 0 (such as the even-even nucleus) is excited to its 
first excited state of spin 2. For the sake of simplicity, we neglect the Coulomb interac- 
tion throughout the calculation. Therefore, our results for the low incident energy E,, 
<5 Mev are not correct, but the qualitative results may not be changed by inclusion of 


the Coulomb effect. 


We adopt the single particle shell model for the target nucleus, and assume the 
configuration of the target nucleus with spin 0+ as 


ground state: (Closed shell) (j,"(0+)) Gi (O+)), 


and the first excited state of the nucleus with spin 2+ as 


* We use a unit of length, the Yukawa (1 Yukawa=1y=10-"3 cm). 
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first excited state: (Closed shell) {a (jt j.(2+)) (j1"(O+)) 
+A Cj (O+)) (jr? "je! (2+))}. 


## and ¥ respectively are the numbers of protons and neutrons in the last shell of the 
target nucleus. In some light nuclei, e. g. C® and Mg™, in which protons and neutrons 
have the same shell structure, if we make a simplifying assumption that the energies of 
above two excited configurations (which are represented by the first and second terms of 
the above equation) are equal, we can naturally take ja|=|8|=1/“2. But, as the 
matrix element between the ground state and a=—P=1 / 2 state vanishes, we take 


a=8=1/~2 for the first excited state. 


An incident particle with the wave vector k collides with the target nucleus and 
excite the nucleus to its first excited state of spin 2, then it emerges with the wave 


vector k’. The initial state wave function is 
|Target >| ke, 
here, |Target) is the wave function of the target nucleus and is 
|Target )=|Closed shell)|j,"(0) -j1” (0) >, 


|k°> is the wave function of the incident proton distorted by the potential U and its | 
asymptotic form is 


r-| hk) —>r exp (ikz) +f (0) exp (ikr) (ro). 
Following the notation in the text of Blatt and Weisskopf,’” 
ae (20+ 1)7PR* [ul (r) — grat? (1) ]¥ 1.09) Xm, 
r [RP = | = (42) 1” S33! (214+1)?P et r[c08 0): jn (hr) —sin dy me (br) ]¥20() Lm, 
| for r= R, 
(4)? SF 21+ 1)? et 1A, j, (Kr) Y10(8) Ym, for rR. Said iy) 
Here, Y,o(@) is the spherical harmonics, 7,,, the spin wave function of the incident 


particle, K°=k+ (2m/b*?) -U(1+ig), and =e. 


The wave function of the final state is 
|Residual| hk’. 
|Residual) is the wave function of the residual nucleus and is | 
|Residual) = |Closed shell) - {| (j¢*jo(2+)) Ci" @+))) 
+B Ci O+)) Gi (2+)) DI. 


(Where we set #=Y and a=fS=1/V 2.) The wave function of the emerging nucleon 


1S 
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27 St Sh @) Sh OOF SO ia 
Z 


(ROY =] Sam Sie!" y[cos 8% jx (Hr) —sin 7% -m, (Wr) TY re (9, P) Yam (4, 9) Zing’ 
Z 


po 


for r—R, 
= 4m Shi! i807 B* j,* (K’r) Yi, (9, P) Yrm(, 9) Xm for rR, 
Z 


Kiakt4 (2 -)uG +i), ny Here’, 


After the substitution of above expressions in (2—b) and the summation over the z- 


component of the spin of the total system is performed, the matrix element of transition 
becomes 


Task? = S31 OVO YP 


= (2/2) { (plo00| byl2 0) W (hr julajes 32)}2 +1) (2L, 41) (2h-+1) 
X SIP; (cos 6) [33 (=) UU OO| Lo) (HE 00|L I" Lo) WML" ; 21) 


ae 
«KB Re fei (81 +8;) — 8}, — 07747) Ho Fe yer 
OS) ye A OOMELO) WW COUILY LOI Wr It; 22) 
Ta 
x e—2lm(07 +077) | R in|] : (7-a) 
where 


Rin (Afv5)-#*" (2141) (241) U0 0[ 12 0) Riz; (7-b) 


Rirp= (RR) 


= 8 


dr, | drarealns WFR Cn) fil) Gul’) In(ar), (7-0) 


f; is the radial part of wave function of the J/-th partial wave which is distorted by the 
potential U and its form is 


kr[cos0,-j,(kr) —sind,-n,(kr)] for r>R, 


fi) | 
kr Aj, (Kr) for in. Sy 


/ . : 5 y 

7 (r) is obtained by changing kk’, K->K’, 0,0, and A,->B, in fir). -G;, and -G,, 
are the radial part of the bound state wave functions of nucleons in the ground state 
and that in the first excited state, respectively, and they are normalized as \9? (ar) rdr 
=]. . . . . . e 


They are determined to give the observed binding energies of last nucleons. 


U2 (11,72) is the coefficient of the Yo,,,(@,¢) in the expansion of the interaction 7 (r,—r,) 


vr, — Fs) Si @e (Ta, Te) Vy ye CO 5) x pe Moses) = 
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From (1), the differential cross section is given by 


Cap (O) = (477) * (2M/b")* (R’/R) |T al”. 


§4. Results of evaluation and comparison with experiment 


We calculate the angular distribution of inelastically scattered protons from C” and 
Mg” nucleus as example. The reason for our taking up such nuclei is as follows: First, 
in a light nucleus the spacings of a few lower excited levels of nucleus are comparatively 
large, so that the single particle description of nucleus may be valid in good approxima- 
tion, especially in C”. Secondly, we can proceed with the partial wave analysis with 
high accuracy for such light nuclei because impinging waves with high angular momentum 
are not affected by the target nucleus. Thirdly, for these nuclei, experimental measure- 
ments’~* have been performed with some different incident energies of protons. In 
the present analysis, we have paid particular attention to the energy dependence of the 
cross section and the variation of angular distribution. 

We adopt a distorting potential U for C” nucleus as follows, 


(—45(1+iC) Mev r<R 


U(r) 74 r R=1145 Ay; (9) 


rk 
where € runs from 0 to 0.2, but the real part of this potential is fixed. It gives a 
single particle resonance at the incident energy of 10 Mev for the incident wave with 
angular momentum /=3. In this case we ake j,.=j=372; pHjf=1/2, L=b=1, 
[/=I,!=1 in the expression (7-a). 

The effect of the variation of the real potential is examined for Mg™ nucleus by 
adopting a pure real potential of 


ae fod 


U(r) iy R=1.35XA'ly, U=30~50 Mev. (9’) 


if ee 


Although, the imaginary part of the distorting potential is not added in this case, 
the result for C nucleus permit us to derive similar qualitative conclusion for Mg". 

i) Energy dependence of the total cross section 

The total cross section for inelastic scattering is given by 47 times the coefficient 
of P,(cos 9) in (7-a). We examine its energy dependence for Mg™ using the real 
distorting potential. The results are shown in Fig. 1. A peak at E,=10 Mev for 
U=—30 Mev is the effect of the single particle resonance of the incident and. scattered 


protons. In this case, [=3 partial wave is resonated. When the depth of the distorting 


potential increases gradually, the peak due to the single particle resonance of /=3 wave 
becomes broader and shifts toward the low energy side. The peak due to the resonance 
of [=4 wave which lies in higher energy region moves also toward the low energy side. 
In this graph, the energy dependence of the total cross section calculated with 50 Mev 
distorting potential is also shown. The peak at 13 Mev is due to the single particle 
resonance of 1=4. The peak is sharper than the case of /=3 partial wave resonance. 
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The resonance peak of the higher 
angular momentum wave is always [ 
more striking and sharper than 
the lower wave resonance. 

If we adopt the distorting 
potential of depth 40 Mev, no 
such remarkable peak of the 


cross section does appear in the 


Mev. 
Experiments on Mg™ nucleus r 
are performed with several inci- 


dent energies. Inelastic data of 


arbitrary unit 


i 
1 
I 
| 
! 
t 
| 
i 
| 
i 
| 
n 
i 
energy range from 5 Mev to 20 L : 
t 
I 
I 
ly 
i 
i 
t 
i] 
i] 
i] 
| 
9 Mev protons show somewhat ! 
| 
i 
! 


unusual Jarge cross section. As [ 


to this point, some question may 


arise as to the estimation of the 
absolute value of cross sections 


because the occasional diversity is 


possibly expected in each estima- 
How- 


ever, as the absolute cross sections 


0 5 10 1S 20 
tion by respective authors. 
Fig. 1. Energy dependence of the total cross section for in- 
elastically scattered protons from Mg*4. A square well distorting 
potential is assumed. For interaction between an incident nucleon 
and the target nucleus, the delta-type interaction is assumed. 


obtained for other nucleus also 


show such steep energy depen- 


dence, it may be expected that 
the energy dependence mentioned 


above is due to a single particle 


Curve a: calculated with a real distorting potential U=30 Mev,. 
R=1.35 Ally, 
Curve 5: a real distorting potential U=50 Mev, R=1.35 A'/3 y. 


The peak of curve a at E,=11 Mev is caused by single particle 


incident or 
resonance of /=3 wave. 


resonance of the : 
It moves toward the low energy side 


as the depth of the potential increases. The peak of curve 6 is. 
the result of /=4 wave resonance. 


scattered particles. 


The strong resonance peak 


which 


distorting potential will be much influenced by addition of the imaginary part of the 
potential which is thought to be the energy average of the contribution of the second 
term in the perturbation expansion. This is done for C” nucleus. The results are shown: 
in Fig. 2. As the imaginary part increases, the resonance peak that is given by the real 


part of the distorting potential becomes broader and weaker preserving the general tendency 
in its energy dependence. 


results from the real 


In the case of C”, the experimental cross section may be rather a smooth function 
of the energy, and then we may consider that this is the consequence of the broad single 
particle resonance, but from the present data we cannot draw any decisive arguments. 

The results for C’ which are shown in Fig. 2 are normalized to the experimental. 


value by adjusting the strength of the two-body interaction v. v is estimated to be 
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v=o Mev 


E>(Mev.) 


Fig. 2. Energy dependence of the total cross section for inelastically 
scattered protons from C!*. A complex potential (8) is assumed. 
for distorting potential. For interaction between an incident nucleon 


and the target nucleus, the Yukawa-type interaction is assumed. 


.—— Calculated with a real distorting potential ¢=0 
wees Calculated with a complex distorting potential ¢=0.03 
eeseseee, Estimated with a complex potential ¢=0.1 

Stop 0.2 
The peak of curve a is broadened by adding the imaginary potential 


in the distorting potential. Strength of interaction is normalized 


to the experimental data at E,=15 Mev for ¢=0.03 


continuously and shows not so rapid fluctuation. 


about 10 Mev. This is small 
in comparison with the strength 
of the two-body potential which 
is necessary to explain the 
scattering data in the free space. ~ 
This fact is just compatible 
with our treatment of pertur- 
bation expansion, because our 
treatment is based on the 
anticipation that the conside- 
rable part of two-body poten- 
tial in the free space should 
be included in the distorting 
potential, leaving only small 
fraction as the two-body interac- 
tion in nuclear reactions. 

ii) Angular distribution 

The angular distribution 
for protons calculated with the 
real distorting potential depends 
on the depth of the potential _ 
Even if the 


imaginary part is added to the 


quite strikingly. 


real potential, the situation 
In Fig. 3, 
calculated angular distributions 
for Mg™ with the real distort- 


does not change. 


ing potential are shown. The 
variation of the angular distri- 
bution with the incident energy 


is remarkable but it changes 


As is seen in Fig. 34, 6, 90° symmetric angular distribution will be obtained when | 
a certain partial wave incident or scattered is in the “single particle resonances”. The 
90° symmetry of Fig. 34, E,=11 Mev is the result of the single particle resonance for 
[=3 wave, and that of Fig. 3b, E,=10 Mev is the one for /=4 wave. 

In the energy region where such sharp resonance phenomena do not happen, many 


partial waves will contribute together and the interference effects between these waves 


become important, so that t 


he resultant angular distribution will be 90° asymmetric. In 


Fig. 3a, the calculated angular distribution for the incident energy E,=8 Mev is shown. 
When E, > 11 Mev, the contribution from /=3 wave becomes weaker and the interference 


effect between /=3 and /=2 waves become appreciable, 


so that a forward-peaked scatter- 
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100 


= ee OTs 
50 tt ee ———- 


11 Mev 


arbitrary units 


— 
(=) 


5 ae 
f{ 18Mev\__ 


0 20 40 60 80 100 120 140 160 +180 


angle (degrees) 


a: Calculation is made with a square well potential U=30 
Mev, R=1.35 A!/°y. For two-body interaction the delta-type 
potential is assumed. 

90° symmetric distribution of E,=11 Mev is the effect of 


[=3 wave resonance. 


wx 
18Mev S 


arbitrary units 


ee ld 
1) 20 40 60 80. 100 120 140 160 —-:180 


angle (degrees) 


6: Calculated with U=50 Mev, R=1.35 A/3y, The delta- 
type potential is assumed. The 90° symmetric dashed curve is 
calculated at E,,=12 Mey just the resonance energy of /=4 wave. 

It can be seen from a and 6 that the angular distribution is 
much affected by changing the depth of the distorting potential. 


Fig. 3. Angular distribution for inelastically scattered protons 
from Mg”). 


ing is obtained as is shown for 
E,=18 Mev. 

In Fig. 36, we show the 
results calculated on the distort- 
ing potential of U=50 Mev. 
The effect of the change of the 
potential depth will be seen by 
comparison of Fig. 3a with Fig. 
3b. In the latter case, the single 
particle resonance cf /=4 wave 
is dominant. The remarkable 
diffraction pattern of P;(cos 7) 
appears in the angular distribu- 
tion calculated with the distorting 
potential of U=50 Mev, which 
is the consequence of the /=4 
wave resonance. 

The experimental angular 


distribution taken from some 


published data are also shown in 
Fig. 3c. 


not intended here. 


The fair agreement is 
The general 
feature of the experimental data 
of Mg™ shows that the angular 
forward- 


distribution becomes 


peaked as the incident energy of 
Calculated 


angular distributions show also 


the proton increases. 


such tendency, but definite con- 
clusion would not be obtained 
since the results are too sensitive 
to the adopted parameters in the 
distorting potential. 

Calculations with the com- 
plex distorting potential are made 
form Ge The 


are shown in Figs. 44, 6. 


rusults 
The 
magnitude of the imaginary part 


nucleus. 


of the potential is varied from 
€=0 to 0.2. 
distributions are shown for £=0 
and. £=0.03 in Fig. 4a and 


Calculated anguiar 
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b : ; 
_ od Fig. 46, respectively. The effect 
10) : é : 
E j of the imaginary part is very 
50 F ; large for the total cross section 


and the angular distribution is 


(somal el 


also influenced. Some dominant 


single particle effects are weaken- 


“7 


10 ed and sharp variation of the 
cross section will be smeared out. 


90° symmetry which is the 


| consequence of the single particle 


r resonance of an _ incident or 


scattered wave due to the real 
eS 


1 
0 20 40 60 80 100 120 
angles (degree) 


at 4 5 : . . 
40160180 ~S« distorting potential will be lost 


by addition of the imaginary part 


c: Experimental angular distributions for inelastically scattered 


protons from Mg?! with excitation of 1.38 Mev level, dashed of the potential. In the case of 


12 . . . 
line is arbitrarily normalized. C” nucleus, calculation in a wide 


7.3 Mev: Taken from reference 16), 18.0 Mev: from 20), range of energy shows to some 
8.86 and 9.62 Mev: from 18), 9.94 Mev: from LA extent such 90° asymmetric 
Fig. 3. Angular distribution for inelastically scattered protons angular distribution as is seen in 
from Mg”". the experimental data. Although 


the imaginary part of potential 
affects the general features of the angular distribution in several points, the addition of 
the small imaginary potential of 0.03 does not seriously change its general tendency. 
Comparison of the results with the experimental data, which are shown in Fig. 4c, seems 
to be rather a good fit in its general features. From this result of comparison, we may 
proceed to a further attempt which aims at more precise agreement between the theory 
and the experimental data for C”. 

There is an other parameter used in our calculation: the range of the two-body 
interaction of the incident nucleon with nucleons in the target nucleus. The contribution 
which comes from the outside (r>R) of the nucleus becomes larger in the case of the 
finite range interaction than in the case of the delta-type interaction. In the later case, 
the contribution from the outside of the nucleus is only about 1% of the calculated 
cross section, but in the case of the Yukawa-type interaction with the range of the meson 
Compton wave-length, it increases by a factor five or so. Sometimes, the variation of the 
range of the two-body interaction affects the angular distribution considerably as is shown 
in Fig. 44. In this case, the interference term which is appreciable in the delta-type 
interaction is much reduced by adopting the interaction with the finite range. 

iii) Further comparison of the results on C2 and Mg® with experimental data 

Experimental angular distributions for C’’ taken from some published data (Fig. 4c) 
show about 90° symmetry in a wide range of the incident proton energy about 10~15 
Mev. Their minima are at about 90°~100° and maxima near 40° and 150°. By 
Peelle’s data, the angular distribution for high energy protons E,>15 Mev become 
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C*(pp) 
(mb/sterad) t=0 


10.5 Mex 


0 20 40 60 80 10055 120 140 160 180 
angle (degrees) 


a: Calculated with a real square well potential ¢=0 in U=45 (1+1¢) 
Mev, R=1.45 A'/3y. The Yukawa-type interaction is assumed for the 
two-body interaction. The dashed line which is calculated with the delta- 
type interaction is also shown for comparison. 

(mb/sterad) 


100.0 


50.0) 


1.0 


0.5 


O15 20 40 60 S0 OOS 1200 40 T GO SO 


. angles (degree) 

b: Calculated with a complex well potential ¢=0.03. Other para- 
meters are equally corresponding to a. 

Fig. 4. Angular distribution for inelastically scattered protons from C!®. 


forward peaked. The 
energy dependence of the 
absolute cross section ex- 
hibits a regular increase 
from E,~4 Mev to about 
12 Mev, then they begin 
to decrease as the incident 
energy increases. 

This is well explained 
by our treatment. Our 
choice of 45 Mev distort- 
ing potential yields a 
resonance peak of the 
total cross section at 
about E,=15 Mev. Ex- 
perimental cross sections 
in an energy region E,= 
10~17 Mev are well 
reproduced by taking 
== 7 Mev, and C=0.03; 
but for the low energy 
cross sections of E,,< 10 
Mev calculated cross sec- 
tions are too small. A 
choice of U47 Mev, 
€~0.05 and v~10 Mev 
will give more favorable 
agreement in a_ wider 
energy region. 

Calculated angular 
distributions show 90° 
symmetry in a range of 
E,=10~15 Mev with 
the some remarkable 
patterns. An _ addition 
of a suitable imaginary 
potential and a rounding- 
off of the potential edge 
will smear these patterns 
in some amount without 


appreciably destroying the 
90° symmetry. 
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In the experimental 


data for Mg", there is 


«(mb/sterad) also an increase of the 
106 cross section which may 
be considered as a reso- 

50 es 12 Mev «4 
( She nance at the _ incident 
ee a 14.7 Mev energy about 8 to 9 Mev. 
pee ae This phenomenon is not 
3 opie explained by the single 
particle resonance of a 
fr single partial wave only, 


6.51 Mev : F . 
for its angular distribu- 


6.13 Mev tion is not 90° symmetric. 


Two or more waves must 


: contribute appreciably to 
0 20 40 60 80 100 120 140 160 180 PE y e 


angles (degree) the cross section to re- 
.c: Experimental angular distribution for inelastically scattered protons produce asymmetries of 
from C2 with excitation of 4.43 Mev level. data. 
6.13 Mev, 6.51 Mev: taken from reference 21) 9.5 Mev: from 19), iv) The |-dependent 
12 Mev: from 24) 14.7 Mev, 19.4 Mev: from 23). potentials 
Fig. 4. Angular distribution for inelastically scattered protons from Cl. So far, the distorting 


potential is treated as /- 
‘independent, but some J-dependent potential may be realized, for example, l-s force 
-which is considered in the analysis of polarization experiments. In the case of /-dependent 
distorting potential, the distances of adjacent resonances and ordering of resonance levels 
differ from those in the case of /-independent distorting potential. Especially, in the 
former case, two single particle resonances with different parity may occur almost at the 
same energy. In this case, the angular distribution of the scattered particles is not 90° 
symmetric because of the interference between two resonating waves. 
The experimental angular distributions for protons are not always 90° symmetric, 
even in the case that the absolute value is very large and it seems to be just the case 


of such resonance. 
For the sake of simplicity, we examine the effect of two successive resonances which 


care realized almost at the same energy, neglecting the contributions of other waves. 
When waves of /=2 and /=3 resonate simultaneously, for instance, the angular 


distribution is given by 
ao (0) oc (0.04 |a|?+ 0.02 |f|?) Py + (— 0.012 |a]?+ 0.01 |/9|*) P, (cos 4) 
+ (0.03 |a|?—0.02 | S|?) P,(cos@) + 0.03 | 2 |? P, (cos @) 
+.2Re(ap* €)[0.04 P, (cos J) —0.02 P; (cos 4) + 0.03 P; (cos 9) ]. 


‘Here, @ is the radial integral e—2Imbr 7.,, 8 is e—2Imds #2, and € is the phase factor 
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ei G2 +031—03*— 037) of (7—a). For the case of /=1 and /=2, 
o« (9) cc (0.11 |a|?+.0.04 |8|) P, + (0.02 |a|?— 0.01 ||?) P, (cos @) + 0.03 |3|?P, (cos @) 
+2Re(aP*e)[0.06 P, (cos4) + 0.03 P; (cos A) |, 


where a=e 21" QP, B=e—2Imh ZL, and ¢—el (G1 +0x—3:*—-077) The term which 


causes the 90° asymmetry comes from the square bracket in this expression. Usually, 
af>0 and if the phase factor € are positive quantity, the angular distribution will be 
forward peaked. For other cases of two waves resonance one, can obtain the similar 
expressions. When two waves with same parity are concerned the resultant angular 


distribution is exactly 90° symmetric. 


§ 5. Conclusion 


In the preceding section, we have examined the effects of parameters involved in 
our calculation. In view of this examination we can conclude that the calculation based 
on the single particle model of inelastic scattering gives a suitable explanation for the 
experiment, in its qualitative feature. But it should be kept in mind that our results 
are considerably dependent on so many parameters as summarized below. 

The parameters involved in our calculations are i) the depth (and radius) of the 
distorting potential, ii) the imaginary part which is added to the real potential, and 
iii) the range of interaction of two-body interaction V which is the only origin of the 
inelastic excitation. 

As for the general tendencies of these parameters, the depth (and radius) of the 
potential determines the positions and ordering of the single particle resonances and the 
phase shifts of the incident (and outgoing) partial waves. The shape of the distorting 
potential may not alter the general feature of the result which is given by the real square 
well potential. 

To describe the nuclear interaction of the incident nucleon in terms of the self- 
consistent field we should probably take the effective mass of a “single particle” in the 
nucleus to be different from the original mass. The change of the mass, however, may 
partly be accounted for by the change of the depth of the distorting potential, namely: 
by taking the depth of the potential as a flexible parameter. The imaginary part of the 
distorting potential which is thought to be the averaged contribution of the higher order: 
effects of the excitation affects appreciably the energy dependence of the total cross section 
and the angular distribution. It smooths out the sharp resonance peaks of the cross. 
section and destroys the 90° symmetry of the angular distribution in the neighbourhood 
of the resonance energy. Variation of the range of two-body interactions gives an effect 
on the interference terms between different partial waves, hence also on the angular 
distribution in the non-resonance region. But its effect on the total cross section is 
usually small. 

These parameters may be fixed by referring to experimental data. If the parameters 


are once fixed by certain experimental data, it is necessary to study other data by using: 
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the same parameters in order to examine the validity of the “single particle model”, 
for nuclear reactions. But with the poor accumulation of experimental data and the 
present stage of the theoretical analysis, it is too early to expect a fair fit between the 
theory and the experiments, although some features of experimental data have been ex- 
plained by our treatment. 

The cross section is proportional to the square of the strength of the two-body 
interaction. It is adjusted to give the absolute value of the experimental cross sections 
and. is smaller than (about some ten percents of) the strength of the two-body interaction 
which is necessary to explain the free nucleon-nucleon scattering experiments. Although 
the strength of the interaction V thus determined from experiments seems to be of 
reasonable order of magnitude, it is not yet justified that our perturbation treatment for 
V is permitted because of the difficulty to estimate the higher order term. It is a future 
subject to set forward an analysis in connection with the close examination of (2—c). 
Present analyses are performed under the assumption that the diagonal part of higher 
order effect may be smeared by averaging and contained in the distorting complex 
potential, leaving the validity of the assumption unexamined. Relations between the 
distorting potentials for elastic scattering and for inelastic scattering must also be made 
clear by the study of (2-c). 

Though the remarkable resonance peaks are weakened by adding the small imaginary 
part to the potential, the ordering and the energy distance of the successive resonances 
remain unchanged, once the nature of the distorting potential is fixed. The ordering 
and positions of resonances are mainly dependent on the real part of the distorting 
potential. Therefore the I-s force, which is required in the analysis of the polarization 
experiments will also contribute to some extent. We examined the effects very qualita- 
tively by adding /-dependent force to the distorting potential. The angular distribution 
with 90° asymmetry for protons in a certain resonance energy region may be explained 


by taking account of I-s force. 


The authors would like to express their deep gratitude to M. Yasuno and S. Takagi 
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A fully covariant investigation is made of the Bethe-Salpeter equation for a pair of nucleons, 
with pseudo-scalar interaction. The “ladder” approximation is adopted, but pair creation and nucleonic 
recoil are accounted for exactly. Matrix solutions are obtained, with varying degrees of explicitness, 
for instantaneous and delayed interaction, vanishing and non-vanishing meson mass, and for vanishing 
and non-vanishing total energy. Important properties are disclosed which are either obscured or do 
not appear at all in non-relativistic approximation. 

First the Bethe-Salpeter equation is reduced to a pair of coupled differential equations in which 
the Dirac matrices appear only in the coupling. In the instantaneous interaction approximation, these 
can be reduced to a single covariant equation in a single variable, showing the radical influence of 
nucleon recoil on pair effects. When the instantaneous interaction approximation is discarded, new 
features appear. There is a discrete infinity of stable states corresponding to each one of the non- 
relativistic theories, requiring a new quantum number for their enumeration. Jastrow’s hypothesis of 
a repulsive “core” interaction is rigorously established, and the singularity is isolated. 

It is shown how to obtain solutions corresponding to states of higher angular momentum from 
those with J=0, making use of the relativistic quantum enumeration. The conclusion is drawn that 
the relativistic quantum number is a property of the state of any pair of interacting particles, and its 
possible connection with the “ strangeness ” number is discussed. 


§ 1. Introduction 


It has been suspected for some time that the covariant wave equations, which have 
been derived on the basis of quantized field theory,” have certain features differing es- 
sentially from those of corresponding Schridinger equations. It is true that by making 
non-covariant approximations it has been possible to obtain analogues of the Schrodinger 
equations, even to the extent of predicting effective potentials. Among others Salpeter 
and Bethe? Lévy*” and Klein” have treated the inter-nucleon interaction in this way. 
But, on removal of the non-covariant approximations difficulties arise. It was first noticed 
by Goldstein,” in a special (unrealistic) case, that the Bethe-Salpeter (B—S) equation 
appeared not to possess solutions of the type expected for the prediction of bound states. 
A variety of diagnoses of this trouble have been made, blaming sometimes the extreme 
value of the binding energy assumed by Goldstein and sometimes the highly singular 
nature of the field-theoretical potential. The remedy suggested by Goldstein himself was 
to introduce a less singular potential which by a limiting process might be made to 
coincide with the exact theoretical potential. Though such a procedure does not work” 


in the extreme case studied by Goldstein, possibly it would do for less extreme binding 
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energies. | McCarthy and Green” have developed a method for solving the eigenvalue 
problem, based on this possibility. 

Wick,®” Scarf’ and Cutkosky’” have meanwhile studied similar equations for spinless 
particles, and have shown that the same difficulties do not arise. Wick, however, pointed 
out that there was an essential difference between the B—S equations for fermions and 
spinless particles, inasmuch as the Fredholm method, which is particularly suited to the 
isolation of solutions corresponding to bound states, requires modification” before it can 
be applied to the equation for two fermions. It has not, in fact; yet been proved beyond 
doubt that the covariant B—S equation could determine the binding energy of the 
deuteron. 

The questions which remain can be finally answered only by producing exact solutions 
of the B—S equation for non-vanishing total energy. Subject only to the “ ladder” 
approximation, the effect of which is already known,” such solutions are obtained in this 
paper. They enable one to affirm the existence of solutions to the eigenvalue problem 
(for non-vanishing total energy), and show the presence of a repulsive “core” interaction 


™ and Lévy.” The effective core potential is determined 


of the type proposed by Jastrow 
for states with J=0, and a method is prepared for extending the calculations to states 
of higher angular momentum. 

The repulsive force at short internucleonic distances can be ascribed to the creation 
of virtual pairs and not to the delayed nature of the interaction; it appears even in the 
instantaneous interaction approximation adopted by nearly all previous authors. But the 
neglect of nucleon recoil which is also commonly made also modifies the nuclear forces, 
particularly those associated with virtual pair creation and discussed by Arnowitt and 


Gasiorowicz.’ 


An interesting feature of the solutions obtained is that they require for their classifi- 
cation a new quantum number, which does not appear in non-relativistic approximations 
at all. It is an analogue of the quantum number proposed by Pais’ for the classification 
of the “strange” particles, but also appeared in early discussions of relativistic wave 


equations by Born and his associates.**?” 


It seems clear that such a quantum number 
will appear in the solution of any covariant wave equation, since it corresponds to a 
universal constant of the motion: the invariant square of the relativistic angular momentum 
tensor. In the final section of this paper, we discuss the possibility of classifying and 
describing the new particles, without introducing any concept beyond those already implicit 


in relativistic quantum mechanics. 


§2. Reduction of the B—S equation 


The B—S equation representing the interaction of a pair of nucleons can be written, 
in the “ ladder” approximation, 


(pi—M) ¥ (p.—M) +F (x) rs( Site Pr)75=0. (2-1) 


Here p, and p, are four-vector momentum operators, conjugate to the space-time coordinate 
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vectors x, and x, for the two particles ; P:=7:p: and p,=7-p, both operate on VY; 
X=X —x,; F(x) is the relativistic interaction potential ; 7;=7,727374 is anti-hermitean, 
since 7, is hermitean but 7,, 7, and 7, are anti-hermitean ; and 7; are the isotopic spin 
matrices (for charge-independent pseudo-scalar meson theory). According as ¥ represents 
a charge singlet or charge triplet state, the matrix operator >'7,---t; is replaced by the 
eigenvalue +3 or —1 respectively, and (2-1) reduces to 


(p:— M) ¥ (p,—M) =f(x)75¥7;, (2-2) 


where f(x) =—3F(x) or +F(x). If one adopts the momentum representation for the 
centre-of-mass coordinates, but the coordinate representation for the relative coordinates 
of the two nucleons, one has 


Pi=Pt't/7 ; P.=p—ip, (2-3) 
where p is half the resultant energy-momentum 4-vector, p=7-p and p=7-p. So 
pr +p’ =2(p—D) ; pp, = 41p He (2-4) 


Our object is to obtain solutions of (2-1), not restricted to the simple radially 
symmetric form which we have studied previously,'” but allowing & to depend on angular 
co-ordinates, together with the appropriate Dirac matrices. An important feature of the 
method we shall adopt is to express ¥ in the form 


0 = (p.+M)o+o(p,+M) +6, (2-5) 
where w and @ are matrices satisfying 
{o, Toh =0; [¢, 75]=0, (2-6) 


but otherwise unrestricted. It is easy to see that (2-5) is uniquely equivalent to the 
most general form (involving 16 independent Dirac matrices) which one could write down 


for V. 
On substituting from (2-5) into (2-2) one requires the identities 


(pi1—M) 0 (p,—M) =1/2(p,—M) (p,9+4 p,) +1/2: (p+ Op.) (p.—M) 
—1/2(p?+p.—2M*) 6, 
(p,°—M”*) wo (p,—M) + (pi—M) o (p,?— M’) 
=1/2- (p2+ py? —2M*) w (po—M) +1/2: (pi— M) (p? +p? — 2M?) w 
—1/2(p?—p.’) (pie— op») 3 (297) 
the resulting equation is satisfied provided 
{D+ M?—p’—f (x) }o=1/2(pi9+Op,) ; 
{+ M2— p?+f(x)}0=2ip-T (p,o—wp,) +i (pf), o]. (2-8) 


This pair of coupled differential equations can be made the starting point for a discussion 
of the general covariant solutions of the B—S equation. For some purposes we shall 


find it convenient to introduce w’ satisfying 
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{+ M’—p+f(x)}o'=2p- Ta; (2-9) 
then, if 
y=0—i(p,o'—o' ps), (2-10) 
one has 
{1+M*—p +f) }e=i{ Vf) (ot+io’) —(w—io’) (Pf) } (20) 
and 


{+M—p—f@x)}o | =2p-Vo'+1/2{p, g}+1/2-i17, yg]. (2-12) 


§ 3. The instantaneous interaction approximation 


We remark now that most previous work, including that of Lévy” and Klein,” has 
been based on three distinct approximations. The first replaces the real interaction by an 
instantaneous one; the second neglects the recoil of the nucleons in the emission of 
virtual mesons; and the third treats virtual pair creation by a perturbation procedure. 
Arnowitt and Gasiorowicz,” while retaining the first two approximations, have treated 
pair creation rigorously and concluded that the perturbation procedure may be poorly 
convergent. On physical grounds one might expect, however, that pair effects would be 
considerably influenced by nucleon recoil, and we propose, therefore, in this section to 
make a calculation in which only the instantaneous interaction approximation is retained. 


In the following sections even this approximation will be dispensed with; but for the 


present we set 
f(x) =2iV (1) 0(p-x/E), 
——— <b =p, (3-1) 


so that 2V(r) is an analogue of Yukawa’s classical potential energy. This is not, in 
itself, a non-covariant approximation, though it has the appearance of one when one adopts 
the centre-of-mass frame with p=0, so that p,=E; this we shall proceed to do. 

The present discussion will, for the sake of simplicity, be restricted to states with 
J=0; the results for states of higher angular momentum appear to be closely analogous. 
Only those solutions will be sought which are unchanged when the signs of x,, 7, and E 
are reversed; the others, which change sign under this transformation, correspond to 


nucleon-antinucleonic interactions. Therefore, if one writes 
Wq=1/2(O+7,074) =Wa7s; 
W,=1/2(@—7,07 4) =Os7-Xx, 
Og =1/2 (0! +7,0'74) =O. 74; 
Oy =1/2 (0! —7,0'7,) =05'7 Xx, 
Pa=1/2TiP+ Fs) = Pars, 
Po=1/2-1(rsP—$7s) =Ps7-x, (3-2) 
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then w,, @,', G, and @, should be even functions of x,, and w, and w,! should be odd 
functions which vanish on the space-like surface x,=0. In general w,, @3, Wu's 3’, Qa 
and ; could involve the matrix 7;, but when one considers isotropic mixtures of the 
spin states, they are just scalar functions of x, and r. 

The equations satisfied by the new set of field variables can be written down im- 
mediately from (2-12), (2-9) and (2-11) ; they are 


(0+ M?—E*?—f)0,+2EV ,w! =E9,—147 0%, 
(E+ M*— E* 4 f)@,’—2EV .@,=0, 

(+ M?—E? $f) w+ 2EV 0, =V 49), 

(O+ M?—E?+4 f) w;/ —2EV,«,=0, 

(O+M*—E* +f) ¢,=2fV ,04 — 2747 Vf) es 

(O+ M?—E? +f) $,=2f0 ,0— 2747 Vf) wa. (373) 


The ambiguous signs in the 2nd and 3rd equations are arbitrary, because f vanishes when 
multiplied by an odd function of x,. These equations are easily solved for x, #0, when 


f vanishes. The general formal solutions of the last two are 
0, =exp (iS |x,|) a, 
y= exp (i5|x,|) 9, (3-4) 


where @ and f are functions of r only, and S is the integral operator which may be 
represented symbolically by 
S= (M*?—E*?—4d)'". (3-5) 


It should be noticed that terms like exp(—iS|x,|)a’ and exp(—iS|x,|)’ are excluded 
from the solutions by the boundary conditions ¢,—0 and 9,0 as x,>+0, since M 
is supposed to have a small positive imaginary part. Using (3-4), the first four of eqn. 
(3-3) are readily solved for the auxiliary variables w,+i,/ and w,-+iw;!; one has 


W,=exp (iT |x,|) (a, cosEx,+i sgnx,a, sinEx,), 
Wa! =exp (iT |x,|) (@, sinE x,—i sgn x, @, cosE x). 
+ (2iES)~ sgnx, exp (iS|x,|) (Ea —7,7 V9), 
= exp (iT |x,|) (sgnx,F, cosEx,+if, sinEx,), 
ws! =exp (iT |x,|) (sgn x, 8, sinEx,—i[, cosEx,) 
+ (2B) exp (S|) B, (3-6) 


where T is the integral operator 


T= (M?—4)'”. (3-7) 
When (3-4) and (3-6) are substituted back into (3-3), the validity of the latter 


at x,=0 requires 
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(T=V )a,+Ea,=0, 
2ESa,+Ea=7,7-V 8, 


(S+V)B=2i1E(T+V)6,, 
(StV)a=E7V (Ea—y,7-VP) 
+2V (Ea,+Ta,) —E“ (7,7 VV) (P—2iEf,); 
(S+V) B=2iV (TB,+Ef.) —2(Quzx-VV) a,. (3-8) 


The terms in @ and f contribute nothing to the solution for @, given by (2-10), and 
hence for % when x,*= 0, but are nevertheless required to neutralize the discontinuity in 


w! at x,=0 arising from the coefficient of a,. When @ and § are eliminated, one is 


left with 
Ea,= —(T—V)a,, 
ETP,=i(747 VV) a, 
(P+VT)a,+EVa,=i(T+V) 757-0 A, (3-9) 
Fromuwlicnt ona’) and ud arevalsowessilymeliaiita edu orymee 
TV (S'Ta,+0V-Va,) =VT?2a,—VV Pa, (3-10) 


This result is exact, within the limits of the ladder approximation and the instantaneous 
interaction approximation. At non-relativistic energies, one can write 


T~M-— (2M) "4, 
E~M+1/2-W. (3-11) 


Neglecting squares and products of J and W, and also potential contributions of order 
(4/M)*, where #4 is the meson mass, one then obtains 


{MW + (1—-MV?) d4-V2}.a,=M~ (MLV) PV Pa, (3-42) 


This is the equivalent Schrodinger equation, showing a classical potential — (1—V*/M*) 
-(1+W/M) (V°/M) and also a velocity dependent term. It differs radically from equa- 
tions derived by Levy and Klein treating pair effects by a perturbation method. It also 
differs somewhat from the equation obtained by Arnowitt and Gasiorowicz,’ but agrees 
with it in predicting a singularity of the potential, for V(r) =M. At distances shorter 
than this the forces are repulsive, simulating the “core” postulated by Jastrow and Lévy. 
It can be seen, a posteriori, that our result could not be expected to agree exactly 
with that of Arnowitt and Gasiarowicz. The equations which determine a and # are 


(S+V)8=—2M"(M+V) Gar VV) a,, 
Ea=7,7 V8+2S(M—V)a,, (3-13) 


in an approximation similar to that of (3-12). Now there is, unfortunately, no good 
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non-relativistic approximation to the operator S which appears in these equations, since 
M®* and E* are of the same order, and their difference is of the same order as the square 
of the relative momentum (— J). Approximating S by zero in (3-8) and (3-9), one 
obtains an equivalent Schrédinger equation more closely resembling those of previous 
authors. The present calculation shows that, whereas pair effects do cause a failure of 
the perturbation expansion of the effective potential, pair and recoil effects together intro- 
duce a still more deeply rooted difficulty: there are some equations to which there is no 
good non-relativistic approximation at all. 

The instantaneous interaction approximation is one which considerably relieves the 
difficulty of solving B—S equation. Yet neither its quantitative nor its qualitative effect 
is very obvious, even in interactions at low energy. We shall therefore discard the ap- 


proximation in subsequent sections, to see what new features arise. 


§ 4. A general method of solution 


Again in this section we shall restrict attention to states with J=0. In a fully 
covariant theory this is sufficient, since by applying a Lorentz transformation to certain states 
with J=0, one attains states with J#0O. In §7 we shall exploit this fact in order to 
infer solutions for states of higher angular momentum from those obtained in this section. 
For the sake of simplicity we consider isotropic mixtures of the spin states, and solutions 
w and @ of (2-8) will then have the form 


O=0,X+ op, 


6=6,+i16,[x, p], (4-1) 
where @,, @,, 6, and @, are functions only of s and z given by 
pate eS (x? p’) Aeep (4-2) 


As in the previous section, nucleon-nucleonic interactions are distinguished from nucleon- 
anti-nucleonic interactions by the fact that 6,, @, and w are even functions of z, so that 
w,, is the only odd function, vanishing for x,=0. Accepting the exact field-theoretical 
prediction, f(x) is a function g(s) of s only. 

Using (4-1), eqs. (2-8) reduce to 


{1+M?—E?—9(s)}o=6,pt+2{p-V (6.x) —V: (0.x) p}, (4-3a) 
(D+ Mt—E*+9()}0,+4p-7 {P- (012) +p} =0, (4-3b) 
{1+ M?—E?+4V,4+9(s)}0.+2p-Po,—29' (s)a,=0, (4 - 3c) 


where, in (4-3c), 7, means differentiation with respect to 5, holding p-x constant, and 


E?=p*. Changing the field variables to €, 7, o and 7, defined by 
w,=s 71? (€—z-97/9z) ; Wy=1/E-07/0z; 
6,=03; 0,=1/Es-0r/0z (4-4a) 


and introducing the operators 
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D =4(8-8°/08+25-0/95) AE MEE), 


Q= (1—2) 8?/0z*— 3z-0/0z, (4. 4by 

the above eqs. become 

(P+ Q—3-sg()}$-2Q (y+) =EX, (45a) 

{D+ Q+1—s9(s)}y+26 +2 (2s-3/0s+1)7=EY, '  (4-5b) 

{D+Q+59(s)}o=8S, (4-5c) 

{(D+Q—-1—45-0/As+ sg (s)}t—259! ()9=ET, (4-5d) 
where 

ere: Y= | sods, 

0 

S= —4E™ sp-V[s? {Qy+ (n+ (2s-9/ds+3) 5h], 

T= —28 | p-Po,d (283) 
and 

pV = (p?x)1” {2z-0/0s+ (1—2) /s-0/Oz}. (4- 6b) 


(i) Solution for po, #=0 

To illustrate the general method of solution, we shall first obtain the exact solution 
for the limit p—>0 and gy(s) =44/s, which has not yet been given in a complete form, 
though Goldstein solved (4-5c), which is then uncoupled from the others. Introducing 
€=7+7, one has 


{P+ Q—3—4/)é —24¢=EX[=0]. 
{D+Q+1+4/)C+28=E(Y+T)[=0]. (4-7) 


These coupled eqs. can be solved by replacing the differential operators D and & by 
eigenvalues P and Q, which must be related by 


D(P, Q)=(P+Q—3—4/) (P+Q4+144/) +4Q=0. (4-8) 


The eigenfunctions of { are the Gegenbauer polynomials C,1,(z), but as ¢ and Ec 
must be odd functions of z, only even integral values of k(k=2n) are allowed. The 
odd Gegenbauer polynomials are orthogonal in the interval 0<z<1, or on the contour 
0-1 00->co-—>1 which embraces the physically significant values. They are singular at 
the light cone, where z transits from ico to co, but are normally multiplied by functions 
of s which vanish strongly at s=0, so the actual solutions of (4-7) have no singularity 
there. Moreover, any odd function of z can be expanded in terms of the odd Gegen-- 


bauer polynomials. The eigenvalue of © corresponding to the eigenfunction C3,_;(z) is: 
Q,=1—4n?. 
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The eigenfunctions of D which vanish at s=O are of the form s7’” Jiispo(€s'”), 
where J represents the Bessel function and ¢=(M*—E?*)'”; the value of » is connected 
to the eigenvalue of D by P=4v(¥+1). For bound states, M?>E*, and if °’=—?’, 
the eigensolution tending to zero exponentially for large values of r is s*”H,“}p(es'”) 5 
this, however, is singular at s=0 and there is in fact no solution of the B—S equation 
representing a bound state when E=0. For more realistic values of E, it will appear 
that this difficulty does not arise. 

To determine 7, and hence <=€—7, when € and ¢ have been determined, one 


/ 
may either use (4-5b), or substitute 


t=s-0r,/Os+7, (5) 
in (4-5d), which is then satisfied provided 
(D+Q+3—4A)t,—47)=0, | 
(D+Q-1—4/)%— Dr, + 8M =ET[=0). (4-10) 


Here again D and { may be replaced by their eigenvalues to determine 7, and Tt, in 
terms of ¢€. There is also an independent solution with &—(¢ 07 and 7) = Geni) 
-Jy(es”); Q has the same eigenvalue Q=Q, as before, but P and Q are connected by 


the relation 
D“-(?, Q) =P+Q+4+1—44—2(P+1)’"", (4-11) 


instead of (4-8). 

In the limit p0, (4-5c) reduces to a generalization of Goldstein’s equation, already 
discussed by Green.”’ Again the eigenfunctions of © are Gegenbauer polynomials Grae 
but as o must be an even function of z, k must be an odd integer 2n+1 and the 
corresponding eigenvalue of Mis Q,/=—4n(n+1). 

(ii) Solution for p>0, HAO 

When p—0, but 7 (5) =27 id pst? H® (ps'), as required by relativistic meson theory,* 
E, 7, @ and 7 may again be eigenfunctions of Q, but the exact radial dependence of 
these functions has to be determined by numerical methods. The required equations 
appear in § 7. However, the character of the solutions for \s| <p? does not depend 
on the meson mass //, and is the same as in (i) above. 

(iii) Solution for EAO, 4=0 

It has already appeared, in (i) and (ii) above, that there is a discrete infinity of 

solutions of the B—S eqn., one for each eigenvalue Q,, of Q,! of 4). This is a pheno- 


menon which did not appear in the instantaneous interaction approximation, and indicates 


at least one fundamental respect in which the true solutions of the B—S egn. are modified 


by this approximation. It is quickly seen t 
value (zero) assumed for E above. In fact the solutions of (4-5) can be obtained for 


E+0 in the form of power series in E, regarding the “ binding energy ” (M?—E*)/M 


hat it in no way depends on the artificial 


* The O(s) singularity disappears on multiplication by a wave function vanishing at the light cone. 
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however as an independent parameter. The method will be indicated, assuming for 
simplicity g(s)=4/s, as for mass-less quanta. First the solution for E=0 is obtained, 


as described in (i) above. This solution is now put into (4-6), using 


Z CaMe i= 1/21, &) pCreilSi= 


: | ce k2yde 1/21 Ce (z) =Coea 2) ts 


et — 2°) -OCy 4 (z) joz= 1/2: { (k>- 1) Cee (z) or (t=1) C,' (z) } (4- J 2) 


to express X, Y, S and T in terms of eigenfunctions of 4); these are then substituted 
as inhomogeneous terms in the right-hand sides of (4:5c), (4-7) and (4-10). It is 
now a simple matter to integrate these equations—the quadratures can be performed at 
this stage—to obtain terms linear in E. By iteration, the coefhcient of any power of E 
can be obtained. We do not give the details of this calculation, though we have carried 
it through several stages, since it gives little indication of the general character of the 


solution, except near E=O. 


(iv) Solution for EA0, uO 

For general values of E and /4 we confine ourselves in this section to finding solu- 
tions in ascending powers of s. In the following section connection formulae will be 
developed joining these solutions to those for large values of s. In the neighbourhood 
of s=0, one has 


g(s) =4A[s-'—1/4- pw? { (In (—1/4- p’s) +27—1} +0(5) ], 


where 7 is Buler’s constant 0.577 ; however, within the region |s|“7<1 it is sufficient 
to approximate g(s) by 44/s. 

Let €n, ms; Om and 7,, be the solutions of (4-5) which, in the limit E=0, are 
eigenfunctions of {) corresponding: to the eigenvalues 1—4(m+1)? (for &,, 7,, and 


fm 
T,) or —4m(m+1) (for o,,). Let all these functions be developed in terms of the 


Gegenbauer polynomials : 


co 
Si DiF mn Goa (z) 2 etc., 
n= 


on = 237 min G7 (z) ? (4 : 13) 


m9 


the values of X, Y, S and T corresponding to the values €,,, ins pa ads Tae ore’ Ney: 
a and 7; and let these be developed in a similar way : 


So, that: Sininy)***> Tm Vanish for/msz4n, inithe limit E=0. Let X,, ¥y,5.S,, and T the 


Xn= Di Xmnn Cones (z) 5 CCG, 
n= 


Sin = 25min Cy (z) ¢ (4 F 14) 
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Let all the functions so defined be developed in powers of s, e. g., 


fe) 
Se CS evn) 
Pe > Smnd > 
j-0 


foe} 
An Sse gtd 


~ min > 
j=0 


(405) 


where Y will depend on m and will be determined in the usual way from an_ indicial 
equation. 

We shall now describe how to obtain the recurrence relation connecting €9°, 10%? 
and €2* (where C=7+7) with €@,, 7, and ¢,, listing the actual results in the 
appendix to this paper. First 5S, is computed from €%, and 7®,, using (4-6), and 
o,, is found by integrating (4-5c). Next T,{? is derived using eq. (4-4a) for w, and 


(4-6) for T. From (4-6) X,@%? and Y,U? are also determined. Then (4-7) can 
be used to find 49%) and 695, and 7/27, is found most easily by substituting <==€—7 
in (4-5b). 

From dimensional considerations alone it is clear that ¢{?,, 7%, and ¢%, will be 
homogeneous polynomials of degree j in E* and «=M*—E”*; the initial values EO) 
7, and £0, needed to begin the iteration procedure can therefore be determined by 
setting E=0 and €=0 in (4-7) and (4:5b). It has been seen that €yn5 Ymn and 
fmn vanish if E=0 and mn, so there are only GO? spam, and 6), to be considered. 


4 - 2 0 0 
One solution can be obtained by taking CO) ie) 4 but 1 m0; and Y as a root of 


D/ {4v(v+1), 1—4(m+1)*} =0, (4- 16a) 


where D’(P, Q) is defined by (4-11). Another solution is started by taking E) and 


c,, in a ratio determined from (4-7), and » as a root of 
D{4v(v+1), 1—4(m+1)*} =0 (4-16b) 
with D(P, Q) defined in (4-8). 


. : . Z(0 mee 4) y, ee DD), 0 
Still another solution can be begun by taking eT aes 0) and oS) 220, 


but this will not be required at present. 


$5. The eigenvalue problem for bound states 


We wish to show now that the eigenvalue problem associated with the B—S equation 


in the form (4-3) possesses a solution, even though, as we have already observed, there 


is none in the limiting case with E=0. We shall look for solutions which are not 


singular for s=0, and decrease exponentially for large values of r (where (r°=—s) when 
M?2>E2. Obviously only such solutions could satisfactorily represent a bound state. It 
is clear on dimensional grounds that the solutions must be functions of E*s and (M?—E”)s, 
and their behaviour near s=0 can therefore be determined correctly by restricting conside- 
ration to small values of E, as was done in the previous section. It was seen that there 
is a discrete infinity of solutions, corresponding to the eigenvalues of the operator & in 


the limit E—0. Some of these vary as imaginary powers, some as negative and some as 
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positive powers of s, near s=0, and of these only the latter are acceptable. For large 
values of 7, it is easily seen that there are two classes of solutions, varying as e” and the 
other as e~*”, where «= (M?—E”)'”; the condition for the existence of a bound state 
is that a solution acceptable near s=0 should join smoothly to a solution varying as e 
for large r. 

A positive power of s-near s=0 corresponds to a repulsive interaction at short 
distances, similar to the repulsive ‘core’ interaction whose existence was postulated, but 
not rigorously demonstrated by Lévy and determined phenomenologically by Jastrow."? 
From the precise behaviour of the solution near s=0, the equivalent ‘core’ potential can 
be determined and this will be one of the objects of the present calculations. We shall 
first, however, in our relativistic formalism, obtain a precise condition for an eigenvalue 
of the energy. 

Let S,, be the special value of the function 5S, defined in the previous section and 
appearing in (4-13). Then S,, will be an even function of x, and it will be assumed 
that S,, be acceptable, in the same sense described above, in respect of its behaviour near 
s=0; this restricts us to the real positive roots of the indicial equations (4-15a) and 
(4-15b). 


Let o,4 and o,,” be two independent solutions of the homogeneous equation 


{PD —4n(n+1) +sg(t)}o=0. (5-1) 


It will be convenient to choose o,;4 so that it varies as e‘” for larger r, and to normalize 


o, and o,” in such a way that their Wronskian is unity for r=0. Then the solution 


of 
{D+0Q+5g(s)}o,,=ES,, (3>2) 


which vanished at s=O is 
~s 1 
Onm— DS Omn Con (z) > 
n 
Ae 


Syn (t) 02 (r)1 dr 
0 


Cnn = |on' (r) 


_———, 


—o,? (1) fii (os (r)r drl. (5-3) 


A solution corresponding to a bound state will be a linear combination of such solutions : 


C= D1 Bea Om (5-4) 


m=0 


with the coefficient B,, chosen so that o vanishes at ICO nmi |e sso) Chat 


Da eb A eee 0 p) (5 D 5a) 


me 


where 
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Le mua (aor das, (5-5b) 
0 : 


The condition for a bound state is therefore that the determinant 
det i=, — 0. (5-6) 
The formulae required for S,,,,(r) and the computation of [,,,, are listed in the appendix 
to this paper. 
As a first approximation, the determinantal equation might be solved by setting the 
diagonal terms equal to zero. For practical purposes, however it is unnecessary to calculate 


the [,,,, and solve this determinantal equation; it is sufficient to determine an effective 
potential in the neighbourhood of r=0. 


§ 6. Scattering and effective “ Core” potential: 


In scattering problems there is no restriction upon the solutions of the covariant 
wave equation like that implied by (5-5) and (5-6): there is an independent solution 
for each value of the relativistic quantum number m. If E?>M?’, each of the solutions 
c,, satisfies the boundary conditions; although the polynomials Cy;,(z), with Feb) Gai 
are singular on the light cone, they are multiplied by sufficiently high powers of s to 
ensure that there is no singularity of the solutions at s=0. For each value of m we 


therefore define a relativistic ‘core’ potential 4,,(s, z) by the equation 
= MEE? Ol SN Bn (SoneZ us Sen — 0 
shin (55 2) Om=—ESm- (6-1) 


It is, however, natural to expand o,, in Gegenbauer polynomials as in (4-12), and 


-one then obtains for o,,.,, the similar equations 
[D+5{9(3) +Fmn(S)} ]omn=0; 
sbm.n (8) Omn= — 440 (2 +1) OmnFESnn} - (6-2) 


‘The relativistic wave equation, with s= —r’, becomes 


d? 8) d % 2 | 2 2 
— (3 {| 1) Ba aN 4 Onn E*—m Tmn 
{— (Sot tI) = bin) (E*—m') 


Near s=0, bmn ($) ~~ —4 {A+Y + 1) snes 
a more exact value for somewhat larger values of s can be obtained from the formulae 
(Al) and (A2) of the appendix. 

It is clear that 4,,,(—7r’) has a repulsive term which more than cancels the attrac- 
tion term —4A/r? in g(—r°) near r=0. Here there is a rigorous demonstration of the 
phenomenon suggested by Lévy that relativistic effects combine to make the effective 
potential repulsive at short distances. It seems likely, though we have not succeeded in 


proving rigorously, that hn.n(—?) becomes small compared. with g(—r°) for larger values 
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3 : ; 
of r, so that the attractive potential persists for values of r comparable with ff... =f) 
one believes the results obtained with the instantaneous interaction approximation, the 


reversal of the forces occurs for the value of r given by V(r) =M. 


§ 7. States of higher angular momentum 


The discussion of §§ 4-6 has been limited to states with J=0. We shall now 
show how to solve equations (2-8) for states of higher angular momentum, restricting 
ourselves for the present to the case p=0, when exact solutions can be obtained. It will 
be obvious that such solutions furnish a starting point for development in powers of E*, 
similar to those obtained in § 5 for J=0. 

The angular momentum, including the spin angular momentum, is given by the 


tensor 
Hin =i Fy —%P a) + Orys (7-1) 
where 5,, is defined by 
Dry PF =1/4-i1{ Gatun FF Gaty—Tata}; (7-2) 


if Y is any bispinor (Dirac matrix). Let equation (2-2) be written symbolically in the 


form 
GOV =0 a 


then although 7(,, is constant of motion, all its components do not commute with the 
Bethe-Salpeter operator ©, in general. When p=0, however, solutions of GE =0 can 
be found which are simultaneous eigenfunctions of the operators 7(,, J and #( defined 


by 
Me= Mas, 
JJ+Y) =HBt+ HG+ AGG, 
HM (M42) = 1/2- 9 Mw = Gt AG4+ Hi-JVU4+1), (7-3) 


when p#0, J commutes with © in the barycentric frame, but 7( does not. However, 
it is always possible to define an operator 4 which reduces to ?( when p=O and com- 
mutes with Gb; it has the property that 


Ao, kG, =o, (7-4) 
where o,, is one of the solutions obtained in $4. Thus xX is the operator whose eigen- 
value is the relativistic quantum number. 

When p=0, if ¥ is one solution of Ov =o, MorE and (H,tiNMs,) ¥ are also 
solutions. It is easy to see that if Y is a solution with J=0 but (40, %3,% and 


(MastiXo) ¥ are solutions with J=1 ands (= 0 candi sl respectively. For, by 
hypothesis 1(,. 7 =F =, PF =0, so using 


| Coes Mp l= ia WO ae toy Oo FO Mr) 
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one finds 
POT) Mas! 27 
and MeN oF =0, 
but Me Masti Ae) FH Misti v. 


Also if ¥ is a solution with J=0 and #(>J’, then solutions with J=J’ are obtained 
on multiplying Y by certain homogeneous polynomials of degree J’ in 44, 7, and 
434. For example when J’=2, these polynomials are (74,417)? for 7,=+2, 
(Matt Mes) ce for N,= +1, and 2Msa— Mai — for N.=0. 

These results enable us to infer solutions for J40 from those already obtained for 


J=0. The solutions for J=0 are explicitly, in barycentric coordinates 
T,= (WV +M)o,,+0,(—-iV +M) +4, 


Om = ~ # ne x Comet (z) + Lm Gz —X4 x/s) Con (z) ? 


0 Om Ce (z) = 2 bSz: Tm [x > jah Co (z) 2. CZ, ¢ 5)) 
where z=x,s~'” and according to (4-5) o,, is a solution of 
{D —4m(m+1) +59 (5) }on,=0 (7-6) 


and. fm» Yas and Co=Tm A YmAate coupled by 
{D—2—4 (m+1)*—sg (8) bE +2 {4 (mt 1)?—1} En =0, 
{D42—4 (m+1)?+59 (5) } Cnt m= 2519 (5) +59) } ms 
D —45-0/0s—4 (m+1)?—s9(5)} fmt Wm F2 (25-8/OS+1)Em=0- (77) 
(D=48-8?/OP + 8s-9/As+ es) 
When pX0 the 2(,, no longer commutes with ©’, so that new solutions of B—S 
equation are no longer be derived by applying operator involving (44 to the solution for 


J=0. However it seems certain that operator Noe commuting with 7 and reducing to. 


a, when p=0 must exist ; such operators would bear the same relation 


= 1/2: Ky=K(K+2) to % as May 


bear to 7(. In fact, the operators are easily determined for a pair of non-interacting 


particles and are given by 
(p:«) 


XKaw= Maat (ip?) Pu Xu Pa) | den {0+M*—p*}. (7-8) 


co 


§ 8. The relativistic quantum number 


An important feature of these solutions of B—S equation obtained without the use 
of the instantaneous interaction approximation is the emergence of a new quantum number 


i ‘vistic quantum number since it is invariant under: 
k, which we have called the relativistic qua 
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Lorentz transformation. The meaning of the new quantum number is that one has a 
discrete infinity of quantum mechanical states corresponding to each of the states predicted 
by non-relativistic quantum mechanics. It is easily seen that a pair of similar non- 
interacting particles are in a state characterized by k=0. For the B—S wave function 
for such a pair of particles depends on the time coordinate as exp{—iE (x{? +x) } and 
does not involve the relative time. Since the relativistic quantum number is a constant 
of motion, the value zero will be preserved in all interactions which do not involve the 
real creation of new particles. 

The relativistic quantum number is not simply a characteristic of B—S equation but 
of any relativistic wave equation for two elementary particles. It is a transparent con- 
sequence of the existence of an additional variable—the relative time—in the wave equation. 
It was first discussed to the authors’ knowledge, in papers by Born and Fuchs’ ; its 
application to the classification of the new particles was suggested by Born and Green.’” 
When the properties of these particles became better known, it was clear that the stability 
of the A- and 6-particles required selection rules additional to those predicted by ordinary 
quantum mechanics, and Pais’ has already proposed that these selection rules should be 
associated with the quantization of the components of an angular momentum tensor in 
an abstract euclidean 4-dimensional space. Pais’ theory is a generalization of an earlier 
theory of Pais himself!” and Gell-Mann,” which differs from it in the substitution of 
an isotopic angular momentum for the general angular momentum tensor. The properties 
of our tensor 7(,, are substantially the same as those of Pais’ tensor, and if one could 
regard the strange particles as bound or excited states of two or more particles, there 
might indeed be a close relation between them. But, for the B--S equation at least, the 
relevant constant of the motion is not connected exactly with the tensor 7(,,, except 
when p=0, but with the tensor Kaw which commutes with the B—S operator. 

It may be added, by way of confirmation, that a fourth constant of the motion 
appears also in the solutions of Wick’s modification of the Bethe-Salpeter equation.’ 
There, again, non-relativistic approximation excludes the solutions corresponding to all but 
one value of this constant; but there seems to be no reason to prefer the surviving 


solution to the others. 


Appendix 


The various coefficients appearing in the § 4 will now be given here. 
To determine S\,, which appeared in eq. (4-14) we utilise eq. (4:6b) to get the 
result 
S2,= stat i)[{1—4 (nt 1) 72+ (24,+3)82, 
Ey) An he inet a 2Y es) (A-1) 
where ¥;,=v-+]. 


The coefficient of, occurring in eq. (4-12) is given by 
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ga Erin ae aah . (A: 2) 
aerial) Aa (eo) } 3 
In deducing (A-2) we have made use of (4-5c) ; SM, is given in (A-1). 
From (4-4) and (4-6b) we have for T,” the following expression : 


Tt = E| (4j+2+2) Oo) -{? 2¥;+1 
2n+3 >m,n+1 On 43 


7+ (n—y, +2) | 7@ass| 


—E| (2¥;+4n+ 3) f2,—| 2(2¥;+1) 4y ; a 


(n+1) (2043) "5 (a4: 1)an-s3) ls 
Filet 0). EO jet 24,1 | (3) |. d 
2n+1 t We2n4 4 i ees (A-3) 


From (4-6b) we deduce 
Xn = 1/2 (Ont Orne)» 


y Gt) — 1 ( Cs & Cts : (A =A) 
mn . < 
2: 2n+1 2n+3 


Again with the help (A-4) and (4-7) we find the recurrence relation between €97? 
and € : 
E+1) — 


m,n 


{4 (vj +1) (jy +2) —4(n+1)24+24-41} (EXSY — 628) +2(1—4(n4+1)2) EY) + ETS EY — g2¢) 
> 


mt. 


D{4(4j3+1) (+2), 1-4(n+1)*} 


(A:5) 
the recurrence relation between (7; and ¢%, is given by 


{4.y +1) (vg +2) —4 (0 +1)2— 2-40} (EYED FETED —26),) —2 (EX — ee) ) 
D{4(¥j+1) (+2), 1-4(n+1)*} 


Nepiglla 
(A-6) 


where D(P, Q) is given by eq. (4-8). 


Finally for the recurrence relation of ngsh) and 72, we have from (4.5b) 
giP= EYGD — 27), — 2604) — (2,43) C8” (A-7) 
mn D’'{4(%4+1) (¥,+2), 14 Gee} 


where D’(P, Q) is given by (4-11). 


138 H. S. Green and S. N. Biswas 


References 


1) ™M. Gell-Mann and F. Low, Phys. Rev. 84 (1951), 350. 

2) E. E. Salpeter and H. A. Bethe, Phys. Rev. 84 (1951), 1232. 

3) M. M. Levy, Phys. Rev. 88 (1952), 72, 725. 

4) A. Klein, Phys. Rev. 90 (1953), 1101; 91 (1953), 740; 92 (1953), 1017; 94 (1954), 1052. 
5) J. S. Goldstein, Phys. Rev. 91 (1953), 1516. 

6) H.S. Green, Phys. Rev. 97 (1955), 540. 

7) I. E. McCarthy and H. S. Green, Proc. Phys. Soc. (Lond.) A67 (1954), 719. 
8) G. C. Wick, Phys. Rev. 96 (1954), 1124. 

9) F. L. Scarf, Phys. Rev. 100 (1955), 912. 

10) R. E. Cutkosky, Phys. Rey. 96 (1954), 1135. 

11) R. Jastrow, Phys. Rev. 81 (1951), 165. 

12) R. Arnowitt and S. Gasiorowicz, Phys. Rev. 94 (1954), 1057. 

13) A. Pais, Proc. Nat. Acad. Sci., 40 (1954), 835. 

14) M. Born and K. Fuchs, Proc. Roy. Soc. Edin. 60 (1939), 141. 

15) M. Born and H. S. Green, Proc. Roy. Soc. Edin. 62 (1949), 470. 

16) S. N. Biswas and H. S. Green, Nuclear Phys. 2 (1956), 177. 

17) A. Pais, Proc. Nat. Acad. Sci. 40 (1954), 484. 

18) M. Gell-Mann, Phys. Rey. 92 (1953), 833. 

19) G. C. Wick, Phys. Rev. 96 (1954), 1124. 


139 


Progress of Theoretical Physics, Vol. 18, No. 2, August 1957 


The Repulsive Potential between Two Normal Helium Atoms 


Sigercu HUZINAGA 


General Education Department, Kyushu University, Fukuoka 


(Received May 9, 1957) 


The repulsive potential between two normal helium atoms is calculated using the LCAO MO 
method. The main idea is that we use two different effective charges for «, and o,, orbitals, drop- 
ping the restriction of a common charge for the both orbitals. It is found that remarkable improve- 
ments are achieved for the theoretical calculation but there still remains a large discrepancy between 


theory and experiment. A critical discussion of the present status of theoretical calculations is attempted 
in some detail. 


§ 1. Introduction and general remarks 


The liquid helium and the atomic nucleus present interesting common features in 
several respects as the quantum mechanical many-body problems. They are both “con- 
densed ” systems and the behaviors of the constituent particles are believed to correlate 
each other in some very complicated way. Yet, strange to say, it seems that some gas- 
like models or independent particle models can claim their rights as meaningful first 
approximations of real situation for both cases, that is, the Bose-gas model for the liquid 
helium and the Fermi-gas model and the so-called shell model for the nucleus. To find 
the reason for this is one of the important problems ‘awaiting a clear-cut answer from 
theoretical physicists. 

In the problem of the nuclear matter one of the most serious difficulties is that 
we lack the exact knowledge of the interaction between nucleons. The present meson 
theory provides only a partial and incomplete answer to it and the difficulty is closely 
related to the fundamental problem of the quantum field theory in general. The two- 
body force might be determined through the analysis of scattering experiments but there 
is no positive evidence that the many-body effect could be negligible in the nuclear matter. 

As for the interaction between helium atoms, there is no obstacle, in principle, that 
prevents us to reach the final answer by theoretical calculations. The fact is, however, 
that we do not know the interaction between helium atoms with sufficient accuracy, just 
like in the problem of the nucleon interaction. One of the reasons for this situation 
is probably that the two helium atoms do not form a stable molecule, hence they are 
devoid of apparent chemical interest. However, the He-He interaction is the simplest 
case of the interaction between two closed-shell electron clouds, which must be quite 
important also for chemistry. 

About thirty years ago, Slater” calculated the repulsive potential between two normal 


helium atoms and obtained the following approximate expression, 
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V(R) =7.7X 107" exp(—4.60R) erg (R in A) (1-1) 


for the potential as a function of the internuclear distance R. Later, the inverse six-power 


dispersion energy was calculated separately” and added to the above potential : 
[770 exp (—4.60R) — (1.49/R*®)]X10-" erg (R in A). (1-2) 


This is so-called Slater-Kirkwood potential and has been widely used. 

In Slater’s calculation of the repulsive valence force a very accurate atomic wave 
function was used, but certain multiple exchange integrals were neglected and several 
integrals were only approximately calculated. Rosen” criticized this point and performed 
his calculation with a simpler but less accurate atomic wave function so that all integrals 
could be evaluated. He used, for the spatially unsymmetrized wave function for the 


unperturbed helium atom, 

V ~exp| — (2.157, +1.19r,) /a,] (a): Bohr radius) (1-3) 
and obtained results which can be summarized in the form, 

V (R) =9.25 X10-“exp(—4.40R) erg (R in A). (1-4) 


This formula gives considerably higher values of interaction energy than Slater’s formula 
(1-1). Both Slater and Rosen performed their calculation using the valence bond method. 
As for the experimental data, rather an accurate potential at small internuclear dis- 


tances is provided by the recent work of Amdur and Harkness* (A—H). The result is 


2.884/R°" eV for 0.52<R<1.02 0 
(R in A). (1-5) 
4.713 [RE eG forks 1e272R A159 

When we compare the experimental values calculated with the above formulas with Rosen’s 
theoretical result, we find serious disagreement between them, especially at small separations. 
At R=1.0 au (atomic units) (1-4) gives 56 eV while (1-5) yields only 9 eV and 
so the discrepancy amounts to 47 eV. 

Grifing jand Wehner? (G-W) were the first who adopted the antisymmetrized 
molecular orbital (ASMO) method for the present problem. They used simple Slater- 
type 1s-functions, 7, and 7,, as AO’s and constructed two LCAO MO’s: 


Qi~ Yat Xe 5 Oy 


Oo a ios Ou Chih 


’ where 

tax (£072) exp — Zr) (1-7) 
and similarly for 7, with Z=27/16. Using these molecular orbitals they calculated the 
He-He interaction energy by ASMO method and could obtain a better result than previous 
calculations. It is well known that, so long as we use an atomic orbital of the form 
(1-7), the ASMO method is just equivalent to the simple Heitler-London theory in 
the present problem. Comparing the result of G-W with that of Rosen, we notice rather 
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a curious fact: Rosen started with a wave function for an isolated He atom which is 
better than the one of G-W, and the result is that his energy values are considerably 
higher than the values obtained by the simpler calculation of G-W. 

Recently Sakamoto and Ishiguro” (S-I) performed an interesting calculation on the 
present subject. They attempted to take into account the deformation of atomic orbitals 
due to the approach of another atom by making use of the modified atomic orbital of 
Inui? and Nordsieck*), which was successful in the treatment of the ground state of H, 
molecule. The repulsive interaction energy of the He-He system obtained by S-I is lower 
than that of G-W but it is to be noted that the difference between these two results is 
rather small, namely within 1 eV over nearly the whole range of the internuclear distance 
in discussion and if we compare the so far best theoretical result of S-I with the experi- 
ment of A-H, we still find a large discrepancy which amounts to about 30 eV at the 
internuclear distance of 0.5 A. If the experimental result of Amdur and Harkness is 
reliable, this discrepancy must be attributed to some defects in the theoretical estima- 
tions. 

In this connection the present author has attempted a simple united-atom treatment 
of the problem” at small internuclear distances where the discrepancy between theory and 
experiment remains quite large. In place of y, and ¢, given in (1-6) and (1-7), we 


here use the following united-atom wave functions, 


Ci Cisars =N(1, €)exp(—¢r) Yous oq 


(1-8) 
Po= (2po ; ny =N(2, y)rexp(—7yr) Yios Fw 


where N(n, £) = (2¢)"*°/[(2n)!]'? and the coordinates of electrons are measured from 
the middle point between two nuclei. € and 7 are variable parameters. It is clear that 
this approximation is a very crude one, especially in ¢,, because it is unable to describe 
the concentration of the electron cloud at the positions of two nuclei. In spite of this 
apparent crudeness, this simple treatment gives a better result at the internuclear distance. 
R=0.8 au than the elaborate valence bond theory of S-I does. Even at R=1.0 au our 
result is dehantcty better than that of Rosen. A slight improvement on ¢, yields 34.7 
eV as the repulsive interaction energy at R=1.0 au, which is 3.7 eV lower than the 
corresponding value of S-I, 38.4 eV. This is rather an unexpected situation and it may 
not be unreasonable to infer that, at the internuclear distance of about 1 au, the total 
wave functions used by various authors in their more or less: elaborate calculations would 
bear some definite defects. 

Grifing and Wehner used the molecular orbitals given in (1-6) and (1-7) and 
took the same fixed value of the effective charge for YatYo (1so4) and Ya—Y (150,) 
orbitals. This procedure seems to be too restrictive. It is instructive for us to remind 
that in the H; ion problem there exists a remarkable difference between the manners of 
variations of effective charges for (1so,) and (1s0,,,) orbitals of LCAO type: at smaller 
internuclear distances the value for (1sc,) rises up steeply and the one for (1so,,) falls 
down rapidly. This is displayed, for example, in Fig. 4.6 on P. 85 of Coulson’s text 
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book. In addition, for the present He-He system we must take account of the exclusion 
effect of the Pauli principle and this should reinforce the requirement of the separate 
variation of effective charges for o, and o,, orbitals. In short, ©, and o,, orbitals must 
reduce to 1s and 2p atomic orbitals, respectively, of Be in the united-atom limit and to 
cope with this physical requirement we should, at least, drop the severe restriction of equal 
effective charges. 

Thus we are naturally led to the adoption of two different values of effective charges 
for (1so,) and (1so,,) orbitals. This simple modification of the calculation of Griffing 
and Wehner brings us a significant improvement of the theoretical values of the He-He 


repulsive interaction, which wil! be described in the following. 


§ 2. Caleulation and result 


The system consists of doubly charged helium nuclei a and b separated by a distance 
R with four electrons. Our problem is to construct a suitable wave function which makes 
the energy of the system as low as possible within limited labor. In the present calcula- 
tion we are going to use, as the total wave function, an antisymmetrized product of 
orthonormal molecular spin orbitals, which are products of MO’s with the usual spin 
eigenfunctions. As stated in the last part of the preceding section, the MO’s assume the 
following forms : 


G,=N, (Yar Xn) > Oy 
Pdi | 
Gu=Nu (La! —%’) > Oy, \ 


-where 


NS wee Gate to NG ly (2 = 2 ys) 


(Lal Xo) = Lato dV, (Ya' |e’) =| Late dV. 
y and y’ are simple 15-functions ; 
jhe Syd ens Ne a8 
eee) erp es 


The point is that we assign different values of the effective charges £ and ¢’ for o, and 
©, orbitals separately. In the calculation of G-W. £=¢/=27/16. 


The total wave function is thus: 


(2:2) 


es (1/24) > (— 1)*Pa[Po(1) @ (1) Gy (2) B (2) 9.(3) @ (3) 9. (4)8(4)] (2-3) 


where P, is the operation permuting the electron coordinates, and a and 2 are the usual 


orthonormal spin eigenfunctions. The energy operator for the atomic units* 


* We use the following atomic units : 
Length : a)=0.529171 x 10-8cm (Bohr radius), 
Energy : e*/ay=27.2100eV (twice the ionization energy of hydrogen). 
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H= >} HG) + 33/15) + 4/8), | (2-4) 
-~where 
H(i) = — (1/2) 4,— (2/15) — tm) 


‘Then the total energy of the system is 
E =| (HYydV = 2H, #7 2H, od Phe, lk AT ou ae oF Oe = (4/R) ? (2 4 5) 


-~where 


H,=| ,(1)H(1) ¢,(1) dV, 


H.=| 9.0) HA)¢,() dV, 


J 


e 


lan = || G52) 02) 1/7) G41) $92) 4V dP 


a 


Juu= || Gu(1) Pu2) (1/rie) Gu(1) Gu (2) dP AV 
Iu= || ¢9(1) Pu(2) (1/2) Go (1) Gu(2)dV-dV 2, 


Kyu= || @)(1) u(2) C/ry) Gu(1) @4(2)dVidV 2. 


Next we decompose these integrals into more basic integrals expressed in y and y’ and 
then start the routine work of evaluating a number of integrals. 
It seems convenient to introduce the following notations and definitions according to 


tthe work of Roothaan and Rudenberg™, 
Va 7 Saar Sa i NS aan 


5 ec 1 ee Ad ? Tou? 1 5p —>-Seh0 


| LalrdV = (Yal%o) = (Sal 5)» (2-6) 
| e/a) nV = al X/ral fo) = Gal rl), (2-7) 
| Yp(1/Ta) LdV = (Xol1/ral Xs) mal (55| 1/Tq|5) ) (2 -8) 


and the similar formulas for the case of y’. The above are the one-electron integrals. 


As for the two-electron integrals, Coulomb, exchange and hybrid types of integrals appear 


in the present calculation. These integrals can be expressed generally in the form, 


(2) (92) = |{ 2G) Are) Q@ ddr, (2-9) 
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where 2 and @ are charge distributions consisting of the product of two atomic orbitals- 


For example, 


[Sa (1) sa (1) 5 (2)52) = ff ta(1) Xa(1) (1/112) Zo (2) (2) dV dV 2 , 


(Coulomb) (210) 
[se (1) (1) |s4(2)55(2)1= | | Zu(1) ZA) 1/1) £02) Z0(2)4V dV 

(exchange) C2, 
[50 (1) 50 1) [su(2)55(2) ]= | Za) Za) (1/2) zu 2) 4o(2) AV dV 

(hybrid) (2-12) 


and others may be inferred according to the above examples. Now we can write dowr 


the terms in (2-5) by using the integrals defined above: 
H,=2N,3{ (1/2) (a@/R)?—2 (a/R) —2(55|1/ral 5») +L(@/R) —4] Sal 1/ral 5) 
— (1/2) (a/R)? (5215) } 5 
H,,=2N,?{ (1/2) (8/R)?~-2(8/R) — 2 (5)'|1/ral 50") + (B/R) —4] (6a! |1/ral 50") 
— (1/2) (B/R)? (sa'| 50) } 
Fog=2NG' (L5a5a|SaSa] + 4 [50501 5050] + [5050 5050] + 2[ 5250] 5a55]} 5 
Fuu= ZN {[ Sal Sa! | Sa! Sa! |— 4 [Sa Sa! | 5a! $0! | + [ 5a! 5a" | 50" 50" +2 [ 5a! 5s’ | 50/50" } 5 
Fgun=2NG Nu {[ Saal 50/50’ | + [Sa5a] 50'50!]— 2 ([Sa5a 0/50” ]—[50’ Sa! |505]) — 2[ 5050] 5/5 ]} 5 
Kou=2Ny Nu {| Sasa! |SaSa! |—[Sa5a' | S050’ ]—2 (L5a50" | S050’ ]—[Sa5a' |50/55]) 


+ [s455" | 505s" l—[ Sa" |5a’5p |} 5 
Ne Sl aa2 Col Saori, =1/[2— 2.5.15") ],- @=CR, Beer. 


The explicit analytical expressions for the numerical evaluation of these integrals are found 
in the Appendix. Because all of them are the integrals between 1s atomic orbitals, the 
integrations can be performed without difficulty. Some of them can be checked both 
in the analytical forms and in the numerical values with the results of Hirschfelder and 
Linnett’”. A little troublesome are [5,55/|5.5)/] and [s35/|5q’s,] in K,,, because they are 
expressed in the form of some infinite series, while all of others are expressed in closed 
analytical forms in terms of several auxiliary functions. Fortunately the convergence of 
the infinite series is sufficiently rapid, especially in the combined form of [3,5)'|5,5,'] 
_ —[5255'|Sa'S,], and only the first three or four terms are necessary for the present purpose. 
It is desirable to determine the best values of a and # through the continuous 
variation of these variable parameters, but we did not do that. The first reason is that 
we entirely rely upon the numerical table of Kotani, Amemiya, Ishiguro and Kimura™ 
(KAIK), where the auxiliary functions are tabulated with the step of 0:25 of ZR: 
Besides, while the present theoretical calculation yields a result much better than the 
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previous calculations as will be shown presently, there still remains a large discrepancy 
between theory and experiment, and we want to reserve our labor for a more imbroved 
treatment we are planning now. This is the second reason or excuse why we did not 
try to look for the strictly best values of a and 9. The merit of the present calculation 


is that it reveals to us what was wrong in the previous theoretical treatments rather than 


its numerical result itself. 


; Table 1. Th i i 
etal, valcalatians 2 were e numerical results of the present calculation. 


performed at three values of R(au) 1.0 15 2.0 
the internuclear distance R, ~~ P| ; SRC ART sania ¥ 

1.0, 1.5 and 2.0 au, and the ptisnie 3 : rise aa as i 2S ee 
results are summarized in Table # wate: oe 25) af) 

1. E is the total energy of E(u) | —4.70584 5.32781 — 5.58131 
ee He-He cae and V(R) V(R) | 0.98947 au 0.36750 au “oaiaoode 
is the repulsive potential energy (26.92 eV) (10.0 eV) (3.10 eV) 


defined by E(R)—E(c). 
We took E(co) =—5,69531 au in accordance with Sakamoto-Ishiguro” and Griffing- 
Wehner”. The result of the present calculation may be expressed in the following 


approximate formula : 

V (R) =8.58817 exp(—2.16097R) au, 1<R<2 (R in au), (2-13) 
This is compared with the corresponding formula of S-I: 

V (R) =15.02222 exp(—2.36478R) au, (R in au). 


The potential curves due to these two formulas are found in Fig. 1. 


§ 3. Discussion 


Table 2 and Fig. 1 are prepared for the purpose of comparison of various theoretical 


estimations between them and with the experimental result reported by Amdur and 
Harkness”. 


Table 2. He-He repulsive potential (in eV) 


R(au) phe heme) OTe puild. (5) (6) 
0.8889 55.58 | 7296 | cs y 49.94 10.96 34.23 
1.0 ey Balas T? seat a acsmaneae ts! 9.011 26.92 
1.1858 2708 | © 3653°°°| 24.86 «= || 24.78 6.647 18.02 
12 21.12 35.30 i 23.94 6.502 17.48 
1.4 | 16.08 22.16 be 14.92 4.934 11.34 
1.6 9.892 13.91 = | 9.294 | 3.885 7.363 
1.77788 6.423 9.261 6.212 6115 | 3,216 5.013 
1.8 6.088 8.730 a 5.792 3.147 4.778 
2.0 3.747 5.481 . 3,609 | 2.606 3,102 


ae 
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(1). \)Shater 
(2) Rosen | 
(3) Griffing and Wehner | 
(4) Sakamoto and Ishiguro | 
(5) Experimental result of 

Amdur and Harkness _/ 


(6) Present calculation according to the formula (2-13) of this paper : 


(according to Table V of S-I) 


V (R) =8.58817 exp(—2.16097 R) au, (R in au) 


V(R) in eV 
HO} = 
(2) 
50 [ 
40 L 


10 


0.8 1.0 1.5 2.0 
Fis. 1, 


ltvis gobserved, that at R=2.0 aucthere is no seuious discrepancy between various calcula- 
tions but at R=1.0 au there arise remarkable diversities and differences. At R=1.0 au 
the value 27 eV of the present calculation is about 11 eV better than the value 38 eV 
of S-I and is a half of the very large value 56 eV of Rosen. 

In this connection, Fig. 2 may be helpful to realize the reason for this significant 


improvement of the theoretical value at small separation. As stressed before, the essential 
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difference between G-W’s treatment and the present one is that we drop the severe re- 
striction of equal effective charge both for o, and o,, orbitals in G-W’s treatment. In 
their calculation €=€/=27/16=1.6875 for all values of internuclear distance R, while 
in* OUT |present® treatment uG=2.25 and) C= 1.25 vat. R310) aunSee, Table: 1):d3 The 
situation is shown schematically in the middle part of Fig. 2. The necessity of the 
separate variations of € and ¢’ may be recognized most directly when we imagine the 
united-atom limit, a Be atom, of the present He-He system (right-hand side of Fig. 2). 


(G-W) 


ie Ns Og 
A Ou 
FN 09 ; c 
=p 
Ou 
A O9 
Nw Ou 
R: large R: small R~ 
Fig.) 2. 


In a Be atom, it is usually conceived that two of four electrons occupy the innermost 1s 
orbital and the electron cloud is tightly bound to the nucleus under the influence of bare 
nuclear charge. The other two electrons are forced to occupy other states because of 
Pauli exclusion principle. Thus, the ground state configuration of Be is (1s)*(2s)* and 
the level of (15)°(2p)? lies several eV above the ground level. For 2s or 2p electrons 
the nuclear charge is screened considerably by the inner two Is electrons. Now let us 
return to the He-He system. Imagine that we build up the whole system by dividing 
the procedure into two steps. First, we allot two electrons to the bare field of two nuclei 
to form, say, a (He-He) ** system. This is analogous to the well-examined H, problem. 
In the case of H,, it is well-known that, as the nuclei approach each other, the effective 
charge of the 1s atomic orbitals increases quite appreciably from the original value 1 at 
smaller values of the internuclear distance R. It would be natural to expect that the 
same would happen for the present (He-He)** system. If it is true, the assumption 
of" C =97 716 ‘for all values of R would not be the most reasonable value but a little 
larger values should be taken for small separations. Next, suppose we add the remaining 
two electrons to the (He-He)** system. Except for too small values of R, these two 
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electrons are expected to occupy 2po state. Then, even if a 2po electron moves in full 
attraction of the bare nuclei, the effective charge ¢’ would decrease considerably from the 
original value ¢/=2 at small separations, as exemplified in the case of Hz problem”. 
In the present problem this tendency will be reinforced because of the screening of the 
bare nuclear field by the inner electrons and of the Pauli exclusion principle. Thus, the 
use of a fixed value ¢/=27/16 is inadequate also for the 2po orbital and, contrary to 
the case of the 1so orbital, we should take smaller values of ¢/ for small separations. 


Table 3 may help us to understand the situation explained above a little more quantitatively. 


Table 3. The values of various energy terms at R=1.0 au. 


porate gic nag 4) gee pet as B= ZH ga: Jugs E,=2H,, shi foe 


e=—h=6 | 2.25 2.5 LS 
B=c/R=C' 1.25 | 1.0 1.75 
H, — 4.316344 | — 4.345730 — 4.040239 
H,, — 2.489686 | <2. 275199 —2.661907 
oP 4 1.149554 | + 1.239626 +0.950354 
Sunk + 0.745940 + 0.614447 | + 0.985012 
yo +0,862256 +0.767899 +0.935962 
kee +0.219149 +.0.166879 | +0.256689 
E,=2H,+ Jog —7.483134 —7.451834 | —7.130124 
Ey =2HutJun — 4.233432 | — 3.935783 | — 4.338802 
4] jap 2K op + 3.010726 | +2.737838 | + 3.230470 
fog — 4.705840 | — 4.649779 | — 4.238456 
V(R=1) 26.92 eV | 28.45 eV 39.64 eV 


Here £,=2H,+J,, and E,=2H,+J,, are the energies of two electrons occupying 150 (c,) 
and 2po(o,,) orbitals respectively. The case of €=¢/=1.75 may serve as a substitute 
for the case of (=(/=27/16=1.6875. In fact the value V=39.6 eV in this case is 
very close to those of G-W and S-I. Griffing and Wehner attempted to improve the 
calculation by minimizing the energy with respect to the effective charge for each distance. 
But their conclusion was that “the variation of effective nuclear charge is unimportant 
in the He, problem from the view-point of decreasing the energy.” This probably due 
to the cancellation of the effects of opposite direction on o, and o,, orbitals as may be 
seen in Table 3. Of course, it is quite another problem why the value £=¢/=27/16, 
determined by a simple variational calculation on an isolated He atom, happened to be 
nearly the best one under the restriction of equal effective charges. 
In the treatment of Sakamoto and Ishiguro”, the total wave function is 

a(1)@(1) a(1)P(Q1) b(1)@(1) 6(1)R() | 
re a(2)a(2) 4(2)8(2) b(2)a@(2) 6(2)R(2) 

a(3)a(3) 4(3)8@) 6G)eG) 6()8G) | ea 


a(4)a(4) 4(4)8(4) b(4)a(4) 6(4)8(4) 
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Here @ and f are the usual spin functions and a and 6 are the modified AO’s introduced 
by Inui” and Nordsieck”, namely 


oeasOr 


base, “ere h © se 
where ¢ and 7 are the prolate spherical coordinates defined by 

== (ra +15) /R, n= (t¥e—%) / Rs 
and. conversely 


Ta= (R/2) (F+7), t= (R/2) E—7). 


After simple manipulations of addition and subtraction between four columns we obtain, 
as described in Seitz’s text book’, 


| Po(1) (1) 9,(1)P8(1) ge) ¢.4)PG) 

oe Q(2)a(2) 9,(2)B(2) $,(2)4(2)  9.(2) 8 (2) aes 
iE Pere) 9,(3)8(3) 9.(3)a@(3) 9,(3) 8) 
| @,(4)a(4) (4) B(4) Gul4)a(4) Gu (4)B (4) 


where 
Q,=atb=e n+ et = 2e-™ cosh By, 
3 B = C7 —aet . (3 : 4) 
P= a—b=e #1 et +4 = — Ze sinh fy. 
This is to be compared with the corresponding functions, ¢, and ¢,, in G-W: 
we Fat He CRM EID 4 6H (ZR ED — 2e- FFP cosh (ZR/2) 7, 
ore 7a —e Fe GEME +1) p— ZR) E—9) — — Qe (ZF)2)* sinh (ZR/2) 4; 


and, further, with ~, and 9, in the present treatment : 


Yyre +e7%% — p—(SR2)E +) + eW (SR/2E—m) —2e~ (SF cosh (€R/2) Ns 
3-6 
9 ge a SU rae WI RANE HN (IR AIEM1) = — Qe"! 2M sinh (C1R/2) 7. Bie) 
At R=1.0 au, @ and f# in (3-4) are determined to be 0.81747 and 0.92350 respectively 
according to S-I, while (ZR/2) =27/32=0:84375, in. (3-5) and (€R/2) =1.125 and 
(€'R/2) =0.625 in (3-6). Now it is clear that there is no significant difference between 
the total wave function of G-W and of S-I. Then it follows that both of these calcula- 
tions yield almost the, same result in regard to the energy values. The above comparison 
is also helpful to understand why Sakamoto and Ishiguro were not so successful in spite 


of their inclusion of two variable parameters, while the present calculation is more success- 


ful with the same number of variable parameters. In S-I’s treatment the deformation of 
the electron cloud happened to be small, not because the deformation is really small but 


because their parameters, a and 8, could not afford to produce the necessary deformations 
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explained above for o, and ©, orbitals. One of the simplest ways to improve S-T’s*<al- 
culation would be to take two different values of # in the manner that ? >a> P’, instead 
of one. This modification creates no troubles in the calculation of molecular integrals 
because 9 and 3’ are the coefficients of the variable 7. We cannot, however, expect 
much for this modification because it is a, the coefficient of €, which determines the 
degrees of spread of the o, and o, orbitals. We cannot expect to obtain a drastically 
improved result as long as we assign the common @ to both o, and o,, orbitals. 

We have seen that the present calculation yields a significantly improved result and 
the reason for this achievement has been discussed. However, if we compare our present 
result directly with the experiment of Amdur and Harkness we find still a large discre- 
pancy remaining between them, especially at small internuclear distances. Then our next 
problem will be to find how to diminish this large gap. We shall try to count out 
some of possible causes responsible for this discrepancy, assuming that such discrepancy 
really exists. The first is that our efforts in looking for the best values of the variational 
parameters were not exhaustive as mentioned in § 2, but this could be a source of error 
of 2 or 3 eV at best. The second is that the treatment of the correlation between two 
inner electrons remains unsatisfactory because we used simple LCAO MO’s. The possibility 
of improvement on this point remains open. The third is the neglect of contributions 
from other configurations, especially (1s0)?(2sc)* and (1so0)*(2p7s)°. At small separa- 
tions it is probable that the (1sa)*(2sc)* configuration plays an important role, because 
it is the ground state configuration of a Be atom, the united-atom limit of the He-He 
system. In the present paper we are exclusively discussing the exchange force region of 
the He-He interaction because we find there a large disagreement between theory and 
experiment. However, our final aim is a consistent quantum mechanical treatment of the 
whole range of the interaction force, from the repulsive exchange force region to the 
attractive van der Waals force region. This has been accomplished for H, by Hirschfelder 
and Linnett’”. For this purpose \the inclusion of the (1s0)?(2p7.)? configurations will 
be necessary. We are attempting to examine these three possibilities. 

Finally we should like to spend a few words about the problem of the non-additivity 
of the force between helium atoms in the exchange force region. Recently Shostak” 
examined the problem in the case of the linear configuration of three normal helium 
atoms. His conclusion is that the non-additivity is considerably large at small internuclear 
distances. However, it is to be noted that his argument is based on the two-body force 
due to the calculation of Griffing and Wehner’). It has been shown in the present 
paper that their calculation is not of sufficient accuracy, especially at small internuclear 


distances. The problem of the non-additivity must be reexamined carefully by using wave 
functions of sufficient accuracy. 
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Appendix 


The expressions are given for the evaluation of numerical values of various integrals 


in §2. In the following a=CR and §=C'R. 
(a) fH, igs Dace dj re 
a’ 1 10s 
Sa| 5) =—| A ——A = p41 ae) ,-« 
(slo) ==] 4,(a) —24,(a) | (tat tare, 


(55|1/ra| 5) = <4, (a) B, (a) +A, (a) B, (|= ~(14a)e*], 
(sal1/tal%) = Pea (a) =Ta Gaye, 
[Sa Sa |5a ie, 


[ SaSa| Sa s]= 4" (4d, (a) +2{A, (2a) B, (a) — A, (2a) B,(a@)} + 
+a {A, (2a) By (a) — 4, (20) B,(a)}], 


eae * “4, (ci) B (ex) 4A) (ay B (a) 42.4, (2a) — a {4 (2a) -14, (20) 1] 


(ss u6s] =F S457," (2,2; a) —30W,°(2,0; a) +5W,(0, 0; @&) 
+4W,? (05.0% a) |. 


These are the formulas for H, and J,,.. The corresponding formulas for H,, and J, can 
be obtained similarly by replacing s—>s’ and a—>f in the above formulas. 


(6) Jou 


[saSal50'5e!J=— 22 (C4300 +0) == — 


4308+ 8), 
(407) cee ate 


[550 55/55/] = ‘ ay (A, (9) By (8) +4, (9) Bi (8) } 
+2{A,(a+/) B, (a—/) —A, (a+) B,(a—f)} 
4a {A,(a+P) Ba—B) —4,(a +P) B,(a—8)}], 
[asa] 50"5/]= Le 4A (B) +2{A,(a +8) By(a) ~A, (a+ 6) ByCa)} 


+a {A,(a+/3) B, (a) —A,(a+) B,(a)}], 
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[ 5a! Sa” |SaSo]= 5 “4d, (a) +2{A, (a+) B, (2) —A, (a+ 8) B,(A)} 
+ {A, (a@ a f) B, (7) a A, (a = ) B, (P) } ] ’ 
BesylGa Sy = 4 CALs 80, 2; a, ) —15W,"(2, 0; &, P) 
—15W,’ (0, 2 3 a, ) +5W,(0, 0 > a, 3) +4W,? (0, 0 3 a, By i. 
(Cc) Kay, 
T= (1/2) 4-8) 0 = G2) la); 
2OCT a 20 (a8) 
(C+0)> R (a+) 
1 4(afP)* 
[esd lan] = resi (7) BG) +4, (7) B,) —24, (27) 
+7 { (1/3) 4, (27) —4,(27)}], 


[2 {A, (7) B, (0) _ A, (7) B, (0) } 


lisa | cacy) = 


2 ge 
Rea)" 
+24, (27) B, (a) — A, (27) B,(a@)} +7 {4, (27) B, (a) — A, (27) B, (a) } J, 


asa se | 5 Se | 


[stl ig} = pe {A,(7) B,(2) +4,(7) By(2)} 
+2 {A, (27) B, (8) — A, (27) B(8)} +7 {4, (27) B, (8) — 4 (27) B(8)} J, 
(sen! se) J= 2 CP'S) (22-41) (6400, 3°32, 257) 
—2G6,"(0, 0) G2, 0)W."(2, 0; 7) +G,°(2, 8)*W2Y(0, 0;7)], 
[5a50" | 5a’ 50] = CP S(- 1)* (2+ 1)[G." (0, 0)°W (272 57) 


—2G6,°(0, 0)G.°(2, 0) W.° (2,037) +G,°(2, 6)°W.°(0, 0;7)]. 


Here An @)ig BQ), G. (m, a), Ww.” (m, n; a) and Ww.” (m, 15 Oe, 2) are the functions 
defined in KAIK’s table’, namely 


oh, (a) =["esterae, 
1 
+4 
B,, (a) =| e “"y"dn, 
i —1 
aa 
G.’ (m, a f eR, (x) 7” = 7) Pdr, 
J ay 
W."(m, es a) == (m, n; a, a), 


Wm, n3 ap) = i [ Q.” (Es) Py” (E<) ear PeaEmen (E 2 _ 1) v2 (€,2—1) "dé .dé,, 
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where €, is the larger of €, and €, and €. the smaller. 4,(a@), B,(a@), G.’(m, a) 
and W."(m,n; a@) are tabulated in KAIK’s table. The evaluations of W."(m,n; a, f) 
are made by using a series of recurrence formulas found also in the above mentioned 
table. | 5455/|5.5,/] and [5,5,’|s,’s,| in K,,, are expressed in infinite series. Fortunately the 
convergence of these series is of sufficient rapidity for the present purpose, especially in 
the combined form ; 


[ Sa50" |SaSo’ |—[ SaS0" | 50’ 5p] 


1 BR : = r N\ 2 0 
<7 eS ees 3) +023 (0, 8)*Wo, 43 (2, 257) 


—2Go,.4 (0, 0) Gone @. 0) Ws24(2; 0 5 ia + Gog .4 (2, 0) 2W east (0, 0 > 7) |- 
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We propose a new formulation of Einstein’s relativistic theory of the non-symmetric field. Here 
the field quantities are different in transformation character from the corresponding quantities in his 
formalism. The transposition invariance is no more a postulate but a consequence of the theory. The 
field equations derived from the variational principle coincide formally with those obtained by Einstein 
and Straus. 


S 1. Tatroduction 


In general relativity, when deriving the gravitational equations according to the 
variational principle, one takes as the independent field quantities a symmetric tensor 
density gt” of weight 1 and a symmetric connexion ib wy. About ten years ago, Einstein 
propounded a unified field theory in which gt and J” wv were replaced by the correspond- 
ing non-symmetric quantities g”” and J’)... There he followed the concepts and methods 
of the symmetric theory, e.g., the covariance of the field equations under arbitrary 
transformations of coordinates, the variational principle for the derivation of the field 
equations, etc. On the other hand, he introduced a new basic requirement which was 
not seen in the symmetric theory. It is the so-called ‘‘ transposition invariance”. We 


shall illustrate this principle in the following. 


° 
In the symmetric theory, it follows from the variation relative to /', that 


Oat O eh a ea aie. (4-1) 


° ° 

In this equation the order of indices does not matter, because q"” and [',3 are symmetric 
with respect to 4 and v. But there arises some arbitrariness in the choice of the order, 
when one tries to generalize (1-1) to the non-symmetric case. In this connection, 
Einstein claimed that the equations for the non-symmetric field should remain valid under 

. a oe . 
the simultaneous changes g”’—>g** and /',J>/) (transposition with respect to q’’ and 

PX . . OG . . . 

I). This is the “ transposition invariance’ for the equations. Under this postulate 
the equation (1-1) must be extended so that the order of indices is as in (1-1). 

The transposition invariance of the field equations is assured if they are derivable 
from a Lagrangian density invariant for transposition. So Einstein first formulated the 


nhon-symmetric theory as follows: In the symmetric theory, the gravitational equations for 
empty space are derived from the Lagrangian density 
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gr Ra ; (1 : 2) 


where R,,, is the Ricci tensor formed from (De One may be inclined to adopt as the 
Lagrangian density in the non-symmetric case the quantity that results from (1-2) by 
removing the condition of symmetry for gt’ anda uv» Unfortunately, however, such a 
quantity is not invariant under the transposition with respect to q*” and /',3. Hence 
Einstein added an artificial term to this quantity to get a Lagrangian density invariant 
under transposition. 


In his recent formulation of the theory, he introduced a quantity U,,} depending on 
[',{ alone.” The above generalization of (1-2), when expressed in terms of g”” and 
U,2, is left invariant by the transposition with respect to these two quantities, i.e., q”” 
gq” and US>U fot [31,2 2). <The theory developed on this basis arouses our 
interest because of its logical simplicity, as Einstein expected. Nevertheless, the character 
of U,? is not familiar to mathematicians, much less to physicists. It is this point that 
prevents us from a full understanding of the theory. 

We thus see some artificialness in the above two formulations of the non-symmetric 
theory. This feature seems to result from, among others, taking the transposition invariance 
as a guiding principle. Accordingly, it is desirable to formulate the theory in such a 
way that the transposition invariance is no more a postulate but a result of the theory. It 
is true that the formalism of Einstein in 1948 is satisfactory from this standpoint, but 


» So one may possibly expect a new 


there the field quantities are assumed to be complex.’ 
formulation in which not only the above requirement is satisfied but the field quantities 
are real. Such an expectation will be realized in the present paper. 

Now, as is well known, g”” is not one irreducible entity but splits into two independent 
quantities—the symmetric and the skew-symmetric parts. Therefore, the removal of the 
symmetry condition for g’” is equivalent to the introduction of a skew-symmetric tensor 
density {”” in addition to a symmetric one fh” (denoted by g% in the symmetric case). 
Our theory begins with giving up such a generalization of q’” and introducing a new 


quantity in the following manner. 
In Maxwell’s electromagnetic theory, the field is usually represented by a skew- 
symmetric tensor F,,. It is possible as well to describe the field by the dual of F,y, 


1rie2; 


~ ~ 


o = grrre a gp 2 : ? (Fuy a Cuvpo wr /2 !) ? a : 3) 


Pp 


where GH? and Cane are skew-symmetric quantities defined by ©?" =¢jo,4=1. One can 
easily see that this %” is a skew-symmetric pseudo-tensor density of weight 1. Correspond- 
ing to this alternative representation, we shall replace the above f*” by a skew-symmetric 
pseudo-tensor density £"” of weight 1. Then one of the field quantities becomes the sum 
of h*” and f"”, which is no more a tensor density but transforms according to the law 
introduced in the next section. And the concept of transposition can be implied in the 
transformation character of the field quantities. Thus any theory depending on these 
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quantities alone will satisfy the requirement of transposition invariance, if it is covariant 
under arbitrary transformations of coordinates. 

On this line of thought we are going to establish a relativistic theory of the non- 
symmetric field. In § 2 the transformation law will be defined for various field quantities 
in such a way that the transposition invariance follows automatically. On this basis we 
shall then study into the parallelism and curvature in $3. Generalizing (1-2) in a 
reasonable way, we shall next obtain a Lagrangian density which is invariant under the 
transposition. Then in §4 the variational principle yields the field equations, which 
formally coincide with those of Einstein and Straus.” Lastly the following remark will 
be made: When the transformation character of the field quantities is such as defined 
above, the electromagnetic field tensor formerly considered by us” and the electric current 
density defined by Einstein”? are both subject to the same transformation law as in 


Maxwell’s theory. In other words, they are a skew-symmetric tensor of order 2 and a 


vector density respectively. 


§ 2. Transformation laws for field quantities 


In this section we shall define the transformation character of field quantities in such 
a way that the transposition invariance follows from the requirement of general covariance. 
We start with a symmetric tensor density f*” and a skew-symmetric pseudo-tensor 
density £”, both of weight 1. They transform, on change of coordinates, according to 


the equations 


"HY = | J] hf? 8 'x"/xt) (8'x*/8x°), 


& = (2-1) 
LE ] POE TOn) (0! Ox)’; 

where J=det (Ox*/0’x"). Let g’’ be the sum of these two quantities, thus 
pr tivag”; ge=he, gv=P, (2-2) 


where and throughout the remainder of the present study we indicate the symmetric or 
skew-symmetric part of a quantity by putting — or — under a couple of indices in 
question. g"” behaves like a tensor density for coordinate transformations with J>0. 
When J<0, however, it is subject to the interchange of indices in addition to the trans- 
formation as a tensor density. This behaviour is’ contrary to Einstein’s formulation, and 
is significant for the subsequent development of our problem. 


The determinant of g”’, denoted by 


g=det (q*”’), (2-3) 


is a scalar density of weight 2. It is evident for J>0. For J<0 it results from the 
well-known fact that the values of a determinant is unaltered by the interchange of rows 
and columns. Hence the condition 


G0 (2-4) 
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is independent of the choice of coordinates. 


Under this condition we introduce the quantity g*” through 
gh = gt / Vv —q. (2-5) 


- 5 yULY ny ULV 1 
It is obvious that g** and g*” are a tensor and a pseudo-tensor respectively. We next 


define the adjoint of g’” by 
FP Jua= Oy", (9 Jav=9,"). (2-6) 


If we assume that this is left invariant by coordinate transformations with J<0 as well 
as by those with J>0, y,, cannot be a tensor. In fact we have by taking (2-4) into. 
account 


Gus= Joo (Gx 7,0") (Ox7o"xey 
"Juv= T/|T |) Ip (Ox? /0'x*) (Ox°/9'x*). 


277) 


This shows that the symmetric and the skew-symmetric parts of g,, are a tensor and a 
pseudo-tensor respectively. Thus the transformation character of 9, is similar, in some 
degree, to that of g’*. In other words, for J<0, gy, is subject not only to the tensor 
transformation but also to the interchange of indices. 


Next we take up the equation 
Juv,»a—GJov li —Gupt w=0, (2-8) 


which was adopted by Einstein as a generalization of the well-known relation in the sym- 
metric case. In order that this equation may admit a unique PJs foravgivent Gyiyeit iss 


necessary and sufficient that” 
g40 if 40; gq—2h) 70 if T=0, (2-9) 
where 
h=det(Yy.) <0, f=det(y,»)- (2-10) 


One can easily see that f) and f are scalar densities of weight 2, and that the condition 

(2-9) and the inequality in (2-10) are independent of the coordinate system used. 
Now, we require that (2-8) is covariant for arbitrary transformations of coordinates,. 

where it is taken for granted that Y,, has such a transformation character as stated above. 


Then it follows under the condition (2-9) that 
w= Tok 1x /Ox?) (Ax°/O’ x) (Ax*/A'x*) + (8 Ix Ox?) (07x? 0 'x#O'x*y, 
w= /|J |) Lot (O'x*/Ax?) (Ax? /O'x*) Gx 72). 

Thus I, _ and /",* transform like an ordinary linear connexion and a pseudo-tensor of 


- . ' bode : 
order 3 respectively. This may be expressed also as follows: 1°) is subject to the inter- 
change of the lower indices besides the transformation like a linear connexion, when the 


(2-11) 


coordinates undergo a transformation with J< 0. 
It will be seen from the above that the concept of transposition is implied in the 
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transformation character of field quantities. For, when carrying out a coordinate transfor- 
mation with J<0, we have merely to transform q”” (1,2, etc.) like an ordinary tensor 
density (a connexion, etc.), and then to interchange the indices # and v. Accordingly, 
as long as a Lagrangian density is made only of these quantities, the transposition invariance 
of the Lagrangian will be assured by its property of being a scalar density. The variational 
principle then yields the field equations, which satisfy the requirement of transposition 


invariance as well as of general covariance. This plan will be carried out in § 4. 


§ 3. Pseudo-covariant differentiation 


In the ordinary theory of linear connexions, the covariant differential of a quantity 
@ (indices suppressed) transforms in the same way as Y. But it is not the case when 
we use the quantity /",) with the transformation law (2-11) in place of the ordinary 
connexion. This feature is contrary to Einstein’s formulation, so we shall explain it in 
some detail. 


To begin with we tentatively consider for any vector 7” 
do 4+T itdx, (3<4) 


which is formally analogous to the covariant differential with respect to the ordinary 
connexion. Since /7,} is a pseudo-tensor, (3-1) is a sum of a vector and a pseudo-vector, 


and is changed into 
(0 th Lx?) [dv a a dx*| (3-2) 


by a transformation with J<0. (Attention should be paid to the interchange of the 
lower indices of /’,}!) Thus the process defined by (3-1) is not invariant for a trans- 
formation with J<0. One should rather consider that (3-1) forms an invariant operation 
together with the expression in the bracket of (3-2). 

In this way we have been led to introduce (3-1) and a similar expression in (3-2) 


at the same time. Correspondingly, we define two kinds of differential operations such as 
dye or. tes, thee, Aeneas ; 
Oe SORE LON ee pel atl ue - (3-3) 


Each of these operations is invariant under transformations with J>0, but transforms into 
each other by those with J<0. In this respect they differ from the ordinary covariant 
derivative, so we shall call them pseudo-covariant derivatives. In contrast with this the 


process defined by 


Oy=0 +10 (3-4) 


has a meaning independent of the coordinate system chosen. 

The two operations in (3-3) are of the same form as the two kinds of covariant 
derivatives introduced by Einstein. In his formulation, each of them has individually an 
invariant meaning, and the two kinds are considered for convenience’ sake. In our formu- 
lation, on the other hand, it is impossible to preserve the covariant character without 
either of them, and the use of the one involves to introduce the other. 
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It is easy to generalize (3-3) and (3-4) to a tensor, a tensor density, and so on. 


For later use we give two examples : 


Tu v3 A= Tp. — Rv Ast —Iup ry, 
v a Bi D 
ga=GP ator Mtge he gh Tp. 


As to parallel displacements one can also consider three types corresponding to (3-3) 
and (3-4). Of course the (+)- or the (—)-parallelism has no invariant meaning, 
if considered separately. That is, the (+)-parallelism in one coordinate system does 
not coincide with the (+)- but with the (—)-parallelism in a system with the 
reverse screwsense (a system derived from the former by a transformation with J20)5 

The first quantity of (3-3) is a sum of a tensor and a pseudo-tensor, and we can 
obtain its pseudo-covariant derivative: e. ct 

Ursus v= Cts wa FO, at Corey eae 


Interchanging / and » and subtracting, we get 


US Ue aay — 22 hv; p? (3-5) 
++ + + 
where 
Rete! poe yl ee! aol pe (3-6) 


(3-5) is a generalized identity of Ricci. 
The quantity (3-6) corresponds to the curvature tensor in the ordinary theory of 
linear connexions. In the present case, however, it is no more a tensor but a sum of a 


tensor K ae and a pseudo-tensor K*,,,, thus 


Rete = KK ie ae Rae > 3 é 7) 

where 
Se hl Pe Hele al hela eel ied felee Crh) 
KP vo = vio — oly: (679) 


The quantity | ae appears also when a vector is transported (-+-)-parallel to itself 


along a small closed circuit. 
Contracting R*,,, for 2 and o, we have a quantity R,y, which is a generalization 


of the Ricci tensor. It is also a sum of a tensor and a pseudo-tensor, i. e., 


Ryy=KytKy 5 Kyv=Keuvy» K ye K Ye (3-10) 


A similar formula to (3-5) follows, if one carries out a transformation with J <0, 
thus (primes omitted) 


A (MY de oe ‘ 
Uns yy — Ua vip = (Kopuv Ky.) 0? +20 bUns¢ 
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§ 4. Derivation of the field equations 


In this section we derive the field equations on the basis of the variational principle. 
Here the Lagrangian density is introduced by generalizing (1-2) in a very reasonable 
manner. The field quantities q’” and /’,) are supposed, in the course of variation, to be 
independent of each other. And the foregoing relation (2-8) between them results 


from the variation. 

Now, in the symmetric theory, the Lagrangian density (1-2) is used for the deriva- 
tion of the gravitational equations for empty space. Therefore, one might try to generalize 
it by removing the symmetry condition for q” and /’,; to obtain the Lagrangian 
density for the non-symmetric field. But the resulting expression is evidently a sum of 
a scalar density & and a pseudo-scalar density @. So we must choose either of them as 
a Lagrangian density in order to make the field equations covariant. For its determination 
we consider the transition from the non-symmetric to the symmetric case. In this limit, 
& goes over to the Lagrangian density in the symmetric theory, while & is reduced to 
zero. This seems to show that it is reasonable to adopt & as the Lagrangian density in 


our case. Its concrete expression can easily be calculated as follows : 
Say A ae (4-1) 


where : 


° 


= R? wp ue py Kyw=l Ble — Db J eis / 2. (4-2) 
As to the variation with respect to f*” we shall follow the case of Maxwell’s equations 
in special relativity.» There we have two methods of deriving the equations from the 
variational principle: 0| >)F,,F,,d'x=0. The one method consists in the variation 
wav 


with respect to the 4-vector potential ¢, introduced by 


Fi Oe Ou, ys (4-3) 
Then the variation produces one half of the field equations (i.e., S)F,,,=0). The 
other half, . 


Fey at Lanett ie yO, (4-4) 


is obtained from (4-3) after elimination of ¢,. The alternative method is to carry out 
the variation relative to F,, by taking (4-4) as an auxiliary condition. In this way one 
can avoid the introduction of ¢,. It goes without saying that the two methods lead to 
the same system of equations. 

Similarly, we may also have two methods in the non-symmetric theory. To see this. 
we introduce the dual of ¢, by 


(ES a (4-5) 
which is a pseudo-tensor density of weight 1, skew-symmetric in all indices. Then (4-3) 
and (4-4) have the forms oor, and 3? =0 respectively, where eu is given. 
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by (1-3). If we observe that the quantity f*” has the same transformation character as 
w"”, the following two methods may be suggested :? (1) Make the variation with respect 


to f*” under the auxiliary condition 

NY 5 (4-6) 
(2) Introduce a pseudo-tensor density f" of weight 1 through 

fur — PEN . (4 5 7) 


and then carry out the variation with respect to fur in place of fe”, Both methods will 
produce the same result. 

In what follows we shall adopt the latter method. By a simple calculation it follows 
that 


BL =Ky, OH" + (Ky DP) pK dP + GP OP — OY OLD 
= (5, Or be, Or eos Patel s2) oN 
+ (EPONA EP APY) a— Pa On Ep HAH LAL. (4-8) 


Here apply the variational principle : a|&d'x=0, where Of’, Of and O/’,) vanish at 


the boundary of domain of integration. Then the results are 
Ryy=0, Kyat KautKoyv=0, (4-9) 
at —6d," (6, a S ee) /2 eG (h", 4 fre re V2 
+e Pet Pr Pyk=0, (4-10a) 
t+ (3°, — Oy £"*1,) /2—hi Pty r=. (4-10b) 
If we contract (4:10b) for 2 and v, we get by virtue of (4:7) or (4:6) 
2H T= —t" y=. 
Since det (h"”) =h2<0, this equation reduces to 
[y= 0. (4-11) 
After contraction of (4-10a) for 4 and », we find on using (4-11) 
hee f= 
In view of these results the equations (4-10) can be written as 
Ge tie ae oe): i-e., Qt-,,=0- (4-12) 


This equation is equivalent to (28). 
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When (4-12) (or (2-8)) and (4-11) hold, both K,, and Kap vanish, so R,y 
and R,, coincide with K,,, and Kp respectively. Thus (4-9) takes the form 


Ryy=0, RwatRuagt Ragv=0- (4-13) 


Summarizing the results, we may conclude that our field equations are (2.8), (4-11) 
(or (4-6)), and (4-13). They are of the same form as the equations obtained by 
Einstein and Straus.” It is easy to see that they are equivalent to the Euler equations 
(4:9) and (4-10) with the auxiliary condition (4-6). 


§ 5. Concluding remarks 


In this paper, Einstein’s relativistic theory of the non-symmetric field has been 
reformulated so that the transposition invariance need not be postulated. The field 
quantities are different in transformation character from the quantities in Einstein’s formu- 
lation. In what follows we shall state salient features of our formalism. 

The present author formerly clarified that it was preferable to identify the quantity 


ore q’?/2 with the electromagnetic tensor F,,, in Maxwell’s theory.” The same view has 
been held by Hlavaty, who obtained an interesting result favourable to this identification.” 
Einstein also considered that the electric current density should be represented by 
Greg 6/2” When g,, is a tensor as usual, these quantities are respectively a pseudo- 
tensor and a pseudo-vector density, in contrast with the case of Maxwell’s theory. This 
difficulty dces not arise in our formalism. In fact, the corresponding quantities are a 
skew-symmetric tensor and a vector density respectively. 

Einstein -ased his new formulation on a certain change of connexion called the /- 


) If we tentatively admit this change in our formalism, the new /’,) arising 


transformation.” 
from the original one by the /-transformation does not transform according to (2-11) 
under a change of coordinates. Thus the /-transformation loses its meaning in our case. 
This fact seems to be all the more desirable, because no interpretation has been put so 
far on the /-transformation from the physical point of view. 

The author wishes to extend his sincere thanks to Professors Y. Mimura and H. 


Takeno for their kind interest in, as well as for their helpful suggestions about, this work. 
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In the case of inelastic scattering of neutrons in which the residual nucleus is left in a definite 
low-lying excited state, the surface direct processes through single particle excitation and through same 
sort of many particle excitations are formulated in a similar manner as in deuteron-stripping 
reaction. The distorted wave method is employed and its validity for the mentioned processes is 
discussed in some detail. The cross sections obtained are compared with that of another surface di- 
rect process accompanied by collective excitation and with that of the process through compound nucleus 
formation. It is shown that for intermediate and heavy nuclei (i) the collective excitation is much 
larger than the single particle excitation and (ii) the compound nucleus process is more important 
than the surface direct process in low energy region in which there are few open channels, while the 
latter is much larger than the former in higher energy region where many channels are open. 


§ 1. Tntroduction 


In recent experiments” many evidences have been accumulated which clearly indicate 
the inadequacy of the concept of compound nucleus in explaining some of the nuclear 
reactions at moderate energies. One of the typical examples is the forward peaks of an- 
gular distribution appearing in the case of inelastic scattering of particles in which the 
residual nucleus is left in a definite low-lying excited state. Such phenomena are evidently 
contradictory to the result of the statistical compound nucleus hypothesis. 

It, therefore, seems necessary to modify the concept of the compound nucleus, for 
instance, by removing some of the underlying assumptions, 1. e., statistical assumption and 
continuum assumption, etc. Another possible and more realistic way of modification is to 
take into account such processes that take place without formation of the compound 
nucleus. These are called direct processes and may be divided into two classes : volume 
direct and surface direct processes. The former takes place inside of the nucleus, while 
the latter occurs at the diffuse layer at the nuclear boundary. The surface direct process 
may further be classified into various processes according to the mechanisms by which the 
target nucleus is excited. In the case of inelastic scattering of neutrons, Austern, Butler 
and McManus” proposed the process by single particle excitation, whereas the direct pro- 
cess by collective excitation has been worked out by Hayakawa and Yoshida”. As these 
mechanisms are of the extreme natures, there may be intermediate mechanisms of nuclear 
excitation, which may be called “‘ group excitation ” @-particle excitation may be considered 
as one of the examples, in which a quasi a-particle in a nucleus is excited to its higher 
level to form residual nucleus. The mechanisms which work in actual nuclear reactions 


will be governed by the natures of target and residual nuclei. 
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The purpose of the present paper is to formulate the surface direct processes by single 
particle and group excitations and, further, to investigate in what conditions, i. e., energy 
region, mass number, etc., the processes become of more importance in» comparion with 
the compound nucleus process and with another surface direct process by collective excitation. 

We shall deal only with the case of inelastic scattering of neutrons in which the 
residual nucleus is left in a definite low-lying excited state. Inelastic scattering of protons 
can be treated in a quite similar way. 

By the use of the technique developed in the previous paper,” 


) 


the exact formula of 
T-matrix of the surface direct process is presented in the next section. Section 3 is devoted 
to its approximate reductions and their validities are discussed in some detail. In section 
4 the total and differential cross sections are presented and they are compared with those 
of the collective excitation and of the compound nucleus process in sections 5 and 6. 
Finally in section 7 some discussions are added. 

The main results obtained in this paper may be summarized as follows. 

(a) The shapes of angular distributions and excitation functions of surface direct 
processes between two given states are almost independent of the mechanisms by which 
the target nucleus is excited. 

(b) The cross section of collective excitation is mush larger than that of single 
particle excitation. 

(c) In low energy region the compound nucleus process is larger than the surface 
direct process. 

(d) When the energy of incident neutron is sufficiently high so that there are many 
open channels, the surface direct process is much larger than the compound nucleus pro- 
cess. For heavy nuclei the latter may be negligibly small compared with the former in the 
energy region above 10 Mev. 


§ 2. Formulation 


In this section the surface direct process is formulated using the technique described 
in the previous paper” which will be hereafter referred to as I.* 

In the formal theory of nuclear reaction developed by Wigner and his collaborators” 
the configuration space of a system is divided into two regions, internal and external ones, 
by a hypersurface S which is usually taken to be located as near actual nuclear surface as 
possible. It has been assumed that all nuclear interactions are confined to the internal 
region. However, an incident particle does interact with the tails of the wave function 
of a target nucleus which extend to infinity though in exponentially decaying manners. 
As was shown by Thomas”, it is those interactions in the external region which cause 
the stripping and pick-up processes in (d, p) and (p,d) reactions, respectively. There- 
fore, in the case of inelastic scattering of neutrons, it seems natural to call surface direct 


process the contributions arising from interactions in the external region. 


ok ss 
More general cases of rearrangement collisions have been presented in the previous paper. 
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In treating inelastic scattering of neutrons, the Hamiltonian H of our total system 
is separated into two terins, 


H=H,+V, 


where H, of the free Hamiltonian, representing a nucleus and a free neutron and V is 


the interaction between them. Schrodinger equation of the system, 
He — Ee, (1) 
is represented, with suitable boundary conditions, in the integral form as follows” : 
PO=O,4+ (E+ie—H,) 1 VED? 
=(1+ (E+ie—H) 7-19; (2) 


‘where @, is the wave function of the initial state a, 7,-exp(ik,1,), with the wave function 
J, of the ground state of the nucleus. 
The transition matrix element between the initial state a and the final state 6 with 


an excited state g, of the nucleus can be written as follows: 
Tra= (9,|V\EO?) =(@,|V|[1+(E+ie—-H) 7 -V)@.), (3) 
where 
CSE" In : 


Further, the interaction V is divided into two parts in accordance with the situations* 


jn which the neutron interacts with the nucleus either in the internal or in the external 
regions, 

V=V,4V3, (4) 
-where V, and V, are the internal- and external-region-interactions, respectively. Then, the 


equations (2) and (3) can be represented as follows” : 


ye Pere Hy) Vitis) 2. 


=[1+ (E+ie—H)7-V,][1+ (E+ie—H,—V) 7 Vil Pu, (5) 
feed Gia (6) 
TO=(9,|V,\[1+ Etie—H,—V) 7 -Vi\%), (6a) 
T= ([(1+ E—ie —H,—V) 7 -V)9,|Ve\[1 + (E+ie—H)™-V;] 
x [1+ (E+ie—H,—V) 7 -Vi1)%.). (6b) 
The first term of (6) **, T{2, contains only V; and can be considered to involve a 
: ya (4 HSB ypu ( i<B, 
lo, @,=R)- IV, (n=R)- 
where 1, is the radial coordinate of the neutron from centre-of-mass of the target nucleus and R is the radius 
of S. 


** This term can be represented in the form of the many level formula of Kapur and Peierls, which 


-was shown in J. 
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contribution of the compound nucleus together with that of the volume direct processes, 
while the second term, T{, represents the correction term due to the interaction in the 
external region and, therefore, may be reasonably interpreted as the surface direct process. 

Since V; vanishes in the external region and V7; is effective only in the external 


region, [1+ (E+ie—H,—V) 1 -Vi\, and [14+ (E—ie—H,—V)*-Vi]% in Tyo? are 


in their wave zones. Therefore, they can be represented as 


[1+ (E+ie—H,—V)) Sed gO ae C= STO Ee; (7a) 
B 
[1+ (E—ie—H,—V,) 7 -V,|9,= — {%— DT Le (7b) 


where E{*) is the outgoing wave in channel § and T,@ is the transition matrix element 
between states @ and # arising from the internal-region-interaction V;. 

In treating the single particle excitation, the wave function of nucleus is expanded 
in a series of wave functions which are the products of the single particle and remaining 
core states in the external region ; 


Ga (r, = Jy K,) =D)G, (¢) isi, (8) 


Irede= D1 la j Ma ¥\T, Ka) (2M/6? R)*” 


Fea{b? (ikar) (bP (iKaR)}Y jreY tama (Qe) » (9) 


where G,(¢) is the wave function of the core c, I, the spin of the nucleus with its z- 
component K,, and /, and m, are orbital angular momentum of the extra-particle and 
its z-component. oe is the wave function for the channel spin j and its z-component 
¥, which is a resultant of the spins of the core and the extra-nucleon. 7,, is reduced 
width amplitude which has the dimension of (energy)’” as was defined by Thomas™. 


The interaction Vz is taken to be a sum of two-body nuclear forces, 
A 
Vp= (21% io) (10) 


V,, being determined by the nucleon-nucleon scattering data and the binding energy of the 
deuteron. In nuclear matter the two-body nuclear force might not be so strong as is 
inferred from free nucleon-nucleon scattering data. However, this effect may be negligible, 
since the density of nuclear matter is very small in the external region where the surface 
direct process takes place. 

In the case of “ group excitation”, the wave function of nucleus should be expanded, 
instead of (8), in a series of wave functions which are the products of the group and 
the remaining core states. Further, it is convenient to write (10) as a sum of effective 


potentials between the group, say, @-particle and a nucleon which is determined by experi- 
mental data of a@-nucleon scattering. 


The cross section of inelastic scattering is given by 


do /d2Q=(M/27%*)? »(Ey/E_)1 ah Toal?, (11) 
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7; (12a) 

where M is the nucleon mass, and E, and E, are the kinetic energies of incident and 
emitted nucleons, respectively. If the statistical assumption hold for T/?, namely, if wave 
functions of the emitted particle from various levels of compound nucleus have random 


phases, the interference term between T,) and T,@ will vanish and (12a) may be written as. 


Toal?= ITH 


[Trol?=|TP +72 


ba 


4 Tie 


2. (12b) 


In this case the angular distribution will consist of the contribution due to the compound 


nucleus process, which is symmetric about 90° direction, superimposed by that of the 


surface direct process. 


§ 3. Methods of approximation and their validities 


This section is divided into two parts for the sake of convenience. In the first part 
we employ the Born approximation to treat the formula (6b), T,@. Though its validity 
is not generally guaranteed except for some special cases, it is presented first for convenience 
for the discussion on the validity of the distorted wave method which will be given in 
the second part. 

Throughout this paper, the anti-symmetrization of wave function and the tensor com- 
ponents in the external-region-interactions are entirely neglected. Further, the channel spin 
j and the spin state of the incident neutron is assumed to be unchanged during the 
process. 

i) The Born approximation. 

First, we shall evaluate the matrix element T, using the nuclear force with the: 


form of 0-function : 
V (r,—r.) =CO(r,—T,). (13) 
Then, 


ie Qe gee ag 9n* (Te €, 1K) Jae SL KV (ri r,)dr,dr, dé 


= C (2M /6° R) ca ; lc (l,j Ma y| i K,) (L, jmp Y | I, K,) 
MaMh 


« eas {hf (ik,1) [b> (i Ka R) \ {hi (ik,r) /bi2 (i, R) \ 
R 
x Yee ae (2) Yiams (2) dr. (15) 


Using Racah’s technique”’,the component sum of angular momenta, combined with the 


integration with respect to angular coordinate, can be easily performed with the result, 
Ti2 =C(QM/PR) rar-fa(— 1) OTR (ee 
x 5 R (ll, L, R) (I, I, Ky—K,|L 0) Zig tate des jL) * (16) 
Z 


Here Z(l,Inlsh, jL) is Z-coefhicient of Biedenharn, Blatt and Rose,’”, and 
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R (AE L, R) = | jz (k— k;| 4 r) {bh (ik,7) /b? (ik, R) } 


xX {hb (ixer) Vby? (ix, R) }r°dr, (17a) 
which can be approximated as 
R Cale, R) 7 (|ka—ke| * R) 
x \ {by (itear) /bi® Citeg RY} {BL Cinepr) /bi® City R) } Pdr, (17b) 


since the integrand of (17b) decreases very rapidly, whereas j,(|k,—4,|r) is an oscillating 
function whose wave length is much larger- than the decreasing rate of the former. The 
approximation (17b) may be expected to be very good when the single particie excitation 
is concerned. For group excitation the error introduced by (17b) may be considerably 
larger, since the binding energy of the group to the remaining core is small and, con- 
sequently, « is small due to its large internal energy. 

It should be noted that the angular distribution obtained by (17b) is, apart from 
the proportional factor, just the same as that given by Austern, Butler and McManus”. 

Next, the nuclear force with finite range is to be considered. For this purpose, we 


shall perform the Fourier transformation of V(\r,—7r,|), 
V(r) = (22)? ‘| G(P)e"P" dP, (18) 


and its substitution in (14) leads to 
Ty? = (27)*”-G(|k,—ky|) X [Equation (16) /C ]. (19) 
For Yukawa potential, V(r) =V,e~*"/ar, 
(27)? -G(|k—Ky|) = (42/a) Via? + |kg— ko?) (20) 
Due to the form factor (20), the forward peaks of angular distribution will slightly 
increase in comparison with the case of zero range nuclear force. The effect, however, 
may be negligible when the incident energy of neutron is below 5 Mev. 
The strength of the potential with 0-function form cannot be determined by the two 


body problems at low energy, because it cannot form bound states. Therefore, we shall 


estimate the strength C by the use of the following relation which is obtained by equating 
(19) with (15), 


C= (40/2 )°V, (21) 
with the restriction 
a? > |k,—k,|?. (22) 


The equation (21) is also obtainable by taking average of the potential with respect 
to uniform wave function. It may be reasonable because of the following consideration. 


When the energies of incident and emitted neutron are low, their wave functions are 
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nearly. constant within the range of nuclear force. Therefore, in the equation (14), we 
may put V(|r,;—r,|) out of the integral. The same relation may also hold for the 
distorted wave method with the restriction (22). 

In order to reduce the exact formula (6b) into the equation (14), i. e., T-matrix 


element in the Born approximation, it has been necessary to use the following two 
approximations : 


(A) The interaction Vz is taken into account only as first order perturbation. 

(B) The effects of the internal-region-interaction are completely neglected, namely, 
(7a) and (7b) are approximated by @, and @,, respectively. | 

The approximation (B) may be applicable only to the case in which the energy of 
incident neutron is sufficiently high and the traget is light nucleus. 

As is well known, the nuclear force cannot be treated by the Born approximation in 
the case of nucleon-nucleon scattering. In our case, however, the first order Born ap- 
proximation (A) may be expected to be rather good, because the wave function of the 
nucleus in the external region is very small compared with that in the internal one. 

In order to explain the situation more concretely, it may be convenient to represent 


reduced width 72, in the unit of the sum rule limit of Teichmann and Wigner’, 
T= GH/2MR) 95,. (23) 


It should be noted that the sum rule limit 34°/2MR° is derived by using uniform wave 
function. However, a wave function of bound state is not uniform, but is rapidly de- 
creasing near the nuclear surface. Furthermore, the reduced width amplitude is proportion- 
al to the amplitude of the wave function at r=R. Therefore, for bound states, 7° 
does not approach to Teichmann-Wigner’s sum rule limit, but considerably smaller than it 
even in the ideal single particle model. The upper limit of @ may be expected to be 
of the order of 107". 

The radial part of the wave function in the tail region can be written, using 0,, 


instead of 7.q, as follows, 
V3 - Ro? O.q {by (iar) /b{? (ia R)} - (24) 


Then, the transition matrix element between the states a and 4, {A\Vz\a), which 
appears in the second order perturbation $}(6|Vz|A) ¢A|V, nay (E—E,)~, can be written, 
x 


apart from the geometrical factor, as follows : ' 


R04: A.| drei a-ha | dr,Vg(r;—1e) {hi? (iteats) (bY Cea R)} 
x {hi (i Ki To) /bi? (ik, R) } Yiama (2.) bepean (25) . 


Here the quantities with the suffix 1 correspond to the ones with the suffix a in the 


state 4, ; ’ 
Adopting the nuclear force with the form of 0 function, we may safely think as if 


the strength of the interaction V,, defined in (21), would be reduced to 3 (@ R)~* Qea Fer Vo. 
For light nuclei with the ideal single particle model, which is apparently the worst case 
for the convergence of perturbation, 3(@R)~'O,,%,, is, on an average, of the order of 
107! or probably much smaller. Moreover, the restriction of the integral region rR 
may be favourable to the convergence. Thus, the approximate procedure of (A) may be 
expected to be rather good, provided the approximation (B) is applicable. 

It may be worth noting that the success of the Butler theory’ in the deuteron- 
stripping reaction may be due to similar circumstances. 

ii) Distorted wave method. 

Reserving the approximation (A), the approximation (B) will be improved in the 


following. 
We shall approximate (7a) and (7b), 
[i+ (E66 SHV) MeV) 0, = ge Ee (7a) 
Liar Ene Bly eV) Vari a a Ce angele ale (7b) 
a 


by taking into account the wave function in the entrance channel only, namely, by setting 
=a in (7a) and 7=6 in (7b). The contributions from other channels will be entirely 
neglected. As was pointed out in section 2, the matrix elements T,% and T,{° represent 
the processes due to the internal region interaction V; only. Therefore, they differ from 
the diagonal matrix element, T,, and T,,, of the system which contain contribution of 
the external-region-interaction V,. The differences, however, may be negligible, since the 
interaction of the external region is very small compared with that of the internal one.* 
Then, the distorted wave may be safely determined by the experimental data of nucleon 
scattering by nuclei. {%,—T,,E{} may be represented as follows : 
2h yt ye (fy) Viney (i) e YE te (2,)9 (25; GH), 


ein 


(25) 


Ula (1%) sep Rats) = QLa be (ats) » 


where 2, is the direction of k,. Eq. (25) is chosen so as to approach to W, in the 
limit of yz ,->1 for all ZL. 


. IN . . . ope . . o 
Then, using the 0-function interaction, the transition matrix element is given by 


Tye =47° C(2M/6R)Fea'Ton >) FO (2L,+1) [40 


Lea lp My 
MaMpyY 
; (l,j ma¥|I,K) (l,j m,¥| I, Ky) 
KA(L Lslab, OM,m,m,) 7 (Lalslal, R)¥x,0, (2,) 5 (26) 


where 


The argument may not hold for non-diagonal matrix elements, because, though the absorption of wave 


takes place mainly in the internal region, its fraction in a channel may be small due to the large number of 
open channels. See § 6. 
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R (L, L, l, L» R) a Be (r) Ur (r) {b? (ik .7) /b (ik, R) } 


x {be (ikyr) /b?? (ix, R) }rdr, (27) 
and 


CLUAL UI: 0Mim,m,) =|v2.0 Yan YiamaY Hn, dO. (28) 


Here the quantization axis of angular momenta is taken to the direction of k, and, con- 
sequently, M,=0. 


In a similar way to that in i), (26) may be represented as follows: 
Dig —GIMIE K) yeep ae> hoe (1) I Ol 
X (L,1,00|A0) (L,L,0—M,|44) EK. — KA 
* ¥ (2L,+1) (21,41) = (24+1)7- ¥ (22,41) /42-ZLLG, jd) 
XR (La Lglil, R) Yrym, (2). (29) 


As is apparent in i), the convergence of the Born approximation is assured by the 
small amplitude of the wave function of the target nucleus in the external region. 
Therefore, if the amplitudes of the wave functions of incident and emitted neutrons do 
not differ so seriously from that of plane wave, the distorted wave method will converge 
rapidly, while the large increase of these amplitudes near nuclear surface, which is the 
case of resonances, may destroy the convergence. Then, it may be sufficient to discuss 
in what cases these amplitudes increase considerably to destroy the convergence. 

As the distorted wave function in the external region can be represented as /, (kr) 
4+T,h} (kr), its amplitude near r=R- may be almost the same as that of plane wave 
when |T, 


as sin 0,-exp(i0,) and resonances occur at 0,=7/2, where the absolute value of T’, 


<1. If we adopt the distorted wave by a real potential, T, can be written 


takes the maximum value unity and, consequently, the amplitude is in maximum. As is 
well known, the associated Hankel function of the first kind hb} (kr) can be approximated 
by its asymptotic form (kr) Texpi(kr+2L/2) for kr=L(L+1)/2. Therefore, when 
k,R and k,R are much larger than unity, the convergence may be expected to be rather 
good even if kR corresponds just to resonance. Of course, the distorted waves with large 
angular momenta which take part in the reaction may sometimes be accompanied by large 
amplitudes near r=R. Such a case, however, does not play an important role in the 
final result of the process, since there are many other partial waves with smaller angular 
momenta, for which correct results may be obtained by the distorted wave method. Then, 
we may conclude that the distorted wave method may be a good approximation for inter- 
mediate and heavy nuclei except for the energy region near threshold, and for light 
nuclei with higher energy region. 

As kR becomes much smaller than unity, f°? (kr) can be approximated by —i-1-3-5--- 
(2 L—1) / (kr) **3, whereas j,, (kr) approachs to zero as (kr) *7 stg 25723 (20-- 1). - There: 
fore, the amplitude of distorted wave may become very large if kR<1, except in the case 


W772 Bi. ci 


of T;,~0. Moreover, only few number of partial waves with small angular momenta can 
take part in the reaction. In view of the above consideration, the distorted wave method 


may not be valid for k,R<1 and k,R<1, especially in the case of resonance. 


$4. Differential and total cross sections 


In this section the differential and total cross sections are calculated in the case of 
the approximation ii) in the preceding section. 

The differential cross section of the surface direct process by single particle excitation 
can be written as follows : 

do (a, 6) /dQ= 5} (21,41) *- (M/2n#?)? (Ey/E,)’? + |Tra? |’, (30) 
Kaks 

where T, was given by (29). 

It may be convenient to express (30) as a series of Legendre polynomials P, (cos @) , 


? oe 


which may be performed in an wees way to Blatt and Biedenharn’s The result is. 


yl 20V : 2M, 2 oe! 1 
if pb) ee ae ere) Ge Ro 2141 
XS} (— 1) 2a tar _Y (22a +1) (2L,+1) (rp, L,00|A0) (L,’ L,/00|A0) 
gyre] 
Sl Be br gh Wa Bi ag SS wig 2M ye Ia it 4 Bon 
“RAL Lill, Re Lelol le RP feos.B).. (31) 


where the relation (21), i. e., C= (47/a*)V,, is utilized. 
The total cross section of the process is readily obtained by taking the coefficient of 
P, (cos @) multiplied by 47 as 


o (a, |) == (227,) (703) (Ber 
4 \ BP ri) (Get ts) ag WBE gis 


Zs Leda. los jA 
xd ( ice 21 Gh at1) (2L,+1) (L,£,00/40)7|# (La Lyi), R)I®. 
(32) 


In the same manner as in (17), the radial integral /¢ (L,L,/,1,, ie 


[2% 0) “e050 h Great) [BE (ee RY} BO Gre) /bD (ins R) }r2dr, 
may be approximated as follows : 


R (Ys Lal, b,, R) = ULa (R) ULy (R) KR Al l,, R) ? (33). 


where 


Ke (ts ly, R) = [hx (ik, R) . b> Gi Ky R) ale t {. hf? Gi Kg, r) bf (iksr) rdr, (34) 
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which can be integrated analytically only if /,=/,=/: 


he (1, R) = [R/ (xq —K;) 1s [xy bo, (ik, R) - bh? (ix, R) 
Ky bY, (ix, R) -hY? (ix, R) |, (34a) 


Re (00, R) =R°- / (&,+4;)- (34b) 


Using this approximation and representing the reduced widths 7,, and 7; in terms 


a 
of the unit of sum rule limit of Teichmann and Wigner, the total cross section (32) 
becomes 


o (4, 6) = SIF (la Talo lnj4, R) Si (2La+ 1) (2h, +1) 
Lals 


X (L_L,00|40)*|uzq (R) |? |uz, (R) |*, (35) 


where 


: 97 ow E 72 2 

Fa EER a Rye, test) Eng 2B 2 
( o+o] ) 4g PEE, Rt E. b 

1 R (L, Ls R) : YEP I, l, [,j/) ‘ 


; (36) 
(a@R)° R’ (20+ 1) 254-1) 


and 
uz, (r) =kr-vz(r), 


which will be compared with that of collection excitation in the next section. 

In order that (35) can be compared with the excitation function of the compound 
nucleus process, it seems convenient to express |u,(R) |? in terms of the transmission coef- 
ficient T,(E). For this purpose, according to Blatt and Weisskopf’®”, the following | 


abbreviations are to be introduced : 


egrm Giee| 


[bi (kR) /bS? (kR) |=exp (2i€;)- 


=4,4+i5,, 


=R 


Then, 
qu=[(fr—42 +i82) /(fr—42—iS1) | exp (2452), 
vz (R) =h (KR) (—2iS1) /(fr—4i—152), 
\uz (R) |? =4kRSz/{ (Re fr—4x)*+ (Ln'fn—Sz)*}. 


On the other hand, the transmission coefficient T, (E), which is defined by 
of) = (2L+1) (1/F)T1(E), can be represented as 


T(E) = —48;, Im fir { (Ref:—4;)?+ (Im f,—S1). 


Therefore, |u,,(R) |? can be written in terms of the transmission coefhicient as 
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2— (kR/—Im f,)Tz(E). (37a) 


If we adopt the continuum theory, Im f;, is equal to —KR, then 
|uz (R)1?= (&/K) Tr (EZ). (Continuum Theory) (37b) 


It is to be noted that, for group excitation, the results obtained in section 3 and 4 
for the single particle excitation will also hold with slight modification, provided the 


approximations used before are all adopted. 


§ 5. Comparison with collective excitation 


In this section the total and differential cross sections obtained in the preceding 
section are compared with those of collective excitation calculated by Hayakawa and 
Yoshida”. 

In the strong coupling case of Bohr and Mottelson’”, the total cross section of a 


direct process by rotational excitation is given by 


On (4, b) =F (Taly2, R)S)(2L4+1) (2L,+1) 


ab 
“lars (Oe, (38) 
where 
21,+1 7 | Eo Q N2f Ae 
F2(41,2, 3) == J a EF ee 38 
elated &) OT Edn 148905 oe EJ ON TE Gere. ie 


Here Q, and Z are, respectively, the intrinsic quadrupole moment and atomic number of 


the target nucleus and W is a potential whose magnitude is assumed to be approximately 
30 Mev. 


i) Selection rules 

In order that single particle excitation can take place it is necessary that the excited 
state can be represented as a state in which only one particle state is different from that 
in the ground state. In other words, the excited state should be formed by a single 
particle jump from the ground state, the core state remaining unchanged. Then, the 
selection rules imposed on the single particle excitation are merely usual ones arising from 
the conservation of angular momentum and parity’ which are involved in the Racah and 
Clebsch-Gordan coefficients appearing in the T-matrix. When the ground and excited 
states can be described not exactly but only approximately by the ideal shell model, the 
mixing of single particle configurations should be taken into account, for which we must 
perform the summation over /, and /, and evaluate the parentage over-lap of core states. 

On the other hand, it is characteristic of the collective excitation that levels of the 
same family have the same parity and small spin changes between neighbouring’ states. 
In the prescription of Bohr and Mottelson the strong coupling case is of special importance 
for the rotational state. Therefore, we restrict ourselves mainly to this case which is ap- 


plicable to the intermediate and heavy nuclei except for the immediate Vicinity of major 
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closed shell. The rotational states correspond to rotations about an axis perpendicular to 
the nuclear symmetry axis and, for even-even nuclei, their spins are given by 2, 4, 6, ---. 
The odd values of I do not occur, since such states would have odd parity. For odd-A 
nuclei the circumstances are slightly involved. However, it holds generally that the 
rotational states should have the same parity as that of the ground state. 

The weak coupling situation expected in the immediate vicinity of major closed shells 
implies that the collective excitations to low-lying states are essentially of the simple phonon’ 
character. As was calculated by Hayakawa and Yoshida, its cross section shows just the 
same form as that for rotational excitation in the strong coupling case. 

Then, we may at least conclude that the process is not caused by collective excitations, 
if the large spin change or change of parity between ground and excited states are inferred 
from the observation of angular distribution. 

ii) Shapes of angular distribution and excitation function. 

As is apparent from (35) and (38) the energy dependences of total cross sections 
are independent of the detailed mechanisms of the surface direct processes, provided the 
selection rules mentioned in (i) do not come into play. 

Similarly, the angular distributions are of the same form for all surface direct pro- 
‘cesses associated with two given states of the target nucleus. 

Therefore, it is impossible to conclude that certain inelastic scattering is caused, for 
example, by rotational excitation by observing only its angular distribution. For the further 
details, it is necessary to check the absolute value of the cross section. 

iii) Mass number dependence of the cross sections. 


In Eq (35) the factor dependent directly upon the mass number A is given by 


o,(a. by ce LR lal R* Sy (on 41) 2L,+1) 
R R’ Laly 
X (Ly L,0.0|20) |szq (R) |? |uz, (R) (39a) 


As it may be apparent in the preceding section, the factor #7 (1,1, R)? is roughly pro- 
portional to R*. Therefore ZR (l,l, R)?/R' may be considered to be A-independent. On 
the other hand, |u;(R) |? was shown to be proportional to T(E). As we are interested 
in the general trend of A-dependence, the proportional factor kR/Imf;, is assumed to be 
approximately A-independent, which is the result of continuum theory, though it depends 
strongly upon A in the low energy regions where the cloudy crystal ball model’* has been 
successfully applied with the small imaginary part of the potential. The transmisson 
coefficient T(E) is connected with the capture cross section ©, through the following 


relation, 


ope (use) 2 (2L+1)T,(E). 


As o, is proportional to R’, the sum, 


ize el) (22, F 1) (L,,L,00|40) *| uz, (R) i [uy (R) le 


Lalp 
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may be estimated to be roughly proportional to R”, where x is between 2 and 4. There- 
fore, 7, (a, 6) is proportional to R~’, where 4>y>2. The cross section of group ex- 
citation shows equal R-dependence, provided the reduced width in the unit of sum rule 
limit are the same for all nuclei. 


In the case of collective rotational excitation, we have 


O(a, 6) oc (Qr/3ZR)* Di Lat 1) (2L,+1) 


SCL, L,00/2'0)7 | uz, CR) Pee, GT (39b) 


According to the collective model, the intrinsic quadrupole moment Q, is intimately 
connected with the deformability of nucleus. _If we adopt hydrodynamical description of 
nucleus, (Q,/3ZR’) may be considered to be A-independent. Then, o,(a, 6) is pro- 
portional to R*~ R’. 

iv) Relative ratio. 

We shall discuss the relative ratio of the single particle and collective rotational 


excitations in the transition from [.,=0* to [1,=2°. 


ng (G,'b) vol NES 2536 Ne ( V, af 
ox (a, 6) FR 5 W 


Lig Olt; Gay hel Bs, R (Labs, R)?” 
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Though, in the single particle excitation, we have focused our attention only on a single 


x (40) 


particle state with anguiar momentum /, outside the core, there may be several particles. 
in the state which can equally contribute to the process. Therefore, the cross section 
os(a, 6) should be multiplied by a factor N, where N is approximately equal to the 
number of the nucleons in the state /,*. From the analysis of two-body data”, V, and 
@ are taken to be about 60 Mev and 1X107*cm, respectively, whereas W is assumed 
to be about 30 Mev. On the other hand, the intrinstic quadrupole moment for the ground 
state of even-even nucleus is represented, in the strong coupling case of Bohr and Mot- 
telson, as follows : 


Qo= (1/167) (g/C) (3ZR), 


where g is a coupling constant between single particle and collective modes and is assumed 
to be about 40 Mev, whereas C represents the deformability of the nucleus. Adopting 
the hydrodynamical description of nucleus, C is taken to be 60 Mev for intermediate and 
heavy nuclei. For light nuclei it decreases to 20~30 Mev’. Then, for intermediate. 
and heavy nuclei, 


Qo= (1/127) (3 ZR’). (41) 


* Strictly speaking, the factor N depends on the detailed structure of the ground and excited states. 
under consideration. Its explicit expression can be obtained by using the anti-symmetric wave functions and. 
performing the summation over i in Eq. (10). 
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Therefore, (40) becomes 
(4 NEAR) (36/5 T ) (12 a Osa q 0.) oa (15 0/,2, j2) ay (Ka + Kp) 5, 


where 1, is defined by R=r,A*”X10-% cm: 1, and (K,+,)~1 in the above expression 
should be taken in unit of 107%cm. Here # (l,l, R) is approximately replaced by 
Ze (00, R), which leads to a slight underestimate. We may put (36/5r,°)~1 and 
(K,+K,)°~1. The upper limit of Z(/,0/,2, 2)? is given by 5, which is the case of 
[,=0 and [,=2. The other choice of /, and J, gives a smaller value. As is discussed 
in section 3, ° may be estimated to be of the order of 107’. Therefore, (127 9.4 On)” 
may be expected to be 10 or smaller. 

Then, we can conclude that the cross section of the collective rotational excitation is 
much larger than that of the single particle excitation especially for intermediate and heavy 
nuclei. 

As is well known, the hydrodynamical values of Q, are in general larger than the 
empirical ones by factor two at least. Moreover, there are strong correlations between the 
nuclear deformability and shell structure’. However, the conclusion mentioned above 
will be unchanged qualitatively by the correct estimates of Q, and other parameters for 
intermediate and heavy nuclei, for which the rotational excitation is of special interest. 

As is mentioned repeatedly, the mechanisms which work in actual nuclear reactions 
are governed by the natures of the target and residual nuclei. Therefore, if the surface 
direct process associated with the ground and an excited state is known to be caused by 
the rotational excitation, other mechanisms, e. g. single particle excitation, cannot, of course, 
occur. However, we can expect from the analysis mentioned above that the cross section 
of a surface direct process leading to the rotational state of a nucleus is larger than that 
of the process leading to a single particle state of the same nucleus, since the cross section 
of the single particle excitation is not changed so drastically as to alter the result obtained 
above by the other choice of I, E,, /, and Iie 

Such circumstances may also hold between different nuclei, provided their mass num- 
bers are not so different. 

And, conversely, we may further be allowed to expect that the discrimination of the 
natures of excited states, rotational and single particle, may be performed by the 
absolute values of the cross sections. In this case the contribution from the compound 


nucleus should, of course, be taken into account, which will be discussed in the next 


section. 


$6. Comparison with compound nucleus process 


In this section the excitation function of the surface direct process will be compared 
with that of the compound nucleus process. As it was shown in the preceding section 
that the cross section of collective excitation is much larger than that of single particle 
excitation for intermediate and heavy nuclei, here we shall concern ourselves mainly with 


the collective excitation. 
The inelastic scattering leading to a low-lying excited state has been formulated by 
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Hauser and Feshbach”” using the statistical compound nucleus hypothesis : 


o, (4, b) = (/ka’) (21,1) 7+ 3) Tig Ea) 31 (2I 41) 


lala T 


x es T, (E) a gy (ey (E,) . (42) 
LIF Lyin 

Here J is the total angular momentum of the compound nucleus and j,, and j, are the 
channel spins of the initial and final states, respectively. The summation over L, j and 
E are to be extended to all open channels from the compound state J, while the summation 
over L,, Ly, jg and j, are extended to all possible values with the restriction of the con- 
servation law of angular mementum and parity. 

On the other hand, the cross section of rotational excitation can be represented as 

TRGhbjima(K, RV 48 2)? (KK)? @/P.) SIAL, + 1) 2 E41) (2.8, 00)2 0)" 

Laly 


x die, (E,) dite (E,) ’ (43) 
(6°K2/2M) =W 


where the continuum theory, eq. (41), and the hydrodynamical value of Q,, eq. (37b), 
are adopted. 

Of course, the continuum theory may not be applicable in low energy region, especially 
in the case of the shape resonance”, where Im f), is very small compared with that of the 
continuum theory, i. e., (—KR). On the other hand, the hydrodynamical value of Q, 
is well-known to be a considerable overestimate. Therefore the conclusions obtained in 
this section may be only qualitative with respect to the general trend of the energy de- 
pendence of the cross sections. 

i) Comparison at low energy. 

When the energy of an incident neutron is near the threshold, (42) can be easily 
evaluated, since there are few open channels and only small values of angular momenta L, 
and L, of incident and emitted neutrons may contribute to the reaction. 

Assuming that only one channel is open except the entrance one and that I,=0* 
and I,=2*, the explicit form of (42) is represented as follows: 
ae 2 
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On the other hand, (43) can be written as 


IT, (E,) +27, &) |}. (44) 


on (a, b) ~ (KR/482)?(x/k,2) {5 T, (Eg) Ts (En) 
+T,(E.)(6T, (Es) + (9/6) T; (E>) | 
+T(E,)[ (9/7) T) (Ex) + (50/7) T, Er) | 
+T;(E.)[ (9/4) T, (E,) + (28/3) T; (E,) }}- (45) 


Here L, and L, are taken up to 3. 

Comparing each coefficient of Tx,(E.)-Tx,(E,) in (44) with that in (45) and 
taking into account the fact that the collective excitation is much more likely than the 
single particle excitation in the case of surface direct process, it may be concluded that 
the compound nucleus process is much larger than the surface direct process in low energy 
region where only few channels are open. 

ii) Comparison at higher energy. 

When the energy of an incident neutron is sufficiently high so that many channels 
are energetically open, actual calculation of (42) is quite involved. Therefore, we shall 
present an approximate formula for higher energy region. 

Following Hauser and Feshbach, the level density of final states is assumed to 
have (2j+1)? degeneracy, namely the number of levels of the residual nucleus at excitation 
energy (E,—E) is assumed to be (2j+1)w(E,—E)dE. One of the factors (2j+1) 
has been already contained in (42). Then the denominator of (42) can be written 


as follows : 
Ba 
STE) =Vei+1| OUEST BYdE. (45) 
jEL iL J 
The summation over j for fixed L and J can be easily performed with the result of 


(2J+1) (2L+1). 
Therefore, (45) becomes 


(27+ nfs (2L-+1)w(E,—E) T(E) dE= i+) p, (Ex) 


La 
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Then, 
o, (a, 6) = {2 (21, +1) }7* (2?/ka?) A/F Ea) p> Tepe) a >» Try (Ex)}- (46) 
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Further, if the final state 5 is also a compound nucleus state with the level density 


(2 jr +1) v(E,—Exs), we get the well-known formula of Weisskopf"” for the energy spec- 


trum of emitted neutrons, 
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>) (2j+1) =2C +1) 2L,+1) 2L,+1)- 

Valat 
Because of its approximate Maxwellian form with the maximum at nuclear temperature 7, 
it is apparent that the inelastic scattering cross section to a low-lying excited state is very 
small compared with the total inelastic cross section which is nearly independent of the 
incident energy. Moreover, o,(a, b) decreases exponentially with increasing energy due to 
the increase of open channels, as may be seen by the denominator of (46). 

In order to calculate F,,(E), the denominator of (46), the level density formula of 


Blatt and Weisskopf" is adopted, 
w(E) =C exp(2“ aE), 


where C and a is the parameters whose magnitudes have been tabulated in their text. 

Further, it may be convenient for qualitative illustration to use Fig. 6.3 of reference 
(16), where the nuclear radius R was assumed to be r,A’/* with r,=1.3 X 107% cm. 

Then the following conclusions, though qualitative, can be obtained: For intermediate 
and heavy nuclei bombarded by 10 Mev neutrons the surface direct process is much larger 
than the compound nucleus process. In particular, the latter may be negligibly small for 
heavy nuclei. If an incident energy is about 5 Mev, both processes may be of the com- 
parable order for intermediate nuclei with A=60~100. 


§ 7. Discussions 


We have discussed the surface direct processes from the view-points of the shell model 
and of the collective model. Though these models might seem to be of opposite natures, 
they should, of course, be considered from a unified point of view’””) ; namely, nucleons 
in a nucleus are to be considered to move in a common shell model potential which is, 
in general, not spherical symmetric, but of deformed shape. Then, the excited states of 
the nucleus may be classified into two classes of collective and individual particle characters. 
The former may also be divided into vibrational and rotational states, while the latter 
may be expressed as a linear combination of the products of particle states in the potential. 
Due to the deviation of the potential from spherical symmetry, the single particle states 
are, of course, slightly different from those of the ideal shell model. 

From the results obtained in the previous sections, we may be allowed to expect that 
the discrimination of the characters of excited states, collective or individual, may be per- 
formed by the observation of the absolute cross section of inelastic scattering together with 
its angular distribution. For intermediate and heavy nuclei the surface direct process leading 
to a certain low-lying state can be observed only when the state is of the collective charac- 
ter, especially when there are few nucleons in an outer single particle orbit [,. The con- 


tributions from the compound nucleus cannot, of course, be neglected in lower energy 
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‘region. However, since its angular distribution is symmetric about 90° direction and the 
‘excitation curve decreases more rapidly with increasing energy, it may easily be subtracted 
from the total cross section of inelastic scattering. 

The success of the cloudy crystal model of Feshbach, Porter and Weisskopf’*) implies 
a surprisingly long mean free path of an incident nucleon in nuclear matter in the energy 
region of 0-3 Mev, which might suggest the existence of volume direct process. How- 
ever, this model implies also the large reflection of wave at nuclear surface. Therefore, 
the volume direct process may be expected to be very small, which is proved semiclassically 
by Hayakawa, Kawai and Kikuchi™. 

On the other hand, in order that the statistical treatment is applicable to the 
compound nucleus, it should be necessary that a nuclear interaction is so strong that the 
incident particle readily forms a chaotic state together with the target nucleus. The long 
mean free path implied by the cloudy crystal ball model may also suggest “ effectively ” 
weak interactions in nuclear matter. However, it is only the behaviour of an incident 
particle toward the target nucleus in the “ ground state”, which is informed by total and 
‘elastic scattering cross sections. It is likely that the small imaginary -part of the low 
energy optical potential is due to the effect of the Pauli principle. Then, the mean free 
path for highly excited nucleus may be expected to be nearly 1X10~cm. Therefore, 
‘we may not conclude from the work of Feshbach, Porter and Weisskopf that the statistical 
compound nucleus hypothesis is not valid for actual treatment of any nuclear reaction. 

If we adopt the statistical compound nucleus hypothesis for the internal-region-interaction, 
the cross section is given by the formula (12) with (12b), in which the first and second 
‘terms are given by eq. (5) of reference (21) and eq. (31) of § 4, respectively. 

Further, it may be natural to evaluate the transmission coefficients by the use of 
Feshbach, Porter and Weisskopf’s potential, when the incident energy is below 3 Mev and 
the target nucleus is sufficiently heavy so that many levels are contained in the energy 
spread of the incident beam. It may be worth noting that the capture cross sections of 
neutrons calculated by the potential are considerably smaller than the experimental data. 
Such circumstances also occur in the higher energy region of 3~15 Mev if we adopt the 
optical potential of square well shape which is chosen so as to reproduce the total cross 
-sections in the energy region. 

Strictly speaking, the potential which determines the distorted wave of the final state 


differs from that of the initial state, because the nucleus in the final state is not in its 


-ground state. 
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A theoretical study of the mechanisms of the relaxation in solid Hy and solid De related with 
their nuclear magnetic resonances is given. When the self-diffusion of the molecules is not significant, 
the predominant nuclear relaxation mechanism is considered to result from the intramolecular interaction 
modulated by the intermolecular interaction which makes the orientations of the molecules change 
from time to time. The formula for T, due to this mechanism is given and the actual calculations. 
are catried out for solid H» and solid Dy» at temperatures well above the transition point. The result 
for H» agrees with Bloom’s (>11°K) and Hatton-Rollin’s (4.2~10°K) experimental values. 

The effect of self-diffusion on T, is treated both for H: and De using the B. P. P. theory and 
the values of the self-diffusion time estimated from Bloom’s data for T:. This effect is small under 
Bloom’s experimental condition (30 Mc), while it is important in Hatton-Rollin’s case (5.4 Mc). This 
agrees with their experimental results though for the latter case the theoretical temperature dependence 


of T; is stronger than the experimental one. 

Discussion is also given on the case where the self-diffusion becomes very rapid and it modulates 
appreciably the intermolecular forces dependent on the orientation of the molecules. Bloom’s experiment 
in the liquid state seems to be explained by this mechanism. 

The role of the spin-spin relaxation in establishing the thermal equilibrium within the whole 
spin system is discussed. This effect will be especially important for solid Ds. 


§ 1. Introduction 


The state of solid hydrogen has been studied both experimentally and theoretically 
by a number of authors.” The point of interest lies in the molecular rotation of the 
ortho-molecule (J=1) which remains in the solid state. The three-fold rotational 
degeneracy of the ortho-molecule is lifted by inter-molecular interactions at a certain low 
temperature. This rotational transition occurs at 1.6°K (for the case of 75% ortho- 
concentration) where the specific heat shows a j-type anomaly” and the nuclear magnetic 
resonance line shape changes abruptly.” ‘By analysing this abrupt change of the resonance 
line width, Tomita” pointed out that the rotational transition or the quenching of the 
molecular rotation has a cooperative character. Nakamura" also noticed the cooperative 
character of the transition and calculated the tail of the anomalous specific heat by using 


the moment expansion method starting from all the possible intermolecular interaction 
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Hamiltonians. He found a good agreement with the experiment. Especially he showed 
that the electric quadrupole-quadrupole interaction between ortho-molecules plays a predomi- 
nant role in the quenching of the molecular rotation. This calculation seems to con firm 
us that our knowledge of the intermolecular interactions between ortho-molecules are now 
well established. As the intra-molecular interaction was elucidated by the molecular beam 
experiments,” it may be said that we have now an almost thorough knowledge of the 
intra- and inter-molecular interactions of hydrogen molecules. 

It seems, therefore, to be interesting to make a quantitative calculation of the nuclear 
relaxation time of solid hydrogen related with its magnetic resonance absorption starting 
from the fundamental Hamiltonian. 

In the present paper we shall deal with this problem. We can consider the following 
two relaxation mechanisms : 

1) Intramolecular dipole-dipole interaction and the I—J coupling modulated by the 
intermolecular interaction which changes the orientations of the molecules from time to 
time. 

2) Intermolecular dipole-dipole interaction modulated by the lattice vibrations and by 
the self-diffusion of the molecules. 

The first mechanism was pointed out earlier by Sugihara* though he made only a 
rough order estimation. The second mechanism is not effective except when the self- 
diffusion is significant as one can infer from Waller’s theory.*) When the self-diffusion 
is significant one can use the Bloembergen-Purcell-Pound theory” or more refined Torrey’s 
theory.” 

The present work is chiefly concerned with the first mechanism. The problem is 
very similar to that of the nuclear relaxation in antiferromagnetic substances which was 
treated by one of the authors’ and by Kranendonk and Bloom.’” In antiferromagnetic 
substances, the magnetic interaction between the nuclear spin and the electron spins modu- 
lated by the exchange interaction is the predominant nuclear relaxation mechanism. In 
the solid hydrogen, the modulation of the intra-molecular interaction is supplied by the 
inter-molecular interaction especially by the quadrupole-quadrupole interaction, instead of 
the exchange interaction in antiferromagnetics. The calculation of the relaxation time in 
the solid hydrogen can be carried out following the same line as in the case of antiferro- 
magnetics. 

However, the ordered arrangement of the molecules in solid hydrogen below the 
transition point has not yet been known. Accordingly, the calculation of T, below the 
transition point seems to be difficult at the present stage. We can, however, make use 
of the moment expansion method well above the transition point. This method can be 
applied whenever the interaction Hamiltonian is known. As: was stated above, the 
Hamiltonian of the problem is well known. This makes the calculation in this case 
more quantitative than in the case of antiferromagnetics where the exchange integral is an 
adjustable parameter and the vector coupling of spins itself has a model character. 


* Spoken at the meeting of the Physical Society of Japan at Sendai, July 1955. 
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In the following sections we shall at first give the formula of the relaxation time 
due to the first mechanism and carry out the actual calculation of it above the transition 
point (§ 2 and §3). The effect of self-diffusion will be discussed in § 4 and the com- 
parison of the theory with experiment will be made in §5. The case of solid D, will 
also be treated in § 6 and some discussions on this problem will be given in § 7. 


§ 2. Relaxation by intermolecular dipole-dipole interaction 


The Hamiltonian of a hydrogen molecule placed in a static magnetic field (in the 


z direction) can be written as’ 


$=Dat Dra, (2-1) 
Ha=—alL—b,, (2-2) 
Ses eT J—5d[3 I-41) IO -r/r) -1 1), (2-3) 


where 
bo a=zb4 2p, Hy =4.258 Hy ke/sec, 
bh b=h (u,/]) H\=0.6717 H, kc/sec, 
brhe= b> 20,71! =113.8 jke/sec, 
h-*d=h" (4/5) pe Cr) =57.68 kec/sec. (2-4) 


I=I-+1© is the total nuclear spin, J the rotational angular momentum, /; the magnetic 
moment of the proton, /4, the rotational magnetic moment of the molecule in state J. 
The terms with c and d represent, respectively, the magnetic I—J coupling and the 
magnetic dipole-dipole interaction between the two protons in the molecule; r is the 
vector along the line joining two protons. 

When the external field is sufficiently strong, the nuclear spin state can be specified 
by the quantum number [,=m and the transitions corresponding to 4m=-+1 are observed. 
We are concerned only with the ortho-molecule (J=1, [= 1) as the para-molecules do 
not take part in the magnetic resonance. 

Since the J-dependent intermolecular interaction is much stronger than, the interaction 
(2-1) in normal solid hydrogen, it determines the rotational state. The Hamiltonian 


expressing the intermolecular interaction can be written as 
He= DOit DOe, (2-5) 
4 t> 


where the first term, common to ortho-para and ortho-ortho interactions, comes from the 
valence force and dispersion force and the second term, which is proper to ortho-ortho 
interaction, includes the quadrupole-quadrupole interaction as a main part as well as the 
valence and dispersion forces.” The rotational state of each molecule is determined by 
(2-5), and by using it the resonance pattern is obtained from (2-1) ~(2:3). The 


. . . 3 
qualitative discussion of the resonance pattern was given-by Reif and. Purcell.” 
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The Hamiltonian ,,. gives the shift of the resonance frequency (or the structure 
of the resonance line) and the thermal relaxation. This can be written, when we restrict 


ourselves to ortho-molecule, as follows : 
Gaz —d JP? T?— (c—3d/2)1-J+3d1-J)’ 
= —4d— (c—3d/2) LJ.+3d{ PJP +4. LJ-J.+ LL J.J-)} 
=a (c— 30/2) 1, J 7 -434/ 2) LEG J- 7 1, Es J.) 
= (C= 34/2) 1_J 7.3972) Gee ee) 
+ (3d/4) 2 J 2+ 3d/4) I2J2. (2-6) 
If we take the thermal average* of (2-6) with respect to the rotational state, we 
can obtain the structure of the nuclear resonance line. 


The thermal transition probabilities between states of different =m can be obtained 


by a perturbation calculation similar to that used in obtaining the nuclear relaxation time 


11) 


in antiferromagnetics. The results are as foilows : 


fee} 


W (0-1) = Syncs el@sotl (c—3d/2)2¢ J, ()J_) 


—o 


+94*(J. (OJ: OJ-J-)—3d (34/2) (CJ. OJ-J-) 
+(F. OF OI, 


W (1-0) = a | dt ei-1"[ (c—3d/2)? J, (t)J-) 


+94? (J. () J. (O)I-Je) 
+3d(c—3d/2) (J, OJ-J2 + OJ+ OJ}; (2-7) 


take eh as ; d | de elm TAI), 


—-o 


etc., 


where ¢ ) means the statistical average : 


(Q)=Tr[e— Sa/kT Q]/Tr e~ SRlkT , (2-8) 
J(t) =et Gr/t J e—it Sx/t , (2-9) 
and Ojna (En — Es) /b > 


E,, and E,, being the energy eigenvalues of the states L=m and n. 


* This does not mean to take the space average; the ortho-molecules are distributed randomly in the 
crystal and the rotational state of them is different from position to position due to different arrangements 
of the neighboring ortho-molecules. 
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If we assume the spin system to be in internal thermal equilibrium at a spin 
temperature T,, the thermal relaxation time T, can be defined as 


dT,/dt= (1/T,) (T,/T) (T—T,). 


Then, we get from (2-7) after simple calculations 


ie - a [(W.+ A+a)W,J= = eras esa [aW,+ 1+a)W,), 
(2-10) 
where 
W ,=4{W (0-1) +W 1-0) },—", 
W,=4{W (—1-0) +W (0>—1)}, (2-11) 
W434 (W IS 1) FV (15 DF, 
a= (E,—E_,)/(E,—E,)- (2-12) 


The expression (2-10) can also be obtained directly by Kubo-Tomita’s general formula 
for T,. However, one will need the transition probabilities when one considers the 
saturation phenomena below the transition point, because the thermal equilibrium in the 
spin system will not be warranted in this case. At temperatures well above the transition 
point, to which we confine ourselves in the present paper, the molecular rotation can be 
considered as isotropic and the nuclear Zeeman levels thus become equidistant. Then we 


have a=1, W,=W, and 
1/1,=W,+2y,. (2-13) 


From (2-13), (2-11) and (2-7) we get above the transition point 


oo 


X= [al 0/4) (34/2) "(J OF-2+ FOF) 


+ (9/8)d2((J.OJ- OJ. J+ J- OF OLI+ 
AON LOM PE Lae ONAOVAR)) 
(3/8) d (ee 34/2) (4 FO Sadr Sealant ste) Ja OJ) 
—(J_@LO0J+ J+ OLJ>— J Os -Je 
FG OVA ON SD et CAONRONE)) 
+ (9/4) PK ROID+IZOIN) I, (2-14) 


where we have neglected the Larmor frequency as compared with the mean frequency of 
We have now only to calculate the correlation functions appearing 


the modulation spectra. 
For this purpose, the explicit form of the inter-molecular interac- 


in the above expression. 


tion Hamiltonian is required. 
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§ 3. Calculation of the correlation functions and the relaxation 
time above the transition point 


We shall now calculate the correlation functions appeared in (2-7). They can be 


written 
(J2(t)J2) =Tr[e— SalkT eit Salt J? et Sal4 J2)/Tr e— Salk, 


etc. Obviously it is not possible to calculate this in a closed form without making any 


assumptions. So we expand the correlation functions as power series of ¢, and get 


2 2\ 272 it yp 2772 1 it 217 72 
Cpe (J) =e) + =~ 18. F2J2) +—( b ) (De, Weis Hr] 


sp ....e. 3 (3-1) 


etc., where the coefficient of ¢"/n! is the n-th moment of the frequency spectra. 


We assume the Gaussian distribution for the frequency spectra. Then the first and 
second moments are sufficient to determine the frequency spectra. We further confine 


s Ba ey . 
ourselves to high temperatures and put e~ 5*/k7—1, then the first moment vanishes and 


the correlation function becomes 


(J2(@)J2) = (4/3) 1—hod et) = se-Fon & (3-2) 


with 


21 (Ge, J[J2, Gel) 
Age Cas Pi) 
CEG: 


) 


The inter-molecular interaction Hamiltonian was written by Nakamura" in a con- 


venient form. We shall rewrite them as follows, restricting ourselves to the space of 
j= nie 
= 1 7 au 
D:= A> Pm Drs ae 
m 


Ga= (2/25) Dab KORY, (3-4) 


mm 


where 
Ament = PmPmt \B Das Dmio + C (DEP DEB, 4 DEO DEP 
+ DQ" DE24 DEQ DEP), (3-5) 
po= EM Pei=F1, psro=1, 
Ko=3) 200 Ker Jdu tales Shes ies 


W(t,4) D . ° . 2 . 

Do? being the matrix elements of the five-dimensional irreducible representation of the 
rotation which rotates the zaxis into the direction of the line joining the i-th molecule 
to the k-th molecule, and 
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A=5 (4VA, A, e—"0!0 _20/517,°+4R/157,°) =2.737 X 107 erg, 

B=6 (3 2p? /47,°) +75 V2 eto! — 3 R/21,8=18.39 X10 erg, 

C=46 on5/47,)— R/n =10,51:% 105° erg, 

D= (3 ef? /4r,°) —R/2172=2.435 X10~* erg. (3-6) 


The notation in the above expressions is the same as that of Nakamura; V=2.78 e°/a), 
aed, te7(d,: Bohr, radius), A,=sinhy/7,.4.= (1/)--3/7) sini fi (3/7-) cosh], f= 
r,/20 (r,: the interatomic distance of a molecule), 7, is the intermolecular distance, 
Q=a, (a,—a@,)k, R=(@,—@,)*x, a, and a, being respectively the polarizabilities 
parallel and perpendicular to the molecular axis, « a certain constant related with the ioni- 
zation potential, #, the electrical quadrupole moment of the molecule. Numerical values 
of these quantities are tabulated in Nakamura’s paper. In (3-6) the terms including V, 
those including Q and R, and those including /“, are respectively the contributions of the 
valence force, the van der Waals force, and the electric quadrupole interaction. The 
numerical values given in (3-6) are those for the nearest neighboring pairs. We shall 
take account of only the nearest neighbour interactions in our calculation. Then §, vanishes 
identically for a close-packed hexagonal lattice, which we assume for solid H, of any 
ortho-concentration. 

The calculation of the correlation functions is now straightforward though lengthy 
and laborious. We get the following result, taking for brevity the external field along 


the hexagonal axis : 
(J2(QJ2)= (4/3) eT OMF2, wy =1.12X 10° VK, 
(J. OJ. ®J-J->= (2/3) eM FIZ w= 1.31 X 108K , 
CJ. (DJ = (4/3) oO Fl2, ps 1.45 X10" VK, 
(JOJJ = 2/3) e7emtl?, ete, (3-7) 


where K is the ortho-concentration and the ortho-molecules are assumed to be distributed 


uniformly. 
Inserting (3-7) into (2-14), we get the relaxation time at high temperatures. 


1/Ti.= V 20 b-?[ 3d? (2/1 +1/ex2) 


+ {2 (c—3d/2)?/3 +2d(c—3d/2)} /Ws]. (3-8) 
Using the values of (2-4), we get 
T 1o0= 0.361 YK sec. (3-9) 


For the normal hydrogen (75% ortho-concentration) 
Tye 0.31 ssec. 


In the above calculation we assumed the uniform distribution of the ortho-molecules. 


Actually, the distribution will be random and the nuclear relaxation time T, will be 
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different from place to place according to different local arrangements of the ortho- 
molecules. However, at temperatures well above the transition point the intermolecular dipole- 
dipole interaction will provide a thermal equilibrium of the whole spin system, because the 
Larmor frequencies are equal for all the ortho-molecules and the spin-spin relaxation time in 
this case will be far shorter than the spin-lattice relaxation time. Therefore, a single relaxa- 
tion time will be observed at high temperatures, whereas a distribution of JT, such as 
that found experimentally by Sugawara’ may be expected at low temperatures. T', at 
high temperatures will be proportional to the square root of the ortho-concentration. This 
relation will be valid except at very low concentrations. 

We shall remark finally that among the intermolecular interactions the electric 
quadrupole-quadrupole interaction makes the overwhelming contribution to the relaxation. 


T, calculated by taking only the quadrupole interaction for , becomes 
(Tg) gOS SI amcee (3-10) 


This differs from the correct value (3-9) by only one percent. 


§ 4. Effect of self-diffusion 


When the self-diffusion of the molecules becomes appreciabie, the intermolecular 
dipole-dipole interaction becomes important as a relaxation mechanism. The intermolecular 
dipole-dipole interaction is smaller than the intra-molecular one by a factor of ~10~°. 
Accordingly, the relaxation rate by the inter-molecular interaction will be smaller than 
that by the intra-molecular one by a factor of ~10~* if the spectra of the modulation 
frequencies are equal. The mean modulation frequency by the inter-molecular interaction 
calculated in the preceding section is ~10' cps and is much higher than the usual 
Larmor frequency so that the Fourier component of the local field spectra corresponding 
to the Larmor frequency is small. If the mean frequency of the self-diffusion is near to 
the Larmor frequency, the contribution of the self-diffusion to the nuclear relaxation can 
overcome the contribution of the intra-molecular interaction. 

Recently Rollin and Watson’? and Bloom’ measured the line width or T, and found 
that it becomes appreciably narrowed above about 10°K. This narrowing is considered 
to be caused by the self-diffusion of the molecules. If the self-diffusion is characterized 
by a single correlation time t, t can be estimated from the line width data by using the 
theory of motional narrowing. The B. P. P. formulas for T, and T,” modified by Kubo 


and Tomita’ are written as 
yl els ted a (4-1) 
C/T?) =(2/n) U/ TP tan, (acy @ log2) 7, (4-2) 


VE marae oe" Gere. ieee (4-3) 


D Ge 1+40? 2? 


IG i pce say if = 
desea) ‘ y(t i cee tees 
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where 1/T,’ and 1/T,’ represent respectively the secular and the nonsecular line widths 
and 1/T,’’ the line width for the rigid lattice. Since 1/T,!’ is proportional to VK, T, 
is inversely proportional to K. 
For T,>t>w™', T, and T, can be approximated by 
Ws= (2 log 2) (1) */7, (5) 
Fo= (3 log 2)\(Te 20 G/2. (4-6) 
Rollin and Watson estimated 
z from their own data as 
T=, exp(E,/kT) with E,=350 
calories/mole, and 7=3 X10 
Bee at’ 10° KT =1.6X 10~" ‘séc 
at 12°K, etc. Bloom found that 
T,. is proportional to exp(E,/kT ) 
above about 10°K, where E, = 380 


+30 calories/mole. The corre- 


lation times estimated from 
Bloom’s data using (4-5) are 
shown in Fig. 1 and will here- 
after be used. 

The spin-lattice relaxation 


time T, due to the self-diffusion 


can then be calculated by the 
use of (4-4). The results for 
5.4 Mc (used by Hatton and 
Rollin’”’) and 30 Mc (used by 


Bloom) and for several ortho- 


concentrations are shown in Fig. 
2.* As for the value of T,!’ 
Bloom’s data 1.4X10~° sec for 
normal concentration was adopted. 

As one sees from (4-4) T, depends rather sensitively on the frequency. We shall 


be able to find a minimum of T, at a certain temperature by a proper choice of the 


70 80 90 100 


Fig. 1. The correlation time characterizing the self-diffusion 
estimated from Bloom’s experimental values of T>. 


resonance frequency. The minimum value is 
(T 1) mine =1.6(Ty!")?@, corresponding to oT =0.58. (4-7) 
For the frequency of 5.4 Mc 


* A more refined treatment of T, due to the translational diffusion was given by Torrey. However, 
the formula for T2 by the same model has not yet been given. Although we calculate T, adopting Torrey’s 
formula instead of the B.P.P. formula, the result will not essentially be altered. Torrey’s formula is 
quantitatively not correct because it is based on the B.P.P. formula in its original form which has to be 


corrected following Kubo-Tomita’s quantum mechanical theory. 
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(T,) min. =0-01 sec (75% ortho conc.) (4-8) 
and for 30 Mc 
(T;) min. =0-06 sec (75% ortho conc.). (4-9) 
We shall also be able to depress this mechanism by choosing such resonance frequencies as 


to satisfy w~>7~*. This condition jo 


is almost satisfied in Bloom’s 
experiment. In this case the 
contribution of self-diffusion to 
1/T, will be overwhelmed by 


the contribution treated in the 


preceding sections, and according- 


ly T, will not depend much on 


temperature. 

The contribution of the 
intermolecular dipole-dipole  in- 
teraction to the relaxation rate 


treated in this section and that 


of the intramolecular interaction 
treated in the preceding sections 
will be additive so long as T> 
1/Wp. 

When t<1/wp, the con- 
tribution of the intramolecular 
interaction becomes predominant. 
In this case, however, the modu- 9, 
lation spectrum of the intra- 
molecular interaction due to the 
intermolecular forces will be 
modified by the translational 
motion. When t<1/w x, the 


modulation spectrum will ap- 


preciably be narrowed and 


70 80 90 100; 
Ti~ Fy) rigid lattice Ove Gs Fig. 2. The spin-lattice relaxation time due to the intermole- 
usd. willtoecome charterana cular dipole-dipole interactions modulated by self-diffusion. 
1 


its concentration dependence will be linear. Bloom’s measurement of T, in the liquid 


state” seems to indicate that this situation is approximately realized in the liquid. state.* 


* The value of ¢ estimated from the viscosity data (7=1.35X10— poise at 20°K, 2.17x10— poise 
at 15°K) is r=10-!2~10-18 sec. Therefore, to; and accordingly the shortening of T, is weak and the 
concentration dependence of T, will be between K and VK. These seem to be consistent with Bloom’s. 
measurements. As for the temperature dependence, T; will become longer as temperature is. lowered since t 


(which is proportional to y/T) becomes longer as temperature is lowered. This agrees, qualitatively with. 
Bloom’s data. 
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§ 5, Comparison with experiment 


The available experimental data of the relaxation time T, are those given by Hatton 
and Rollin,’ those by Sugawara’ and those by Bloom." Sugawara’s data are confined 
to low temperatures (T<4.2°K) and our calculation cannot directly be compared with 
them. Sugawara observed an anomalous saturation behaviour of the absorption intensity 
and attributed it to the distribution of the relaxation time. Hatton and Rollin measured 
T, at the temperature range from 1.1°K to the melting point and further in the liquid 
state using r.f. field of 5.4 Mc. Their data at low temperatures do not agree with 
Sugawara’s data. Bloom measured T, between 11°K and the melting point using r. f. 
field of 30 Mc. He found that T, is 0.225 sec and is independent of temperature within 
accuracy of measurements (~10%) in the temperature range studied. His measure- 
ments cover also liquid and gaseous states. 

The theoretical values of T, calculated by taking account of all the contributions 
treated in the present paper are shown in Fig. 3. In the same figure Bloom’s and 
Hatton-Rollin’s experimental points are shown. Their data should be compared respectively 
with the curves for 30 Mc and 5.4 Mc. 


© exp. (Hatton-Rollin) 


x exp. (Bloom) 


5 10 T°K 


Fig. 3. The theoretical and the experimental values of T). 


For Bloom’s case the agreement between theory and experiment seems reasonable, 
though the ortho-concentration is not definite in the experiment vo However, 
Hatton-Rollin’s data show weaker temperature dependence than the theoretical one, though 
the. values 0.3-~~0.2 sec at. 4.2~11°K agree with the theoretical value, 0.3 sec, without 


the effect of self-diffusion. 
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For a more decisive test of the theory, more detailed measurements are hoped, 


especially of the frequency dependence and of the concentration dependence. 


§ 6. Case of solid D, 


In this section we shall discuss the nuclear relaxation in solid D,. The molecular 
wave function of the D, molecule must be symmetric under interchange of the two nuclei 
since the spin of a deuteron is 1. The normal concentrations of the ortho- and para- 


molecules (the room temperature equilibrium values) are as follows : 


(I=0 19, 


orene-D, “J=07, + 
ns \I=2; 5/9, 


pare, J jie 2) aoe 


The ortho-molecules will give rise to a resonance line without fine structure since the 
state J=0 is spherically symmetric while the para-molecule should give rise to the same 
line shape as that of ortho-H, since the Hamiltonian for the D, molecule has the same 
form as that for the H, molecule. At high temperatures where the state of the para- 
molecule should effectively be spherically symmetric, the resonance lines of ortho-D, and 
para-D, will coincide. 

The Hamiltonian for the D, molecule is given by (2-1), (2:2) and (2-3) replacing 


the constant values of a, 6, c and d times h”’ by 
he G=0.6530, bo b=0.3368 HM, 
b~* ¢=8.783, b-d=25.24 ‘(keps). (6-1) 


a, b and c have the same significance as those in the case of H,, while d includes not 
only the contribution of the dipole-dipole interaction between the two nuclei of a molecule 
but also the contribution of the electric quadrupole interaction of the nuclei. For the 


para-molecule we have 
d= (2/5) Pp (1 *) + (1/10) eQa?V*/0Z,, 


where (4, and Q are the magnetic dipole and electric quadrupole moments of the deuteron, 
and 0°V°/OZ,? the electric field gradient at the nucleus along the direction combining the 
two nuclei. The numerical values for the first and second terms are respectively 2.73 X 
10° 6 and 22.51 xX 1072: 

In considering the thermal relaxation mechanisms, we shall at first treat the para- 
and ortho-molecules separately. Next we shall discuss the effect of the spin-spin relaxation 
which may provide the thermal contact between the systems of the para- and ortho- 
molecules. 


(A)  para-molecule 


We can consider in this case the same mechanisms as those for ortho-H,, i.e. the 


intra-molecular interaction modulated by the J-dependent inter-molecular interaction and 
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the effect of self-diffusion. ~The calculation can be carried ete following the same line 
as that in §2~§ 4. 

1) Intra-molecular interaction 

This mechanism is quite the same as that treated in §2 and §3 except that the 
intra-molecular interaction §,, is in this case dominated by the contribution of the nuclear 
quadrupole interaction. 

If we assume that the inter-molecular interaction between two para-D, is equal to 
that between two ortho-H,, and the inter-molecular distance of solid D, is equal to that 
of solid H,, we can calculate T, for para-D, by inserting the numerical values of, (6, 1) 
into (2-22). The result is 


T j= 2.38 K,, sec, (6-2) 


where K, is the concentration of para-D,. For the normal D, (para-concentration = 1/3) 


we get 
die 133.7 inSEGs (6-3) 


The discussions given in § 3 for the ortho-H, are also applicable here. 


2) Effect of self-diffusion 

This effect is also similar to that in solid H,. The difference is that there are 
ortho-molecules (J=0, [=2) which can take part in this mechanism. We shall again 
use the B.P.P. theory. The ratio of the relaxation times due to this mechanism for 


D, and H, may be written as 
(T,) pp/ (11) m= (n/n) '2K/{2K,+ (5/6) 6K} , (6-4) 


for the same value of wr. Here K is the ortho-concentration of the solid H,, K, and 
K, the para- and the ortho-concentrations of the solid D, and 7 and 7» the gyromagnetic 
ratios of the proton and the deuteron. Substituting (7/7) by its numerical value 


6.514, we get 
(T;) p,/ (T's) m= 1-80 X 10° K/ (K,+5K,/2)- (6-5) 
For the normal concentration 
(Ty) o/ (T,) 1.= 675+ (6-6) 
The minimum value of (T,),, can be obtained by inserting (4-7) into (6:5). We. 
get 
(T) myenig = 2-2 10" (he) Of Kock Del 2) 5 (6-7) 
where T,/’ represents the value for solid H, of normal concentration. For the normal 
concentration 
(7) pamipe 2% LO <8 Sec. (6-8) 


may say that when the resonance frequency is higher 


Comparing (6-8) with (6:3) we 
n ~1/10 times 


than ~10 Mc, the contribution of the self-diffusion is at least less tha 
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that of the intra-molecular interaction. Thus we can expect that T, will depend very 
little on temperature at temperatures where the quenching of the molecular rotation 
scarcely occurs. 


(B)  Ortho-molecule 


For the ortho-molecule there is no intra-molecular interaction. Therefore, all the 
relaxation mechanisms ate due to the inter-molecular interactions. As the inter-molecular 
interaction we can consider at first the magnetic dipole-dipole interaction between the 
nuclear moments of two molecules and that between the nuclear moment of the ortho- 
molecule and the rotational magnetic moment of the para-molecule. Another interaction 
is the electric quadrupole interaction of the nuclei of a molecule with the electric field 
gradient produced by the surrounding molecules. This will give a relaxation of the same 
order of magnitude as the dipolar interactions do. We shall here discuss the following 
two mechanisms : 


1) Relaxation by the dipolar field coming from the rotational magnetic moment of the 
para-molecules modulated by the inter-molecular interactions among the para-molecules. 

The dipole-dipole interaction between the nuclear magnetic moment of an ortho- 
molecule and the rotational magnetic moment of the nearest neighboring para-molecule 
is smaller than the intra-molecular interaction ),2 of the para-molecule by a factor of 
~107°. Therefore the relaxation time of the ortho-molecule due to this mechanism will 
be ~10° times as long as that of the para-molecule due to the first mechanism since 
the modulation mechanism is the same for these two cases. The relaxation time due 


to this mechanism will be as long as ~10° sec. 

2) Effect of self-diffusion 

This mechanism will give the same relaxation time both for the ortho- and for the 
para-molecules. 

Another relaxation mechanism we can consider is the effect -of lattice vibrations. 
However, the effect will be very small as we stated in the case of ortho-H,. 

(C) Effect of spin-spin relaxation 

According to the above calculation the relaxation time T, for the ortho-D, is far 
longer than that for the para-D, except when the self-diffusion of the molecules is 
significant. However, the dipole-dipole interaction between the nuclear moments of the 
ortho- and para-molecules will provide the thermal contact between these two systems. 
Accordingly the apparent T, will ke a certain average of the individual values. 

Now we shall assume that the effect of the self-diffusion is negligible and the state 
of the para-molecule is effectively spherically symmetric, i.e. the resonance lines for the 
ortho- and the para-molecules are equal. The latter assumption will be justified at 
temperatures where the quenching of the molecular rotation scarcely occurs. The spin- 
spin interactions can then establish the thermal equilibrium of the whole nuclear spin 
system. The time of the establishment of the thermal equilibrium may be estimated 


from the resonance line width. This is 107°~107* sec and is much shorter than a. 
We may thus have the apparent relaxation time, 


Nuclear Magnetic Relaxation in Solid Hydrogen 197 


1/1 Z=| Cy/ (TDehG/ (Eg) al (Genes) ? (6-9) 


‘where C, and C, are respectively the magnetic heat capacities of the ortho- and_para- 
molecules, and (T,), and (T,) , their relaxation times. The heat capacities can be written 
as follows : , 


C,=N (5K,/6) (677262/3k) H?/T?, 


C, = NK, (27 ,26?/3k) H?/T?, (6-10) 
where N is the total number of the molecules. Inserting (6-10) into (6-9) we get 
ed, 15 Key liga Beko ((lyl/ Go 2K,)- (6-11) 
For the normal concentration this gives 
Ai ee yh (le ected tin) old Ob (6-12) 
and 
Fi 6(T) 228 ‘sec: (6-13) 


At the lower temperatures, where the quenching of the rotational angular momentum 
is significant, the para-molecules will show a fine structure. Then the thermal equilibrium 
of the whole system is not rapidly established. The state of affairs becomes very much 
complicated and we shall not here get into the detail. 

(D) . Comparison with experiment 

The only experimental data we have are those due to Hatton and Rollin, which give 
‘T,~5 sec at 1.1°K for the mixture of 90% Dy and 10% H,. Anyway, experimental 


-data are too scanty to test our theory. 


§ 7. Discussion 


The treatment given in the present paper is restricted to the temperature range well 
above the rotational transition point. Though the formula (2-7) will be valid at any 
temperatures, we approximated the density by 1, which means that we neglected the effect 
of the short-range order. 

We may go a step further by expanding the density in inverse powers of T. This 
gives the moments of the local field spectra in the form of an expansion in powers of 
1/T. If we assume the Gaussian random modulation, the relaxation time TI, can be 
obtained as a function of T. However, the lowering of temperature gives a change not 
only of the moments but also of the shape of the frequency spectra due to growing 
short-range order. So, even if we calculate the temperature dependence of 7 by this 
method, taking a few terms of the series, it would be weak as in the case of antiferro- 
magnetic substances.” At the present stage, we know no reasonable ways of taking 
‘account of the short range order in the problem of the magnetic resonance near the 


transition point. 
The probable random distribution of the ortho- and para-molecules gives a further 


«complication to the problem. As was stated in § 3, the effect of the local inhomogeneity 
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will appear at lower temperatures, where the short range order of the molecular rotation 
grows to a considerable extent and the resonance line becomes broadened. 

Below the transition point, the long-range order sets in. We have at first to deter- 
mine the ordered orientation of the molecular axes. This problem, however, has yet been 
solved neither theoretically nor experimentally. We cannot proceed to the relaxation 
problem before the state of solid H, below the transition point is studied. The state of 
solid H, at very low temperatures may be described by “rotation. wave ’’ picture since 
low energy excitations of the rotational state in the crystal will have a wave-like character 
similar to spin waves in ferro- and antiferro-magnetics. If the rotation waves could be 
obtained, we are able to calculate the relaxation time at low temperatures in the same 
way as in the case of antiferromagnetics. The local inhomogeneity of the ortho-para 
distribution will make the problem much complicated also in this case. 

The comparison of our theory with experiments was made only for solid H,. The 
values at high temperatures calculated without the effect of the self-diffusion agree with 
Hatton-Rollin’s data at 4.2~10°K as well as with Bloom’s data above 11°K. According 
to the measurements of T, given by Rollin and Watson and by Bloom, self-diffusion 
occurs above about 10°K. The theoretical calculation of the relaxation rate due to the 
intermolecular dipole interactions modulated by the self-diffusion was given by using the 
correlation time of the self-diffusion estimated from Bloom’s data for T,. This contribu- 
tion is small under Bloom’s experimental condition (30 Mc), while it is important in 
Hatton-Rollin’s case (5.4 Mc). This agrees with the measurements though for the latter 
case the theory gives stronger temperature dependence than the experimental data. 

In the liquid state Bloom’s experiment shows that T, is shorter than in the solid 
and it becomes shorter as temperature is raised. The concentration dependence of T, is 
between K and VK. These results may be explained by the first mechanism (§ 2 and 
§ 3) modified by the very rapid diffusional motion, as was stated at the end of § 4. 


It is hoped that more detailed experiments on solid H, as well as solid D, are 
carried out. 


In conclusion the writers would like to express their sincere thanks to Professor T. 
Nagamiya for his continual interest and dissussions. They are also indebted to Dr. M- 
Bloom for informing them of his experimental data prior to publication. 
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On the Theory of the Unstable Particle in Lee’s Model 
Kunio NAITO 
Department of Physics, Osaka University, Osaka 
(Received March 22, 1957) 


In Lee’s model of the renormalizable field some investigations are made on the possibility of 
choosing the mass my of a physical V-particle to be larger than the sum of the masses of an N- and 
a 6-particle (namely, the case my >my+y). If the mass mp of a bare V-particle is chosen to be 
larger than some particular value, it seems to be possible to describe an unstable V-particle by Lee's 
model without any inconsistency, and to give a prescription for the renormalization of such an unstable 
particle. In this argument a method is used which is somewhat similar to that used in the theory 
of a-decay. Finally a brief discussion is made on the anomalous states. 


Introduction 


The renormalizable field proposed by Lee” is quite interesting and is instructive in 
making investigations of the theory of actual quantized fields. One of the most remarkable 
points of Lee’s theory is the occurrence of the so-called ghost state” when the coupling 
constant becomes larger than the critical one y,. The similar situation may be expected 
to occur concerning the relationship between the renormalized masses of the V-, N- and 
6-particles. 

Recently Araki e¢ al.” have examined how to renormalize the mass of the V-particle 
when that mass is larger than the sum of the masses of N and @ (my+) in Lee’s 
model, However, it does not seem so obvious as one expects whether we can make the 
mass my of the V-particle simply increase without causing new troubles. In fact, we shall 
show in the case of mp >my+¥/2 the existence of a new state of the V-particle in which 
the energy is lower than my+ 4 provided the system is enclosed in a box with a finite 
volume V.* It will be shown that such a state can be excluded in the limit Vo, 
though there still remains some trouble concerning a property of the S-matrix. 

In the present paper, we shall give a prescription for determining the mass renormali- 
zation of V, in the case of my >my+y, and for giving the breadth of the energy-level 
(mass-level) of the V-particle (in § 2). In connection with the above investigation, a 
property of the S-matrix for N and @ scattering is examined. This result seems to suggest 
that the theory of the S-matrix is inapplicable to the case in which we take the unstable 
state as the initial or final one. In the final section a brief discussion will be given for 
the case of the coupling larger than 4,. 


* Recently Glaser and Kallén have investigated the similar problem. Prof. R. Oppenheimer kindly 
informed us the abstract of their article which will be published in Nuclear Physics. The author would 
like to express his sincere gratitude to Prof. R. Oppenheimer for his kindness. 
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$1. Preliminary considerations 


For the sake of simplicity, let us consider a Lee system enclosed in a cubic box with 
a finite volume V. The Hamiltonian* is 


H=m,N* So ¢y* (p) Pr (p) +m Si Pa* (p) Px (p) + Di@za" {k) alk) 
7 Pp ie 


+ SILC) _ (4, (p) x (p—k) a(k) + $* (p—h) Gr (p)a*(B)) 1) 
pk V2Va, 

with o,= VF+ 2, where all the quantities are renormalized ones except for the bare 

V-particle mass m,. The field operators ;(p), ¢x(p) and a(k) satisfy the well-known 


commutation relations, for example 


{fp *(p) > dy (p)}= =e NG? Ors ple 


In the following argument, the constants N°, m,, my, #4 and g are assumed to have some 
arbitrarily chosen values, while the physical mass of the V-particle, my=m,—0m, will be 
discussed in a later section. 


Let us consider an eigenstate of the Hamiltonian of the form 


| zp= (ANG y* (p) + pawl dy* (p—k) a* (k)) | 0). (12) 
The eigenvalue E of this state is given by 
g fxr, ( Oe Shs 
(EB gee J2Ve," 7 (k) Ci ) 
ie Get 7057 22 £ See o =a#=Ey(k), (1-4) 
or equivalently 
—y(E) =0, (1-5) 
wee Pf (%) ' ; 136 
where y(F)=E+ > Rh Patt ee (1-6) 


As Lee has pointed out, the character of the equation (1-5) depends on the sign of 
N?, namely, if N?<0, the so-called ghost state occurs and makes our argument some- 
what complicated. In the present and the succeeding section the case of N*>0O will be 
discussed. 

The behaviour of y(E) as a function of EF is illustrated in Fig. 1. Namely, y(E) 


monotonously increases from —©O to + in the region (—0co<E<my+/), because 
of dy(E)/dE>1 and 
my ft 


0 


y(E)>+0 for E> 


* In the present paper, the notations have the same meaning as those used by Kallén and Pauli. 
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Accordingly, in the region of E mentioned above, there 
exists one and only one real root E(m,) without regard to 
the magnitude of m,. The wave function 7(x) of the @- 
particle is shown by some calculations to vanish more rapidly 
than 1/r for large r. In other words, this state may be 
interpreted to describe either a bound state of N- and @- 
particles or a stable V-state of a physical V-particle. 

In the current theory, this particular state has been 
assumed to represent a stable physical V-particle and the 
eigenvalue E(m,) has been identified with the physical mass 
my. On the contrary, if my is assumed to be larger than 
my-+ ft, it seems quite obscure how to interpret this particular 


state (E(m,) <my+yp), because there may be no definite 


y(E) 


E(m) | 
| 
E=myt+Ff 
Fig. 1. Graph of y(E) 
(finite volume) 


criterion in distinguishing the V-particle state from a 


y(E) | 


7 


| 

| 
4) yy Oy ie ys s. 
| 
| 


/ 


integration (cf. Fig. 2). 


bound state of N- and @-particles. The arguments we 
have stated so far depend essentially on the assumption 
es of the finite size of the volume. We may expect that 


7\ the above conclusion will drastically be changed in the 


/ In the limit V—>oo, the integral in (1-6) has a 
well-defined meaning if E<my+y, and has a finite 
value at the limit E—-my+p—0O owing to the k- 


If m<y(my+p—0), we 


have a state with the energy E,<my+y which is 


Fig. 2. Graph of y(E) 
(infinite volume) 


usually regarded as to correspond to the stable V-particle. 
On the contrary, if m,>y(my+p—O0), the state men- 


tioned above does not occur in the limit V—>co, and the current stable V-particle cannot 


be described by this theory. 
Let us consider the propagator of the V-particle : 


© 
e 


mk ik, 1 i sp £ (x) 1 Me 
. eee # (E+ d d°h k at a 
“ 271 ¢ (27) N? \ 20; my+ W;, —E—ie ie ic) 
ptictel ¥ i dE —tHt E . —1 
=s | dB (y(E+ie) —m) >. (1-7) 
The path of the E-integration in (1-7) can be replaced C, CG 
with that shown in Fig. 3, where E, is the root of (1-5) —to}_(o 
in the case of m)<y(my+p—O0). Corresponding to these E=E, E=my+ pL 


new pathes, C, and C,, the integration leads to 


Sp’ @) =5,(t) +53), 


Fig. 3. The path in (1,8) 
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where S,(t) and S,(t) stand respectively for the integrations over the paths C, and Cy, 
and can be written as follows: 


i (t) oe -- 1. ie | d°k f? (wx) 1 ie 
] 27 - 20, (my +o, — Ez 
Ay (t) = for My < y (my+ p—0) 
0 


for m, > y(my+p—0) 


Bed aS ye) | dE e*¥t(E4 1 ott dep Le) 1 mn) 
2nmiy \ (2t)7 Ne 20, my+w, —E 


(1-8) 
Since 5,(#) vanishes in the limit too as is seen from (1-8), the wave of the V-particle 
cannot be propagated to the infinitely distant future in the case of m,>y(my+p—0). 
This situation suggests us to interpret the V-particle with m,>y(my+f"—0O) as an 
unstable one. 


§ 2. Unstable V-particle 


In the present section, we shall consider a stationary state where an WN-particle and 
a @-particle are being combined in an unstable V-particle and at the same time the V- 
particle is decaying into a pair of N and @. To get this stationary state, let us solve 
eqs. (1-3) and (1-4) under the boundary condition which is a superposed wave of the 
outgoing and the incoming spherical waves of N and #. Namely, the boundary condition 
does not contain any incoming plane wave contrary to the case of the familiar scattering 
problems. Such a treatment is somewhat similar to that used in the a@-decay problem. 

From (1-4), we have 


I f(x) 1 ; 3 Ate, 
Cor Ss ane oe +20 (my +o, —E) ja, 2-1 
x¢ ) N V2 (27) *w, ( idx: (my k )) ( ) 


where the constant 4 will be determined later. Inserting (2-1) into (1-3), we get 


ag) ith na <tc Filo) (p : +20(my-+,—E) ). (2-2) 
: (27) : NN 20; S My + On, — 


From (2:2), we can easily see that / is real. A short calculation leads us to 


e 


ii i Te20 
Ue EEO fs 7 (k) 
= | ake rid fileis bo pone! ot et Gy oe ED : (2-3) 
(27)?Nr . SoD ws (tinsiOpim— 


Introducing a path of C in the complex k-plane (cf. Fig. 4), we can transform (2-3) 
into the sum of 7,(x) and 7,(x). Here 7% (x) is 
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sa) = 188 [ape BPs oa 
“4 (27)*Nr J V20, mytow,—E 


and 7,(x) is the sum of the contributions from the /-term in (2-3) and from the two 


poles shown in Fig. 4 and has the expression 


A es Ga f(a) in ikor —s ae ej r 
1) =-EE ee Mo (¢ (1 —)te += )) (2-5) 


with k= ~(E—my)?— and «= Vke+e. 


By replacing the path C with another one C’, shown in 
Fig. 4, it is seen that 7,(x) vanishes more rapidly than 
1/r for the large r provided that the cut-off function f(w; ) 
is regular in the upper half plane of k. 

If this state-vector describes the state mentioned in the k=—k, kak 
beginning of this section, |7,| must be much smaller than Fig 4, “The pata aoe 
\~7.| for E>my+p, because 7, represents a wave packet 
located in the vicinity of the origin while the 7, represents the outgoing and incoming 
waves. The former may be interpreted to describe the unstable V-particle which is im- 


possible to observe at remote places whereas the latter describe the @-meson which is 
directly observable. We may expect from the above interpretation that in the neighbour- 
hood of the origin the packet |y,| may be larger than |7,|. Therefore, it seems reasonable 
to determine / in such a way as to make |7,| minimum. The energy E is a function 
of / as is easily seen from (2-2) when m, is fixed. In order to make the lifetime of 
the unstable V-particle relatively long, it will be seen later that |dE/d/| should be small 
compared with E. From this assumption |7,| can be considered to be unchanged while 
the parameter 4 is varied around a particular 4, which makes |y,| minimum. This 
particular value 4, is zero as we can easily see from the expression (2-5) when E is 
assumed to be fixed. In this case the relationship between E and the bare mass m, turns 


out* 


ee I eres. 2 
reas (Qi) N= 5 ja 20, nivitw.—E ; Gs) 
The magnitude of the mass renormalization dm can be determined by putting E in (2-6) 
equal to the observed mass my(>my+/4) of the V-particle, and also by substituting 
my + 0m for m,. Now, we shall investigate the level-breadth (or the uncertainty of the 
energy of the V-particle) /’. Eq. (2-2) gives a relationship between A and E, accordingly 
the magnitude of |¥7,| / |71| near the origin is a function of E. Conversely, the change 
of magnitude of |¥,|/|7,| gives rise to a change of magnitude of E by JE=Jd0E/ 
O(lxol/lx1) 4lyol/lru1)- As |xol/|yi| is regarded as a function of the parameter A, JE 


. The expressions like (2-6), (2-7) and (2-8) were derived by several authors from different view- 
points. (cf. foot-note 1 and reference 3) 
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is rewritten as JE=OE/OA-4/._ If 4(|y|/|7,|) is put equal to 4|y|/|7,| at E=my the 
above introduced JE turns out to be the level-breadth. Therefore by taking the deriva- 
tive of Eq. (2:2) with respect to A (m, fixed) we get 


1 Cp ws 
ae e~ fname) V (my —my)?— 2 
Re (27)* __N* (2-7) 
Goes 1 aall, P| d° ee ! 
Ompbe( 2) aN 20, myo, —My 


The denominator of (2-7) is the renormalization constant, that is 


NV?=1+ 


Lt r@ieuhnd ( asp £ (x) 1 
- d°*k : 2:8 
(27)? N? Omy P| 20, my+ WO; —My ( ) 


Following the current definition of the critical value gy, of the coupling constant, we have 


ge=( 1 ysiifon P| d°k f' (@x) 1 ee 


Sian) “On; 20, my+ta,—my 


In the usual case, namely, when my <my+/, YJ, is positive definite. In our present 
case, however, the sign of g,? depends on the type of the cut-off function. The case of 
the unstable particle seems to prohibit the current interpretation of the renormalization 
constant as representing the probability for finding a bare state in a physical particle. 
We shall make a detailed discussion in a succeeding paper. 

In connection with the above argument, let us investigate a property of the S-matrix. 
From (1-3) and (1-4), the element of the S-matrix for N—@ scattering is written as 


(NO;,|S|NO,!) =0 (k—k’) 
i : g f? (x) 3 (wy —p1) 
i ; (rye NT ei Z@e : 
go jae’ fon”) (P 1 + ind (a, "—ax)) 
2 Haya! 


gl 
iy — My Oy — : 
Cm) ie 2wz"' '—w, 


(2-9) 
If the energy E is equal to my, the unitarity relation leads to 
jae ENO _| S¥|NO pe!” (NOne|S|NO16! > + NG S* | V><V\S|NO,"9=0(k—k’), 
where |7) and |NO,) are the bare states. However, a direct calculation gives 
jae (NO,|S*|NO,”) (NOg"|S|NO).) =9 (kK). 
This result suggests us that either the unitarity of the S-matrix is violated in the present 
case, of 


(V|S|NO;,) =0. 


In view of the Hermiticity of the Hamiltonian, we must exclude the conjecture that the 
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S-matrix is not unitary. In fact, the latter expression is directly derived from Dyson’s 
S-matrix. 

Therefore, we see that the theory of S-matrix is applicable only when we take a 
stable state as the initial or final state, but not an unstable one. At first sight, this 
argument seems to be curious. We shall, however, be able to accept this argument, if 
we note that the unstable particle cannot be found in the infinite future. We are planning 


to investigate this problem in more detail in a succeeding paper. 


§ 3. Ghost state 


In this section, we shall consider how the conclusion of the previous two sections 
will be changed in the case of negative N*. As was discussed by Kallén and Pauli, we 
must in this case, introduce the indefinite metric and interpret the asterisk to indicate 
the adjoint instead of the Hermite conjugate. These procedures, however, do not give 
any change to the expressions (1-5) and (1-6). For simplicity, we use the following 


cut-off function : 
f'(@,) >0 for wa, Swe 
and f? (ox) =0 for we<a,. 


In the first place, let us consider the case of the finite volume V. The behaviour 
of y(E) is illustrated in Fig. 5. It must be noted that y(E) has a maximum at the 
point E,(E,<my+/) and a minimum at the point E,(mytoce<E,). The norm of an 


eigenvector /(E,) with an eigenvalue E, is 
(2* (Ey) 7? (Ey) ) =Eoly|Eo) = — |e? dy (E) /dE ) ¢ G"%) 
E=£Eo 


The following four cases are examined separately. 
a) m,<y(E,). There are two real roots of (1-5) y(E) 
for E<my+p. The state A in Fig. 5 has a posi- 
tive norm, while the state B is the ghost because of 
its negative norm. In the current theory, namely, 
in the case of my <my+/, the state A is regarded 
to describe the stable V-particle by putting E,=m>. 
b) m=y(E,) or y(E,). In both cases, we have 
a single root E, or E, respectively, both correspond- 
ing to the states with a zero-norm. 


c) y(E.) >m>y(E,). A conjugate pair of complex 


i 
: is 
» The norm of each eigenstate mrt mytW, 


eigenvalues appears. 
vanishes, whereas the inner product of the conjugate 
eigenstates does not vanish (cf. Appendix). 

d) m,>y(E,). There are two real roots for E>my+tac. The state C is a real state 
while the state D is a ghost state (Fig. 5). 


In the limit V->co, y(my+pu—0) becomes finite. Therefore, if my) <y(my+f—0), 


Fig. 5. Graph of y(E) (N?<0) 
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there exists only one ghost state and the real state mentioned above disappears. No 
further discussion is made about this case. 
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Appendix 


We shall study the possibility of the appearance of the complex eigenvalue. Consider 
an eigenstate with an energy E+il” (E, I’ real). The real and imaginary parts of (1-5) 


now give the relations 


ne PF f2(wx) my+o,—E = (A-1) 
ke IN®-2V 0, (my+o,—E)?+I” 
, Ge f*(@,) 1 ~ 

Imy(E+il’)/r'=1 z 0. A-2 
and my ( att )/ ad N2 2Vu, (my+ o,, —E)?+f? ( ) 
Now we have the following relation : 

Imy E+) > (my E+iP)/1) pau=( PEED ) (A-3) 

‘ r=0 


If (A-2) is valid for some value of E, it is seen from (A-3) that (dy (E+il’) /dE) poo 
should be non-positive for this value of E. This fact gives a domain of E(E,<E<E,) 
where (A-2) is valid. Strictly speaking, some exceptional cases can be expected to occur 
in the case of the finite volume V. Namely, in that case, dy/dE is not always non- 
Positive for those E’ lying on the domain, mytu<E<my+we.* Since, for any E of 
the domain (E,, E,), eq. (A-2) gives a definite value to /’*, we can define a function 


Z(E) 


2 2 2 =e 
ess eet BES) One fon Ric ESB WC 
aE > IN Bays (my+w, —E)?+I? } ? 


by inserting (A-2) into (A-1). By taking into account eq. (A-2) and its derivative 
with respect to E, it is seen that 


dZ(E) __(gp24 1 (4 oe 
ae (ar + - ( i ) AE) > 0 (A-4) 
where Ab) =>, gy _f (@p) | 


& N? 2Va, ((my+o,—E)?+I? 


* In this case, in place of the state with a complex eigenvalue, there occur an additional real state 
and a ghost state. 
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Namely, Z(E) is a monotonously increasing function in the domain of E,E<E,, and 
its maximum and minimum values are y(E,) and y(E,), respectively. 

The foregoing argument will lead to the following conclusion. In the cases of a), 
b) and d), the complex energy state does not appear; but only in the case of c), one 
pair of the complex energy states appears (note that E—i/” is also an eigenvalue). We 
can easily confirm that norms of thése states are zero by using (A-2), but the inner 


product of such a state with its conjugate does not vanish. 
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Ratio of Hyperons Produced 
by Cosmic Rays 


S. H. Hsieh 


Physical Institute, Nagoya University 


April 13, 1957 


Using Landau-Belenkiis’ multiple pro- 
duction theory”, we could account for the 
hyperon production ratio of cosmic rays, 
which Leighton et al. observed by cloud 
chambers during three and half years.” 

At first sight it may seem to be 
strange that Landau-Belenkiis’ (L-B) theory 
can account for such low energy data. But 
at least particle ratios among 7 mesons and 
hyperons, and various hyperons given by 
the L-B theory are not inconsistent with the 
experimental results at rather low energies,” 
while other aspects of the L-B theory are 
justified only at much higher energies.” 

In the followings we discuss the ex- 
perimental results of Leighton et al. and 
the estimated production ratios of hyperons, 
and then show that these production ratios 
are not inconsistent with those given by 
L-B theory. 

1) The Observed Number of Hy- 
perons. The number of hyperons which 
Leighton, Trilling et al. observed using 48 
inch magnetic cloud chambers during three 
and half years at altitude 210 m,” is shown 


in Table 1.° Here A’ is identified by 
V°->x--+-p, and &~ is identified by V— 
>7-+V°, Vn +p. V+ denotes those, 


whose lifetimes are very short, and direct 


Table 1. The number of hyperons observed by 


Leighton et al. There are some Z~ in V-, and few 
K+ mesons in V+. 


Sort Number 
A+) 230~490 
Va 90~100 
Vt about 50 
= 6 


eS 


measurement of their momentum is im- 
possible. There are few K* mesons in V = 
In V~ there are some 5~, and about 2% 
of K~. (estimated by Trilling from the 
lifetimes of V~ and K~)° 

2)>eRatiovol Sto >) Malle 
decay ‘according to the mode A°>727~ +p, 
the number of =~ contained in V~ is 
6~7, according to the estimation of 
Trilling.” 
Px >0.5,9” (P,==the number of a 
+p/ the number of 11”) the total number 
of => should be taken as 10~20, and 
the number ratio of =~ to >)~ 
20/80~90. Then if the lifetimes of Vs 
and S}~ are about the same, the produced 
ratio of Z~ to S} is 10~20/80~90. 

By Ratio of. >) te a 
the lifetime of S\* (ty+) is half of tTy-, 
it is not strange that the observed number 
of V* is about half of the observed num- 


On the other hand, because 


iso 


Because 
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ber of V~. 
4) MRatiowor Yi to" >. 


é Nhe : 3 
™~2tz-, in considering the ratio of A 


Because 
CAS 
to >}, we should double (or more) the 
Then the number 


observed number of >}. 
of Sti is.150~200. 


reasonable to regard the number of >)~ = 


Now because it is 


the number of 51°,” we can justify the 


following subtraction 
(the observed number of /’+ 51°) 
— (the number of $7) 
= (230~ 490) — (150~200) X Pad 
= (230~ 490) — (60~130) 
= (100~ 430). 


Here. we..took @,=0.7,”. d=0.6~ 
0.8,” where d is the detection probability. 
Therefore the production ratio of A’ to >” 
is to be taken as 60~130/100~430. 

5) Comparison with the Calculation. 
Now. let us compare the above ratios with 
the calculated ratios. 


Using the method 


shown in the previous letter," we got the 


Table 2. The lifetimes of hyperons 


Sort lifetime (sec) 
Ao 3.6 X 10710 
ie 1.8 X 10710 
Shi 0.9 x 10710 
57 —~2.0'* 10? 


Table 3. The calculated ratios of hyperons as the 
function of the critical temperature. Here the spins 


of all hyperons are taken as }. 


T (mx) ng—/ny— nyo/n no 
0.5 0.07 0.28 
1.0 0.17 2.0550, 
i192 0.20 0.55 
3.0 0.31 0.82 
ratios estimated 10~20 60~130 
from the 
experimental data 80~90 100~430 


RT RES A A A 


ratios of hyperons as functions of the 
critical temperature. (See Table 3. Here 
we took the spins of all hyperons as 3.) 
As it can be seen from this table the 
agreement is not bad at T~m,, if we 
regard the spins of all hyperons as 4. 
Moreover the result is not so changed, 
even if we vary the value of /, from 0.6 
to NOS: 


hyperons by cosmic rays is not inconsistent 


Thus the production ratio of 


with the result given by the L-B theory. 
Although it seems for us that the number 
of A’ is too much, this may be due to 
the thickness is production matter (which 
tends to increase the number of 1” relative 
to >}) and the too low estimation of the 
number of 5}. 

There may occur many questions con- 
cerning the applicability of the L-B theory, 
the nucleon-nucleus collision at low energies, 
the thickness of the plates in the cloud 
chambers and others. 


These poins will be 
clarified in the following papers. 


1) L. D. Landau, Ezy. An. 17 (1953), 51; S. 
Belenkii, Dok. Aka. 99 (1954), 523; E. L. 
Rosental and D. S. Chernabskii, Uspe. Phys. 
52 (1954), 185; S. Belenkii and D. Landau, 
Uspe. Phys. 56 (1955), 309. 

2) G.H. Trilling and R. B. Leighton, Phys. Rev. 
104 (1956), 1703; G. H. Trilling and G. 
Neugebauer, Phys. Rev. 104 (1956), 1688. 

3) About these we shall elucidate later in another 
place. For the brief explanation see S. H. 
Hsieh, In this issue. 

4) G. H. Trilling and R. B. Leighton, Phys. 
Rev. 100 (1955), 1468; R. B. Leighton et al, 
Phys. Rev. 100 (1955), 1457. 

5) G. H, Trilling and G. Neugebauer, Phys. Rey. 
104 (1956), 1688. 

6) G. H. Trilling and R. B. pepe Phys. Rev. 
104 (1956), 1703. 

7) Recently Steinberger Sbaiicd 0xn=0.66+0.03. 
See J. Steinberger, to be published. 

8) This can be justified for cosmic rays. About 
it we shall explain in another place. 

9) Trilling showed d=0.4~0.85. 

10) S. H. Hsieh, In this issue. 
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On the Observability of a 
New Hyperon 


S."H.- Hsieh 


Physical Institute, Nagoya University 
May 2, 1957 


Today one may think all new particles 
have been found up to now. However it 
will be still premature to conclude that. 
Perhaps the following consideration may 
give some insight on this question. 

In cosmic rays there has been found 
one example of anomalous event,” which 


seems to be interpreted as 


Soar ar i m ~- ~ 3160 mM, (1) 


or 


SK" +n m ~~ 2830 m, . (2) 

If So really exists, perhaps only the 
former is observable, because in the latter 
case the strangeness of 7 is —2, and 
the transition Y7-—>2~ +7 occurs quickly 
for this case. 

In this note we estimated whether \}~ 
shown in (1) exists or not, by calculating 
the relative production ratio of \}~ to =~ 
by cosmic rays. ~ To calculate it we used 
Landau and Belenkiis’ multiple production 
theory?” (L-B theory) and the energy 
spectra of cosmic rays. We made use of 
the L-B theory, because it can explain 
many phenomena.” It is true that the 
L-B theory is not well established in lower 
energy regions. However only the hyperon 
production ratio” or the production ratio 
of hyperons to 7 mesons” given by the 
L-B theory is not bad at very low energies. 


Therefore we may expect that it can be 


used as the estimation of order for our 
case. 

According to the L-B theory, the 
number density of baryons produced in 


nucleon-nucleon or nucleon-nucleus collision 


is given by 
pray Lee i: ts 
© on\ ch * Jo oy ive 41 


(3) 


where gis the statistical factor, Z;=m,c/kT, 
T is the critical temperature given by 
Te m,c, aid y=p/kT.' (2 is! tthe 
chemical potential.) 

In our case Z,>1 (ma-~9.5 mz), 
ly|<Z;, and (3) may be reduced to” 


ng= 95 (kT m,/2 7.67) mere ty, (4) 


Then using the relation N;= f (gi, mi; 
T, A, E) given by the L-B theory and the 
proton energy spectra” (0.7 Bev+E) wit, 
we found that the required ratio (the pro- 
duction ratio of ~ to =~ by cosmic rays) 


can be in good approximation 


J.3/ 9x (my-/ms-)e (mz-—my-) e/kT 


GEgatie)a beaks) 
both for cloud chamber and emulsion. 
Here we made the assumption that (}~ 


and 37 


energies Eg- and Ez_. 


are always produced above certain 
(More detailed 
explanation will be given afterward.) It is 
to be remarked that the calculated result 
is scarcely changed by the ambiguity of the 
energy dependence of the production number 
(for example E‘/ or E*”), because the 
energy spectra of nucleon is very steep. 
From (5) we see that for known 


values of mass my-, ms-, and assumed 


values of spins ix> jz, the required ratio 
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becomes a function of Ex, | Pen: OO 
We took xE,, in place of E.- and Ea, 

Eats 
the threshold energy to produce =~ +2K 
for E~, and to produce S{~ (3160 m,) 
+3K for Y~ (according to the conservation 


and varied x between 1.0 and 2.0. 


of the strangeness). As for the critical 
temperature T we varied it in the range 
0.6m,0C°<kT<1.5m,,c. Although we 
varied x, the final result is not dependent 
on x due to cancelation. 

The calculated ratios are given in 
Table 1 for various values of spins. 
These ratios are to be regarded as the 
ratios of production, when we do not take 
into account the thickness of the production 
matter. If the production matter is thin, 
and the lifetimes of ~ and =~ are nearly 
equal, these ratios may correspond to the 
ratios of observation. (The angular and 
momentum distribution of various hyperons 
seem to be not so different both in pro- 


The thickness of 


matter makes the observed ratio smaller, 


duction and average.) 


generally speaking. 


Table 1. Ratio of 3 (my-=3160 me) to B~ to be 


produced by cosmic rays as the function of the 
critical temperature T and spin j. 


15 1/2 1/2 3/2 

j= 3/2 1/2 1/2 
T=0.6mxc | 0.01 0.02 0.04 
T=1.5mxc | 0.07 0.14 0.28 


Up to now more than twenty ex- 


amples of =~ have been found in cosmic 


rays, and one example which may be in- 
terpreted as §~, though not very reliable. 
From the above results we would like to 
say that Q~ shown in (1) may really 
Perhaps more than fifty or one 


=- should be found 


to ascertain whether~} 


exists. 
hundred examples of 
corresponding to 
(1) exists or not. 

It is interesting to note that the above 
method of analysis can be used in the 


investigation of various phenomena of 


cosmic rays and new particles. 


1) YY. Eisenberg, Phys. Rev. 96 (1954), 541. 

2) also see W. F. Fry et al. Phys. Rev. 97 (1955), 
1189. 

3) L. D. Landau, Ezv. Ann. 17 (1953), 51; S. 
Belenkii, Dok. Aka, Na. 99 (1955), 523; S. 
Belenkii and L. D. Landau, Uspe. Phys. Na. 
56 (1955), 309. 

4) Analysis of cosmic ray data using the L-B theory 
was previously done by Z. Koba. See Z. 
Koba, Prog. Theor. Phys. 51 (1956), 461. 

5) E. L. Rosental and D. S. Chernabskii, Uspe. 
Phys. Na. 52 (1954), 185; Y. Fujimoto, 
Lecture at the Annual Meeting of the Physical 
Society of Japan, 1955, Oct.; Z. Koba, Prog. 
Theor. Phys. 15 (1956), 461. 

6) S. H. Hsieh, To be published. 

7) S. H. Hsieh, To be published. 

8) S. Belenkii, Jou. Ezpe. Theor. Phys. 28 (1955), 
111; S. Belenkii and L. D. Landau, Uspe. 
Phys. Na. 56 (1955), 309. 

9) We assumed that the neutron energy spectra 
is similar to that of proton in shape. Nucleon 

“is the main component which produces new 
particles, and we can expect very similar results 
will appear in other nuclear interactions. 

10) See, for example, S. Hayakawa, The Cosmic 
Rays. (Iwanami Gendai Butsurigaku) 1955. 
Note that, the shape of proton energy spectra 
is scarcely changed by altitude. 
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On the Heavy Meson Production 


in the z--Proton Reaction 


‘Takeshi Ogimoto* and Tetsuzi Shimizu** 


Department of Physics, Osaka University* 
and 
Osaka City University**, Osaka 


June 17, 1957 


In this letter, the angular distributions 
of the heavy mesons produced by the 7- 


proton reaction : 
= = P57” (1) 
>S°4+0 (2) 


>) +6* (3) 


are examined by means of the lowest order 
perturbation theory. 

Experimentally, the @° meson is emitted 
predominantly in the forward, whereas the 
@* meson preferentially in the backward in 
We shall show 
that, by assuming the preferable spins and 


the center-of-mass system”. 


parities for A”, >} and 6, these aspects of 
the 2~-proton reaction are fairly well ex- 
plained by the straightforward perturbation 
theory, without introducing the interaction 
of the type KKz which was expected from 
the forward production of the @ meson”. 
Furthermore, the parities of A’, >} and 0 
will be automatically determined from these 
results. 


We set the following assumptions 


(1) far the spins and parities of A’, >) and G: 


| a x 
Model (a) $*( or 37) $*( or 57) 
Model (b) 4*( or 47) 37 ( or 3%) o*( ot 0-) 
Model (c) b+ ( 4- 
Model (d) ( 


(2) for the interaction Hamiltonian densi- 
ties : 
H(NNZz) =Jo gy O Te py Ona th.c., 
H(3)>"7) cath Py O i $y Dre = h.c., 
H(A>37) =9e Pn O x0 Doce E.G, 
H(AN®) = 93 Py O $x Go thc., 
H(S)N@) =94 dy O To Poa Yo of Hic., 
where O=1 or O=77/;. 
The coupling constants g,°/47=f," and 
9° /40=fz are so estimated as to fit in 
with the experimental data : the total cross 


section for the processes (1), (2) and (3) 
is 1 mb at 1.3 Bev 2 meson energy and 


the branching ratio is given by 
o (x p|A ) +o (x p|>” #) ~2», (4) 


o(m play 9) 

We have f?~1.4 and fy ~6.3 for Model 
(a), using f°~10, f,°~1 and 7 02); 
we obtain f~1.9 and f~2.3 for Model 
(d), using f,2~10, fr~0.4 and f?~0.2. 
For other types of model the values of the 
coupling constant which fit in with the ex- 
perimental data cannot be found. 

Therefore, we may consider only the 
case of model (a) and (d) for the spins 
and parities A, >} and 6. The theoretical 
angular distributions for the production 
processes (1), (2) and (3) are respectively 


/ 
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given in Fig. 1 for these models. For com- 
parison, we have also plotted the experi- 
mental ones according to Steinberger et al.” 

It is seen from this figure that the 
angular distribution of the heavy meson 
for the process (2) is different from that 
for the process (3). This difference may 
be interpreted as the process having A” in 
the intermediate state contributes to the 
latter, whereas the process does not appear 
in the former. 

Needless to say, the experimental statis- 
tics is quite poor: moreover it is quite 
doubtful whether the perturbation calcula- 
tion is meaningful for such a strong interac- 
tion. However, it should be remarked that, 
as is seen from Fig. 1, if we postulate the 


model (a) or (d) for the spins and parities 


Fig. 1. 


The production angular distributions for 


0 


The center-of-mass distributions for the events which 


are presented together in this Figure. 


1.0 0.80.6 0.4 0.2 


Oo —0.2 
—0.4 


the z~-proton 


Letters to the Editor 


of A°, S} and 6, the experimental aspects 
of the hyperon production in the 7” -proton 
reaction seems to be explained fairly well 
by the perturbation calculation”, without 
taking into account an interaction of the 
type KKz. Note that A’ and >} must 
have the same parities. 

We wish to express our cordial thanks 
to Dr. S. Minami and Dr. T. Nakano for 


their helpful comments. 


1) R. Budde, M. Chretein, J. Leitner, N. P. Sa- 
mios M. Schwartz and J. Steinberger, Phys. 
Rev. 103 (1956), 1827. 


2) J. Schwinger, Phys. Rev. 104 (1956), 1164. 

3) S. Iwao, Soryushiron Kenkyu 10 (1956), 192 
(in Japanese). 

4) The similar results for model (d) only were 


also obtained by S. Goto. S. Goto, Soryushiron 
Kenkyu 13 (1956), 569. 


reactions at 1.3 Bey z~-meson energy. 


Model (a) 


cos 0% 


Model (d) 


0% is the center-of-mass angle of the heavy mesons in each case. 


Progress of Theoretical Physics +#% #5 #8 it 


A RR a5 
I. WATER 


(1) FARIS MBOS 4 THAME AW, ER 2H CRS, RHESOEDTA BLED 
PREFERS. ERO THORRIC SORFOREZANTES. HEOLHHSWARY 
MA SBI LTRS 

(2) RR LRS 4 SOME OMIT NTSAPHBUT ES 

(3) @Ats, EF 2m AGEN EN iem HY, HMLLATOHSVUTESY.. COMET 
PED L, LHDKAMAFBL Site Het. (AL, MHA COMTAD ETA, BOW 
(S4TASULITOD TRAY, AME MAORORIZAMO 1 ARRESTS, 

(4) 4, RY, AEM, TFARIVb, AMOMIC, BLAST ODUTCRAARMOT 
F&O. FFIARZIZHAIAUA, Riser CRUG, Bits SO CHaMRMMUTE 
xu, (fil: Kétar6 HONDA) 

(5) 8 S) OBO EL FORM, AMO 2ATATURATST TRI 

(6) Rat HERO RS UT (QPL OBA MAHL TESO), cai 
BEEDTELOPRBSMIED CL, BMBICARICTAPANTRIW 

I. He 

(1) fe DS AIT AMIE, LRG REEEA ERAN ROCRR TR GHEE 
3, fio CAMHOA 209 7, BRAPOWARE (Hl: log, lim, Trace, sin, ec.) &> 
NCOAF » FisHHEMO RT. GEA Is ASI) 

(2) #Yp>y MH, FAVRPURITHELTRAD, NI bVAREAOTH, AF 7 
EpULTESW, FIV Ue LFOPFyY TKARERDIEOUPHS DEAS 

TAS 03 Bar 0s), 05 A, pss PO, (20, PEI aw 
(33) EXMNROTORF, AXFE)MUFORMNORHELS(S, [($o FOBNTKS. 
i) EXNPTONF 
Se peeorew), o(=4)t a @avgr7), (Faber ae), 
okey Jae, eta ye 8 Ay ay), 4 (2A) e-7 C4), 
rise e es) reemertyy), wF7Vv--)e a Caan) 
ii) ASCH LE /PACFO R Hil ds PAB eM 
CK.O,P,.S, V, W, X%, (iit 3, UM, 4,.Y CBF 

(4) RZiILoOs OE FOVEICUTE SY (A Mete.), XS DUUITIS( EDS) CF 
Ds) EHUTRS YY. MMCRFIESSNK SUS LIRRMICLRUTH SE. —BO 
RE GFORF), DOWRFEODIF » DARA EMMBCEECVA. 

(5) EX FOBSIL, EXRFEDL OSBDUOT (E4716), GRE) OMSK KEUTHS 


Wo 


Il. i zi 

(1) RROLARAO 3TITH4T SMU SUT, TOAVITHUOT FA. HICRUOAI 
FUMULtzt & LFITASZ ESCM TC, MAPICS CHUTES 

(2) F#lt CH SDP¥O 1 FICMNTHRMEABT RE, LEAT TM e SEN ALO 
AFIDMICACA CSW. FEITICH IT HHA ST SAB IS (a/b) exp tr) DL 5 Bie 
FAUT RSV, 

lViw ai HA 

(1) ASCHOSASHIt 1D, 2~5), 6) OM BAY ABIBWT FS 

(2) S/ASCRISIB UBS OU CMILOKDITEED, ROMMAICM—-ULT FES. 

H. Yukawa, Rev. Mod. Phys. 21 (1949), 474. 

(3) BATA OSB E12» 7 CHL, BH ANKE, BAMEBO THVT FSU. 
MRUND 4 OURS ROT, * PSOR CHIC UT FSU. 

(4) S| ACROB AZ lk kic(2o £ 51CHO initial letter SATANT FA. 

B hi 

(1) MORMARMISASCAM CBORD, BAIS TI AUITC BIZ EO CERO KY-ACE< 
TELALWY) PRMORRCELD, SHA, MXRA, DBEREHSTMRCLTKS. 

(2) MOMs A 2 BMC HUY HEL, caption (AECA2 4 FUTHIWT FAW. 

(3) FCB RICASRFOE OK, 4129097, TRY 7, KF, aH, etc.) & 
BNEWAKSICL, CAOMV? KY -AREOESFGMICT ZBI HARICEARFEORK 
& SPHDBATRSW 

4) ROP OS LISIERICRSLRM RRC LES OTE) RELT RAW. 

CeO) eis 
ASCO AAAS BEC SNF mot], [Pee OTE | SICH CHRKSNCOSBAIC ISH 

DREORHML TRISTE RET TDUES. WHEMILIT OW TOMA Y ORR CIS IL 

BSROSHAS SASHA CRS, MEIC SHC IRKATSCEBSD ESD 

561 Ob HIER RS, 


iil 


RROBSARA | 


§5. Wave forms of normal vibration 
Let us next investigate the spatial wave forms of the normal 
vibrations for Case M. First consider a regular lattice. In this 
case the equation determining the allowed initial vector is, in the 


representation in which T is diagonalized, 


<7 


n+ Ai 
Oi) 4 ore », 0 xO) 
{( a+)" ap=| es ee ae (5-1) 
F274 e 2 YD 
Fz 
t - Sbypadie 
yhere x0 x1) vt) = hee Xqy Since for the eigenvalues R= fit /w 
r TX FIX 
the matrix in the above formula is null, the initial vector is 
pet 
here arbitrary, except for R= =T/2, when U ~ does not exist. Let 
@:7* 


it be xpab)”, then the state of the (ntl)th atom is given by 


aie 0) xb ear 


7+ Fy = te ° (5-2) 


If we return to the original representation, we have 
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where “x,/=(x,’, Ve. ke (hsice for the eigenvalues / IN pe mais in the 
: ae } 2 Pee 
above formula is null, The initial vector is here arbitrary, except forB=—7/2, when U 


does not exist. Let it be (x,’, y,/)”, then the state of the (m+1)-th aton is given by 
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§5. Wave forms of normal vibrations 


Let us next investigate the spatial wave forms of the normal vibrations for Case M. 
First consider a regular lattice. In this case the equation determining the allowed initial 
vector is, in the representation in which T is diagonalized, 


hs | 0) Gr 
(U+A)*—hx/= 
0 EPP Te] iy! 


where x,/==(x,', y,/)"=U~'x,. Since for the eigenvalues 3=nz/N the matrix in the 
above formula is null, the initial vector is here arbitrary, except for 8=7/2, when U-! 
does not exist. Let it be (x,’/, y,/)”, then the state of the (n+1)-th atom is given by 


| exnis 0 " \ | emis ci 
) {SMR MY | (5-2) 
0 en nib y,' exe y,! 


If we return to the original representation, we have 


|-°, (5-1) 


Peeone 3 {cos (2n) + tan § sin(2n2)}x, +sin(2nf) y,/sin 28 
| |= (5-3) 


Yn+1 \—2 tan f sin(2nf)x, + {cos(2n) —tan 3 sin (2nj)} N 
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In terms of the level splitting of the electronic state 4f1(2F5/2) due to the crystalline and exchange 
field, the magnetic susceptibility and specific heat of cubic cerium are calculated theoretically and 
compared with experiments. The intensity of the crystalline field is also estimated using a simplified 
model of the metalic state. The agreement between theory and observation is fairly good. 


§ 1. Introduction 


Since the mass separation of rare earth metals has become possible by means of the 
ion exchange technique,” the magnetic properties of these metals have been extensively 
studied experimentally. It is now known that many of these elements are ferro- or anti- 
ferromagnetic and their magnetic behaviors are quite different from those of the iron 
group. The carriers of the magnetic moment in rare earth metals are the electrons 
occupying 4f orbitals incompletely, which seem to localize almost as if they were in the 
free atomic state, and hence keep their orbital magnetic moments without much inter- 
ference from the electric crystalline field. The mechanism of exchange coupling between 
magnetic moments in rare earth metals is therefore expected to be somewhat different 
from the case of ordinary magnetic metals in that conduction electrons would play an 
important role in aligning the spin magnetic moments of the ion core, each of which is 
strongly coupled to the orbital moment through the spin-orbit interaction. This is Zener’s 
picture of exchange.” A similar idea was applied by Pauling” to Gd and more recently 
investigated in detail by Kasuya® in connection with the electric and magnetic properties 
of transition metals. As was pointed out by Kasuya,” the strange feature of magnetism 
in rare earth metals is believed to come from the fact that, beside the extraordinary 
exchange mechanism mentioned above, there exist interactions between an orbital moment 
and crystalline field or between an orbital moment and other orbital moments, which will 
give rise to complicated effects, varying with the number of 4f electrons and with the 
temperature. 

The object of this paper is to present an atomistic theory of the thermal and 


magnetic properties of metallic cerium. This element is the simplest one in the sense 
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that the incomplete shell has only one 4felectron, and therefore provides a good starting 
point for theoretical study. 

The cerium metal has a cubic close-packed and hexagonal close-packed structure, but 
here we restrict our interest only to the former and the latter is reserved to a later paper. 
For the cubic close-packed cerium metal, the measurements on the specific heat”, magnetic 
susceptibility,” electrical resistivity,” Hall effect”) and dilatometry” reveal that there exists 
a kind of phase change accompanied with large temperature hysteresis extending over about 
50~200°K, and from the remarkable contraction observed on cooling” Pauling” suggested 
that this phase change is caused by the promotion of 4f-electrons to the 5d valence band. 
According to the specific heat measurement there appears another anomaly at about 12°K 
and Lock® showed in his recent experiments on susceptibility that this temperature 
corresponds to an antiferromagnetic Néel point. He also showed that the transition to 
the contracted phase, called the a-phase, depends largely on the history of the sample : 
repeating the measurements more than one hundred times the transition did not take 
place, but in the first cycle half of the 4f-electrons seemed to be promoted to the valence 
band. For the older observations we must therefore consider the cycle of experiment 


when we compare them with theoretical results. 


§2. The state of the 4f-electrons in metals 
with cubic close-packed structure 


The same kind of problem has already been considered by Penney and Schlapp™ 
for paramagnetic rare earth salts in which there was no exchange field. We here treat 
the exchange field in the molecular field approximation, and hence the problem can be 


reduced to the one ion problem. In a cubic crystal the Hamiltonian has the form 
He =D(x'+y'+2'—$r) + AJ, (1) 


where D is a constant which expresses the intensity of the crystalline field and H,=gy 
-(H.,+H,). g is the Lande g-factor, 4 Bohr magneton and H,, and H, mean respectively 
the effective exchange field which acts on each 4f-electron and the applied external 
magnetic field. As the spin-orbit coupling is strong, the energy separation between the 
ground state, *F;;, and the next excited state, °F,)., is about 2200cm~',!? and we can 
regard J*=constant. In the subspace of J=5/2 the Hamiltonian (1) can be expressed 
in terms of equivalent operators : 


Ma gh(7fi— 22) 4 £4 I) — Bude, (2) 


_ par ra 
where g=D/(r'/4, and the notations § and r? are due to Stevens.’ Here we have 
dropped constant terms. 


The energy eigenvalues and their eigenfunctions are easily obtained : Putting x=H,/q, 
the eigenvalues are 


Ale {1518+ 16x— (1327104 + 98304x+ 4096x2) #21, 
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W,= 4 {—1518—16x— (1327104— 98304x+ 4096x2) 1/21 | 
Asritmei ces 16x-+ (1327104 + 98304x+ 4096x2) 124 , 


as 1518 —16x-+ (1327104 —98304x-+ 4096x2) 1/1 , 


16 
IMS eee 
ies pee 
=| =}, (3) 


and their corresponding eigenfunctions are 


Y.=N, (Psy - P59) > Y,=N, (P-s/2 as Cos )9) ’ 


Y4.=N; (Psjo+ C395 79) ’ Y ~.=N, (Pisjet ciPsse) ’ (4) 
P05 Te = @ 4795 
where 
a= f 768 + 64x— (1327104+98304 ye 
a = 4096x 

c) 384V 5 z ( ay iad 

: : (5) 
2 — {768+ 64x+ (1327104 + 98304x+ 4096x2) 12 

S sere! ( x+4096x2) 1}, 


In eqs. (5), plus signs are taken for c, and ¢, 
and minus signs for c, and c, N; in eqs. (4) 
are normalization constants, namely (1+ |c,|*)~’””, 
and ¢, is the normalized eigenfunction of J.. 
For x=0 they group into a doublet (1 and 2) 
and a quartet (3,4,5 and 6), and their energy 
separation 4 equals 72q. In §5, where we F572 
calculate the magnitude and sign of D, it is 
shown that qg>0, and therefore the doublet is 72q 
lower. When x0, all of the degeneracies 
are removed completely and the ground level 
is the state 1. This is illustrated in Fig. 1. 
In terms of these energy levels, we can calculate 
the magnetic susceptibility and the specific heat, 
from which the parameter q can be determined. q=0 q>0 q>0 

At sufficiently low temperature, T<4/k, ‘agi tee a 
where the lower levels play a dominant role in Bight 
determining the physical properties, the quasi-angular momentum defined for the lower 
levels is expected to be replaced by an effective spin, s, which will have the magnitude 
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1/2 in the present instance, for the ground state is a doublet and must be symmetrical 


with respect to the x, y and z directions. The wave functions for these two levels are 


given by 
5 iL 
tn [3(bu~ feta)» $Y Ebon Jeon) 


Taking #, and , as a basis, the matrix elements of J may be calculated and expressed 
as 
f[s= nes ’ (7) 
3 
where s is the usual spin operator with s=1/2. This means that the problem can be 
reduced to the case in which the magnitude of the spin is 1/2 but the Lande g-factor 
is modified to g/=— (5/3)g. 


§ 3. Specific heat 


For the moment we shall forget the antiferromagnetism below Ty=12°K in which 
case we can easily calculate the anomalous part of the specific heat due to Stark splitting, 
and by making comparison with observation it will be possible to determine the parameter 
g. Without considering the lattice vibration and other small contributions, the specific 


heat is given by 


_ 2NkA‘fPe** 


(1+26-*4)2 ’ & 


where =1/kT and N is the number of 4felectrons. If we take 
A/k=240°K, (9) 


the maximum of the general trend of the calculated specific heat coincides with that part 
of the experimental curve which is believed to be due to the crystalline splitting. The 
experimental values are however far lower than the theoretical curve if we take N as one 
electron per atom. In Fig. 2 we show the observed and theoretical specific heat curves 
calculated for two typical cases: (a) one 4f-electron per atom and (6) 1/2 per atom 
on the average. From the figure we see that experimental values observed by Parkinson 
et al. corresponds nearly to the case (6). 

Actually, this can be confirmed still further when we consider the specific heat below 
the Neel point. The entropy of the anomalous part below the Néel point estimated by 
Parkinson et al. is about 0.6, which is close to (R/2)In2=0.688. Parkinson and 
Roberts’ made a more detailed experiment on the specific heat and found that the entropy 
under the highest peak up to 20°K is only a little less than RIn2 for the 50th cycle 
of measurement in which case there should be almost no phase transition to a-phase : 
But for the first cycle the anomalous part of specific heat is very nearly equal to half of 
that of the 50th cycle at every temperature they observed. On the other hand, the 
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magnetic entropy seems to tend to the value RIn(2J+1) at 300°K,” and this leads us 
to consider the a-phase as that half the atoms having a trivalent configuration and the 
other half a quadrivalent configuration are in some kind of ordered state. The magnetic 
moments of the former group are to have an antiferromagnetic arrangement below the 


Neel point. 
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Fig. 2. Specific heat of cubic cerium 
observed by Parkinson, Simon and Spedding 
(Proc. Roy. Soc. A207 (1951), 137) 
a (a) calculated assuming one 4f-electron per atom 
SERS -~- (6) calculated assuming 1/2 4f-electron per atom 


Using the molecular field approximation, the specific heat below the Neel point can 
be expressed as 


C= —A NET y-002/8T, (10) 


where o is the reduced spontaneous magnetization of each sublattice. As was already 
mentioned in § 2, the reduced magnetization of spin 1/2 can be used for o. Taking 
T y=12°K, the calculated curves are shown in Fig. 2 as (a) and (6), corresponding to 
the two cases mentioned above. The tail immediately above the Néel point is thought 


to be due to short-range order. 


§4. Magnetic susceptibility 


The susceptibility was observed by La Blanchetais” for pure samples down to 80°K 
and it was found that the susceptibility of the 7-phase, (high temperature phase of cubic 
close-packed structure) and of the hexagonal B-phase almost coincided with each other. 


Lock® also observed the susceptibility in successive cycles of measurements and found 
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nearly the same result qualitatively, but he found that the Néel temperatures of each 
cycle were almost the same and that the successive cycles inhibited the transition to the 
a-phase. The phase obtained after many cycles seems to correspond to the 7-phase, 
although X-ray analysis shows traces of /3-phase in addition to the 7-phase. On the other 
hand, the Curie constant estimated for the first cycle was nearly half of that of the 
y-phase. This again confirms the supposition that half of the 4f-electrons are promoted 
to the valence band. 

We now calculate the susceptibility with the same value of J as obtained in § 3. The 
value 4/k=240°K is, however, thought to be due to 3.5 valence electrons per atom on 
the average in the a-phase. Hence we use 4/k=240 X (3/3.5) =206°K for the 7-phase, 
because in our approximation 4 is proportional to the valency (see §5). The statistical 


mean value of the magnetic moment per atom, (m,), is generally given by 


BA 3! 


(m.) =F SIS 6 tome Het He) (11) 


nant 
where E,, is the energy eigenvalue of the n-th state and J,,,, =E,,—E,,, Z)= 2 exp(—E,), 


and mn, is the matrix element of the operator gf4J, between the state n ar n’. The 
summation is performed over all states. Calculating the matrix elements by (4) and (5), 
we can express the magnetization M=Nm_) as 


M="F(T) (H..+H,), (12) 


where C=N(gv)*J(J+1)/3k is the Curie constant for sufficiently high temperatures 
and F(T) is a correction factor due to crystalline field given by 


F(T) = +(—=)|5 (26 + 5et!*”) Slats a Ces: —1) | ; (13) 
As it should be, F(T) tends to unity as Toco. In the molecular field approximation 
H,, can be assumed proportional to M, and hence we may put 
H.,= — (8/C) M. (14) 
From (12) and (14) susceptibility y=M/H is obtained as 
Soa aaaee (15) 


We calculate 7 as a function of temperature by adjusting the parameter 4 in such a way 
that theoretical value coincides with observed one at Ty. The results are shown in Fig. 3 
together with experimental values measured by Lock. The assumed values of 4, 9, etc., 
are as follows ; 


ee 
cycle no. in Lock’s exp. | Alk (C) N 


1 240°K 10°K 1/2 4f-electron per atom 


curve (a) 102 206°K 12 eK one 4f-electron per atom 
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10-3/2% The susceptibility below 


70 


the Neéel point depends on the 
nature of magnetic superstruc- 
ture and anisotropy energy, and 
since little is known experi- 
mentally about both properties 
we cannot go into the detailed 
discussion. As was seen in 
§ 2, however, cerium at low 
temperatures can be regarded 
as an assembly of spin 1/2 
with the. Lande factor g/= 
— (5/3)g, and magnetic ani- 
sotropy will be very small,’® 
Therefore the susceptibility 
below the Neéel point is con- 
stant in the first approximation 


as shown in Fig. 3. 


Fig. 3 Calculated and observed 


0 ° — . 
100 200 300°K susceptibility of cerium 


A, 
§ 5. The intensity of the crystalline field 


In order to verify that the empirically derived crystalline field intensity used in the 
earlier sections is consistent, we calculate it using a reasonable model: The valence 
electrons are smeared out uniformly over the metal and the point (or spherical) charges 
of ion cores are located at each lattice site. The uniform minus charge does not con- 
tribute to the crystalline field except for the Madelung term and may be omitted here. 
The D in (1) is then given by 

D=—83)}-e&u/R, (16) 
7” 
where v is the valency and R, means the distance of the n-th atom from the origin. 
We adopt the direct sum method, and actually the summation is performed within the 
cube of edge length 12a including the origin. Here 2a equals the lattice constant. The 


result is 


D= +0.680 (ve?/a’). 


Hence we get 


A ae 
pale og tes (17) 
4 dnc, 


Taking a=2.57X10-*cm,” §=2/7.45," and q=2.86k (§ 3, § 4) for the 7-phase, we 


obtain 
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v(1*/a') =4.08 X 107. 


If we use the Slater-function for the 4f-orbital to determine r' in terms of Z*, the 
effective nuclear charge, v equals 2.5 for Z*=12. This value of Z* is also obtained 
from the Slater-rule, although it is not very reliable for 4felectrons. The result here 
obtained is nevertheless quite reasonable. That the value of v is smaller than 3 is thought 


to be due to the screening by conduction electrons. 


§ 6. Conclusions 


The anomalous behavior of cerium metal at low temperatures can be partly explained 
by taking account of the crystalline field as well as exchange field. The magnetic pro- 
perties of the a-phase are interpreted by assuming that half of the 4f-electrons are pro- 
moted to the valence band. The detailed structure of this phase can be revealed only 
by neutron diffraction experiments however. The order of magnitude of the exchange 
coupling between nearest neighbours can be given by kO™. If the exchange force affects 
more than nearest neighbours, as is the case of Zener’s mechanism, the small value of 


the ratio OF(Ty)/Ty, which is 0.264 for the @-phase and 0.312 for the 7-phase, 


suggests that the exchange interaction changes its sign with distance.” ”” 


Analysis of hexagonal rare earths is now in progress and will be discussed in another 


paper. 
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The j-forbidden electric octupole transitions of nuclei are explained on the basis of configuration 
mixing. The main contributions to the matrix element of the j-forbidden electric octupole transitions 
come from a proton transition for odd proton nuclei, and from both proton and surfon transitions 
for odd neutron nuclei. 

In the case of a proton transition, the allowed matrix element is of the first order for odd proton 
nuclei. For odd neutron nuclei, the mixing of proton configuration must be taken into account. The 
matrix element for a proton transition is of the second order. 

The allowed matrix element for a surfon transition is also of the second order. 

The calculations are based upon the perturbation theory. The agreement between the calculated 


and observed lifetimes are qualitatively good. 


§ 1. Tatroduction 


Much important information about stationary states of the nucleus can be obtained 
from the study of the interaction of the nucleus with the electromagnetic field. The 
gamma-transition probability between two states depends, in a sensitive manner, on the 
wave functions of these states, hence the knowledge of nuclear wave functions can be 
obtained by comparing the experimental transition probability with the theoretical value 
calculated on some specific model. Among the various nuclear models proposed, the shell 
model seems to be most suitable to explain the nuclear gamma-transitions, especially the 
existence of the “island of isomerism”? There are, however, some details with which 
the shell model fails to obtain quantitative agreement. One of these is the j-forbidden 
electric octupole (E3) transitions of nuclei which belong to the first island in the region 
before the closed shell at 50. These have been identified as E3-transitions of the 
(7/2+)<>(1/2—) type and occur for the nucleon numbers 43, 45, and 47. The 
(7/2+) states have been classified on the basis of the shell model as (pi/2)?(0) (Jojo)? 
(7/2) and che (172—) as (pr)* (1/2) Gop)" (0) The nucleons in the Yj. orbit 
ate of abnormal coupling in the former configurations and of normal coupling in the 
latter configurations. Such a transition between the two states cannot occur, according to 
shell model, assuming a symmetric single-particle transition operator. It shows evidently 
the deviation from the pure configuration by the shell model. 

On the other hand, there is an additional difficulty for odd neutron nuclei. The 
tatio of the probability for a single neutron transition to that for a single proton transition 
should be of the order (Z/A”)* because of the recoil of the core in the former case ; 
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i.e., of the order of 107° for L=3, A=100, Z=50. The transition probabilities deter- 
mined from the experimental data have similar values in odd neutron nuclei and also in 
odd proton nuclei. 

It may be expected that these difficulties are removed by the surface coupling in the 
collective model.” 
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In general, the interaction potentia is given as 


V= DV (e, r;) =i 21M v08 (r; Tx) (1) 


The first term is surface coupling interaction. The surface coupling will admix particle 
states and, furthermore, the coupling with the deformation of order three produces an 
E3-moment which contributes to the surfon transition. 

Now, the assignment of a configuration given by the simple shell model is assumed 
to be correct in zero-th order. We can define the mixing between various configurations 
due to the interaction (1) as configurations of higher orders. According to this idea, 
the transition matrix element is also decomposed into those of zero-th order and higher 
orders. 

In the case of the surface coupling only, the ailowed matrix element for a particle 
transition is of second order and that for a surfon transition is of third order, because 
the (7/2+) state is of abnormal coupling as mentioned above and the surface interaction 
operator is the sum of single particle ones. 

The residual interaction in (1) is composed of two-body interaction operators so that 
the states of two particles can be changed simultaneously. 

The purpose of this paper is to show that the mixing of configurations by the 
interaction (1) gives the. main contribution to the E3-transition. The allowed matrix 
element for a proton transition is of first order for odd proton nuclei. For odd neutron 
nuclei, the mixing of proton configuration must be taken into account. The matrix 
element for a proton transition is of second order. On the other hand, there is a matrix 
element for the surfon transition between the states with mixed configurations due to the 
two-body interaction and that due to the surface coupling interaction. They are also of 
second order. Therefore, for odd neutron nuclei, the main contributions to the matrix 
element come from both proton and surfon transitions. 

The ratio of the unfavoured factors for a single proton transition 7/<—> p;j in the 
odd neutron nuclei to that in the odd proton nuclei lies in a region of one to 107%. 
This gives strong support to the above considerations. 

Flowers” has shown that within the limits of the pure j-j coupling approximation 
the (7/2+) level of the configurations (YJoj2)°’ is never the ground state and would 
normally be expected to lie above the (9/2+) level of seniority one. There exist, 
however, two low-lying states: (7/2+) and go. In more than half of the cases the 
(7/2+) state is lower than the gj state. We can imagine as usual that the observed 
lowering of the (7/2+) state is brought about by small perturbing forces representing, 
for example, configurational interaction. Flowers” has suggested its possibility for the 
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configurational interaction due to the two-body force with finite range. But, we do not 
discuss this problem here. 

Other evidence of configurational mixing is given by magnetic moments,” quadrupole 
moments,” JU-forbidden magnetic dipole transitions,” and deuteron stripping reactions.” 
These have been calculated, for simplicity, with the two-body interaction force of the 0- 
function type. We assume, however, that the radial dependence of the two-body interac- 
tion is of finite range, because of the reason as suggested by Flowers. 


§ 2. Transition probabilities 


The shell model matrix elements vanish for the j-forbidden transitions. _Non-vanishing 
elements appear as the effect of configurational mixing, and the dominant contributions 
come from the interaction (1). 

The unfavoured factors in the odd-proton nuclei for a 9;).<— py; single proton 
transition lie in a region of 10~° to 10-°. This fact indicates that the extent of the 
admixture of 97). orbit is of the order of one percent. Therefore, the calculations in the 
following are based upon the perturbation method. 

We shall make a quantitative comparison between theoretical and experimental values 
of the lifetimes in § 4. Before that, we shall derive the matrix elements for the transi- 
tions by the consideration of the configurational mixing. 


The radiative transition probability due to an electric 2’-pole moment is given by 


er 1 ist 8z(L+1) 2” Ez 2+1 ] Ne > 
iA b ge) 2 : @) 


tee LP era Ay pout 


’ is the effective 


where T, is a mean lifetime, and I° is given by eqs. (3) and (3/)ta ye 
charge. 
For a proton transition, Wt? is 
ME= DS) | Gym; | Dh" Yiu (Fp op) | jem:) ? = Cyl ae Yio (Op Gp) | js)”. (3) 
mimy Pp 
In eq. (3) >} means a sum over individual nucleons in the nucleus. j, is the angular 
momentum oe the initial state and j, is that of the final state, m; and m, being their 


z-components. 
For a surfon transition, I’ is 


Me? = (j,|| 3Z/47- Ro" @r* | je)” (3’) 


where Z is the proton number in nucleus and a, the coordinates which describe the 
deformation of the nuclear surface. 

Let us denote the initial and the final state by Y (j,m,) and Y(j,m,). We adopt 
as the zero-th order configuration the shell model wave function U (jm), and lec Yi (jm) 
and Y°(jm) be typical excited configurations of the first order and the second order 
which mix with the zero-th order configurations. 

If the admixture is small, initial and final wave functions are 
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Ly GF m;) = ,, (jimi) a Se age oe Ci m,;) eby ct es (jim:) (4) 
and 
P (jp) =F Cjpmy) + Dane Pier Cipmy) + DIB ne Far Cigmy) - (5) 


There @’s and (’s are given by perturbation theory in terms of non-diagonal elements of 
the energy matrix, and are of the first order and the second order in V, respectively. By 
using wave functions (4) and (5), we get the reduced matrix element in eqs. (3) and 
(Ele 

For j-forbidden transitions, the element between the initial and final zero-th order 
configurations vanishes, and the leading terms of the element are of first order for odd 
proton nuclei and are of second order for odd neutron nuclei. We neglect the effect of 
higher order contributions. 

(i) The case of odd proton nuclei 

The (7/2+-) states are classified as (pi2.)?(0) (9o2)*°" (7/2). on the basis of the 
shell model and the (1/2—) states as (py»)'(1/2) (Yoo) *°*(0). The experiment indicates 
that the (1/2—) state has not only the configuration of zero-th order (;))'(1/2) 
(Yop) (0), but also that of first order which contributes to the E 3-transition. Such con- 
figuration must be (pij)*(1/2) {(Go2)”' (7/2) Gz} (0). Any other mixing of the 
configurations in the (7/2+) state and those in the (1/2—) state give rise to higher 
contributions to the transition matrix element. 

We represent the zero-th order 
configurations of the initial and the 7/2 


initial 
final state of the transitions as Aes te ee bs 
Pj) =F PDIPOSKe=7 5, at, 
(6) 
and Y, ee Y, 
Y, (ipmy) 
= Gps (0) his (jo) > ip=IJ2) 9712 
h ’ Yo/2 state 
where nucleons in j,=/,+1/2, (7/24) 
JoH=- 1/25 0cand oj=1—1/2.nare Pale 
like and n is even number. b 
For a jj transition, we need " 
only exchange the roles of the Fig. 1. A schematic picture of the transition, g7j2>f1 2. 


initial and the final state of the transition in the following calculation, since the 
relation 


(jel Se Yio (Op) I) = (2 AGI Dit" Yin (On ¥p) || jo) (8) 


Therefore, we can assume as eqs. (6) and (7) the initial and the final configuration 
without loss of generality. 
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Then, an excited state 


FO GG) AIT Ge) jab ) 5 7) (9) 


can interact with the zero-th order configuration in the initial state (6). The decay by 
the electric octupole transition from this to a zero-th order configuration of the final state 
(7) appears to be allowed because configurations (7) and (9) are the same except for 
one orbit and the different orbits j and j, satisfy the 4/=3 for orbital angular momenta. 

We can get the reduced matrix element for the electric octupole transition due to 


the mixing of the excited configuration (9). The result is 


ge (—) Ltt. Fis D ng) 
v2 Ak 


where 


i 


; ae nt lo—s ] 2 i 4d /2 
EQais = (— 22! Feel ChtD Bj +D AD 2/+1)) 


X (—)2° OW (Ljolj 3 sL) (11,00|L0) - | RG)r! Ry (o)dr, gt ba it) 


s is the intrinsic spin of the proton, and R,(r) the radial wave function, @ is the 
amplitude of mixed configuration (9). 

(ii) The case of odd neutron nuclei 

The calculation of transition probabilities for odd neutron nuclei is similar to the 
calculation for odd proton nuclei. However, the electric 2”-pole transition between single 
neutron states has a probability of only (Z/A”)* in comparison with that in the single 
proton case, because in the former case the recoil of the core is small. For the electric 
octupole transition, this contribution to the transition probability is negligibly small. 
Therefore, for a particle transition, we must take into account the mixing of configura- 
tions for the proton core. 

The matrix element which gives a main contribution to a proton transition is of 
second order. The contributions come from the transitions between the first order configu- 
rations, and between the zero-th order and second order configurations. 

In the former case, such configuration in the (7/2+) state must be {( psy) *° (3/2) 
gop} p(T) Lin Gor)” (7/2) Irak (0) Jw(1/2), and that in the (1/2—) state { (psy) * 
(0)} pl pipet Gor) "4 (7/2) Grp} (0) |w(1/2)- 

In the latter case, the (7/2+) and (1/2—) states would have also the second order 
configurations { (psp)°(3/2) Jon} pJ), { p12(Yon)” (0) } wh /2), and { (psi)? (3/2) Jos} p 
(J) {(prj2)" (0) (Yo;2) n-1(7/2)} (7/2), which mix with the zero-th order configurations. 

The transitions between these configurations correspond to the single proton transitions 


between the (9/2 state and the ps) state. 


We represent the first order configurations of the initial state and the final state of 


the transition as 


wD (17 (0)} 2 (O77) (it Cad id O) eG) 5 j) (12) 
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and 
POG CG) ibe (I), LAC) {i287 Ge) jet ) Iw) 5 fe)- (13) 


where j/=/+1/2. Only the state with J=3 can decay by the electric octupole transition 
as is readily seen from the coupling scheme of angular momenta in (12) and , (13)% 


Then, the reduced transition matrix element is given by 


ee ite ng Ahy: (14) 
Viwz ia) N 2J41 J afi 
The second order configuration in the initial state, which contributes to the transition 


into the zero-th order configuration in the final state, is expressed as 
POG jhe), (79 IT Co) tw Ge) 3 1)- (15) 


The reduced transition matrix element is given by 


Wen = B/E FG's L). (16) 


The contribution due to similar excitation in the final state: 
POT A ide QD) i Dis Oia aay (17) 


can be obtained. The result is that Yt is given by the same formula as Wtyz, except 
for the coefficient of mixing. 


— 9. (—\i tjo—-j-j Zio afta 
Mins Bs (=) tie, | ARTE Gj 1). (18) 
(iii)  Surfon transition 
The radiation emitted by the freely oscillating nuclear surface is of the electric 
multipole type of the same order L as the surface deformation. Due to the surface 
coupling interaction, the (7/2-+) state has a mixed configuration that a particle and a 
surfon excite simultaneously, 


LO (pip { (Yoj2) <a (7/2) Iz )2} (0) ;.N=1, R=3 ; Zi). (19) 


N and R show the number of surfon and its angular momentum respectively. The 
transition between such configuration and that given by eq. (9) corresponds to a surfon 
transition. 

The reduced transition matrix element is given by 
3Z, aan Rea) OES 
FRE 2jg +1 / 203 20 
ieee Je 2C, (20) 


Wis—a- r 


where R, is the radius of the nucleus in its spherical equilibrium shape and 7 the ampli- 


tude of mixed configuration. «w, and C, are the frequency and deformability of the 3rd 
surface mode respectively.” 
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§ 3. Matrix elements of configuration interaction 


(i) Configuration interaction due to the two-body force 

In order to determine the coefficients of mixing of configurations which appeared in 
the preceding section, it is necessary to calculate the matrix elements of configuration 
interaction. The methods of calculation of the interaction matrix element have been shown 
by many authors.”™™ Therefore, only the more important points need be given here. 
We assume that the forces of interaction are of the central form. The matrix 


element of interaction between the configuration of eq. (6) and that of eq. (9) is 


Gi" 0) 5 IF) i" Gd i} 0) 51) 


i 2n(n—1) (n—2) ROT TE ae 
Ri (2j, 4), @je4) be 2I+1 (jrjr3 T| Vel jrjes D 


x (ji? H=2, D jl} i C=3) je) ea) 


< jt? (Y=2, 1)j,|}j7 7" @=3) je) is the fractional parentage coefficient and is reduced by 
Racah’s method™ as 


Cit =z, 1 jl}? C=3) i) =,/ aera Ci Y=2, DT) fil} j28 @=3) je) : 
(22) 


The values of (j2(X=2, D)j:l}jP @=3) jor for the Yop configurations are tabulated by 
Flowers.” (jr j:3 Z| Viel fife 3 I) is the two-body interaction matrix element. For the radial 


dependence of the interaction between two particles V(rj.), we can expand 
V (19) = 2s (redto ee (cos). 
Two-body interaction matrix element of the Wigner type is given by 
(jife> IM | V (112) | jsfas IM) 


1/2 jr 1/21; js 
=V (2j,+1) (2j.4+1) (2j3+1) (2js+1) 3) 2S+1) (2L+1)U 1/2 beh U Me Ladi 


EAL 
XT (—) AFL (Iylelgls 5 LA) GIICM Ils) GCM UL) FO (23) 
k 


where 


4-8! (balsa kd) ib 


SS ae (—yr[ ley Soles (4U+k+1)! 


g! 
X“Gop1@—l! G—! 


The Slater integrals F“ are then defined by 


, (4l'+k=29: even). 


pr = FE (12) Ra (e) Ral) Rat) Rul) ade 
2 
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As the calculation for other matrix element of the configuration interaction is quite similar 
to the above mentioned case, it is not repeated here. 

(ii) Configuration interaction due to the surface coupling 

The surface coupling interaction V(a,r) is, according to A. Bohr,” 


V (a, r) =—k(r) S1day Yau G9). (24) 


k(r) has the form of a delta function at the surface, 0(r—R,). The matrix elements 
of k(r) are approximately constant and are of the order of 40 Mev, assuming a kinetic 
energy inside the nucleus of 25 Mev. In the following, we assume that k is a constant. 


The matrix element of interaction between the configuration of eq. (9) and that of 
eq. (19), is 
(7°77 0), ji" Ge) | N=0, R=0 ; jo] SV (a, re) 17" ()) 


X {fT Ge) fo (0) : N=1, R=3 ; jo) 


= — hf POs. | 7 BLY COL) Whe: 3) 31 CIE DVAGieief lane 
oC 4m (2j>+1) 7 


Ge=4,—-1/2). (25) 


§ 4. Comparison with experimental values 


In order to compare the theoretical values for matrix elements with the experimental 
ones, it becomes necessary to have more knowledge about the quantities which appeared 
in § 2 and § 3. 

(1) The interaction between two particles 

We assume that the interaction between two particles is the Serber potential with 
the Gaussian type and that the wave function of the nucleon is a harmonic oscillator one. 
The depth of interaction potential V, and the force range ry, are taken from the data of 
the nucleon-nucleon scattering for low energies.’ These lead to V,=—70.8 Mev, V,= 
—46.0 Mev and 7,=1.50 107 cm, 

(II) The energy denominators 

The energy difference of the denominator in the perturbation theory consists of two 
parts. One is the difference between the single-particle levels in which the ground and 
excited configurations differ, and the other is that between the energies caused by the 
interaction between nucleons in each configuration. The estimate of the latter is com- 
plicated and it will be ignored in the actual calculation. Even if we restrict ourselves 
only to the energy differences of the single-particle levels, it is not easy to determine 
completely on the basis of conventional potentials, spin-orbit interactions, and the observed 
values of nuclear spins. The oscillator potential gives strongly degenerate states with 
different principal and azimuthal quantum numbers, and the square well potential with 
finite or infinite well depth does not always provide the order of levels which, together 
with plausible doublet splittings, would yield the observed values of the nuclear spins. 
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The energy differences between go). and 197). —————— 5.0 Mev 
Ji25 Psy and Yop, prj and Gz), are respectively 
taken to be 2.5 Mev, 2.5 Mev, and 3.5 Mev 
from the empirical data.” 


The values of energy of a surfon bw, and 


deformability C, depend upon the mass number. 1992=-————— 2.5 
However, we assume that these are constants 7 
and are about 5 Mev and 200 Mev respectively. Pre eee 
(III) The amplitude of the mixed configu- 1492 —— 
rations 
There are two difficulties in the determi- Shae Sergeant 
nation of the amplitude of the second order Fig. 2. Level schemes of single particle. 


configurations. One of these is that there are 

a number of configurations in the intermediate state, so that the calculation of the matrix 
element becomes involved. The other is that such a fractional parentage coefficient as 
Cj2 71 Y=3, Jd alsin” Y=2)J » for the go configurations is not available, because it has 
not been calculated up to now. 

These facts give rise to the difficulties in our calculation of the amplitude of the 
second order configurations. 

For the sake of simplicity, we assume that the neutrons in the Yop and pj 2-orbits 
excite only to the 9;/-orbit in the intermediate state, and the protons in the psj. orbit 
only to the Yoj-orbit. These restrictions of the configurations in the intermediate state 
are not sufficiently accurate. Therefore, we must consider the obtained results as the 
qualitative ones. 

The extent of the admixture is estimated to be of the order of a few percent for 


Table I. The amplitude of the mixed configuration of the first order 


(Pi/2)! (1/2) { (go/2)"~* (7/2) 97/25 (0)- 
i 


Nucleus a Nucleus a 
Se? ; 0.103 
Se? 0.141 Rhi08 0.114 
Se&! 0.138 Rh?0% 0.112 
Kr? 0.100 Agi7 0.110 
Kr®! 0.138 Ag? 0.109 
pi: 0.136 


The amplitude of the mixed configuration of the first order 


{ (psj2)3 (3/2) goiztp (3) [(hr/2)! A/2) Gore) n-1 (7/2) gz/2} (0) | w (1/2). 


A | a! | 2 | z 


We 0.1887 81 0.1777 
79 0.1833 83 0.1727 
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Table II. The amplitude of the mixed configuration of the second order 


{ (p3/2)3 (3/2) 9o/2se (3) £(Pii2)?(O) (99/2) 2 (7/2) $y (7/2)- 


Nucleus | B | Nucleus B 
Se? | —0.0171 | Kr’ | —0.0156 
Se79 —0.0220 Kr*! —0.0209 


Se8! —0.0209 Kr33 —0.0199 


The amplitude of the mixed configuration of the second order 


{ (ps2)? (3/2) 99/2} P (3) { (P1/2)1 1/2). (go/2) (O) bw (1/2). 


Nucleus | p’ | Nucleus p’ 
Se”? 0.0139 | Kr’9 | 0.0131 
Se79 | 0.0185 | Kr’! 0.0176 
Se8! | 0.0176 | Kr83 | 0.0168 


the first order configurations. The calculated values for the coefhicients of mixing of the 
configurations are listed in Tables I and II. Our calculated values are, in general, some- 
what larger than those for the 0-type interaction, which is used in the calculations of 
magnetic moments, quadrupole moments, and /-forbidden magnetic dipole transitions. 

The value of the amplitude of mixed configuration due to the surface coupling 
interaction is 7——0.156. 

(IV) Comparison with experimental values 

Comparison of the theoretical value with the experimental one” is shown in Table 
III. For odd neutron nuclei, we take into account the effects from both proton and 
surfon transitions. The contribution from the neglected mode of excitation in the 
intermediate state may be of the same order as that from the adopted mode here. Then, 
the theoretical value for odd neutron nuclei may vary in magnitude to some extent. We 


Table III. j-forbidden electric octupole transitions. 
(7/2+)<—>(1/2-) 


SS 


Nucleus Ex (kev) log ry (sec) di it Mex p/ mM? 
33507 162 1.68 yj2e 1/2= 13.96 
asSe7? 80 3.89 ij24 7/2 1.74 
Se 98 4.64 Fiza 12— 0.34 
aeKr72 127 2.47 1/2— 7/2+ 0.41 
gpKr32 187 1.45 Tee 7/2+ 1.65 
agKr83 32.2 es 12 — 7/2 0.49 
gpRhio? 40 ~6.95 7/24 | t/a 0.38 
gpRhi 130 2.55 125 pee 0.62 
s7Agio” 93.9 3.03 7/2+ 1/2= 7.88 
arAgea” 89 3.04 7/2+ 1/2— 11.16 
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cannot estimate it, because of the reason mentioned above. The interaction between two 
particles in a nucleus may differ from the force observed in the two particle system. For 
the sake of convenience, it is taken from the data of nucleon-nucleon scattering for low 
energies. In fact, the values of V,, JE and bw, may fluctuate from nucleus to nucleus. 
These must be taken from the values which fit in nuclear energy level. However, it will 
be considered that the result in Table III shows a qualitative tendency. 


§ 5. Conclusion 


There are two major problems in the explanation of the electric octupole transitions. 
One of these is that the transitions are forbiddenness, because of the transitions between 
the state of normal coupling and the state of abnormal coupling of only protons (or 
neutrons) involving a change of orbit for oné particle. This evidently shows the presence 
of mixing configurations in addition to the one assigned by the shell model. The other 
is that the transition probabilities determined from the experimental data have similar values 
in odd neutron nuclei and also in odd proton nuclei. It may be expected that these 
difficulties are removed by the surfon transition. However, we conclude in this paper 
that the main contributions to the matrix element come from a proton transition for odd 
proton nuclei, and from both proton and surfon transitions for odd neutron nuclei. The 
allowed matrix element is of first order for odd proton nuclei and is of second order for 
odd neutron nuclei. The agreement between the calculated and observed lifetimes are 
good, except for some cases. Some of the theoretical values deviate considerably from the 
experimental one. It may be attributed to an uncertainty of dE and V,, and also to the 
restriction of the configurations in the intermediate state. It should be noted that the 
estimate of the energy denominators, and also the restriction of the configurations in the 
intermediate state are not sufficiently accurate. 

It is hoped to investigate the energy levels of those nuclei based on the consideration 


of configuration interaction. 


Acknowledgement 


The author wishes to express his sincere thanks to Professors H. Horie, S. Yoshida, 


and Mr. A. Arima for their valuable discussion. 


234 


1) 


2) 
3) 
4) 


M. Sano 


References 


M. G. Mayer and J. H. D. Jensen, Elementary Theory of Nuclear Shell Structure. 


& Sons, New York, 1955). 

M. Goldhaber and A. W. Sunyar, Phys. Rev. 83 (1951), 906. 

S. A. Moszkowski, Phys. Rev. 89 (1953), 474. 

A. Bohr, Dan. Mat. Fys. Medd. 26 (1952), No. 14. 

A. Bohr and B. R. Mottelson, Dan. Mat. Fys. Medd. 27 (1953), No. 16. 
B. H. Flowers, Proc. Roy. Soc. 215 (1952), 398. 

A. Arima and H. Horie, Prog. Theor. Phys. 12 (1954), 623. 

H. Horie and A. Arima, Phys. Rev. 99 (1955), 778. 

A. Arima, H. Horie and M. Sano, Prog. Theor. Phys. 17 (1957), 567. 
S. Okai and M. Sano, Prog. Theor. Phys. 15 (1956), 203. 

G. Racah, Phys. Rev. 62 (1942), 438 and 63 (1943), 367. 

A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. 215 (1952), 120. 

J. P. Elliott, Proc. Roy. Soc. 218 (1953), 345. 

J. M. Blatt and J. D. Jackson, Phys. Rev. 76 (1949), 18. 

S. A. Moszkowski, Phys. Rev. 103 (1956), 1328. 

S. Hayakawa and T. Marumori, Prog. Theor. Phys. 17 (1957), 43. 


(John Wiley 


235 


Progress of Theoretical Physics, Vol. 18, No. 3, September 1957 


A Theory of Elementary Particles 


Takao TATI 


Physics Department, Kanazawa University, Kanazawa 


(Received March 9, 1957) 


A theory of elementary particles formulated without using space-time co-ordinates is given. The 
causality principle in our theory is given by the relation of the results of two measurements in the 
ordered observation (O;, Oo). Our causality principle contains an undetermined constant (a four- 
vector) C(O,, Os). Our space-time is derived when the undetermined constants in the ordered 
observation (O,, Os, Oz...) are given values by the law of probability. The field theory is valid only 
for “the local ideal system’? which has no fluctuation of space-time. The limits of validity of the 
theory of relativity and the quantum mechanics based on Schrédinger equation are given in view of 
our theory. The difficulty of nonintegrability of the non-local field theories which aim at avoiding 
the divergence difficulty disappears into the fluctuation of space-time in our theory. A view is 
mentioned that the spatial extension of the proton core found in the high energy electron scattering 
is possibly an observed effect of the fluctuation of the “space-time of the system” in our theory. 


$1. Introduction 


When Einstein had renounced the mechanical theory of light ether and regarded 
the Maxwell equation of electro-magnetic field as the equation of motion of vacuum, the 
space-time was considered not only as the frame to describe the natural phenomena but 
as the fundamental physical substance. Relativistic quantum field theory has considered 
the Dirac equation of electron and the field equations of other particles as the equations 
of motion of vacuum and excellently described elementary particles and their interactions 
as the quanta and their interactions resulted from the quantization of the equation of 
motion of vacuum containing interactions. Owing to the success of the field theory, the 
fundamental theory of physics has been governed by the thought that the space-time is 
the fundamental substance which contains all the natural laws. 

The field theory, however, has the divergence difficulty which is related intimately 
to the infinite numbers of points in space-time. What curbes various attempts to avoid 
the divergence difficulty is the assumption of existence of the infinitely exact clock and 


tule in the field theory. None of us knows at present in what way the divergent 


quantities will be replaced by the finite quantities in the future theory. We must await 
the future experiments. But at the present stage, if we can conquer the yoke of space- 
time by reconsiderations about its concept and extend the limit of applicability of the 
theory of elementary particles, the difficulty will be replaced by the ignorance. 

Following these ideas, the author discussed in the previous paper’ the possibility to 


formulate the fundamental law of nature without using the space-time co-ordinates, and 
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to derive the space-time as a statistical concept such as the temperature in the kinetic 
theory of gases. Our theory started from the existence and the description of the 
elementary particles, and attempted to formulate the quantum mechanics of the system of 
elementary particles without using the space-time co-ordinates. The essential point of our 
theory was the introduction of an undetermined constant C(O,, O,) into the fundamental 
law which replaced the Schrédinger equation. At this point the theory differs essentially 
from the theory of second quantization starting from the particle aspect. 

It is the purpose of this paper to formulate the theory more completely following 
the program given at the end of the previous paper. The author believes that our 
theory gives a new concept of space-time and has the possibility of inclusion cf finite 
theory and suggests that the structure of elementary particles must be discussed in the 


co-ordinate spaces independent of the space-time. 


§ 2. Existence and degrees of freedom of elementary particles 


Our theory assumes the existence of elementary particles and starts from the descrip- 
tion of their degrees of freedom in the co-ordinate spaces independent of the space-time. 
We assume the following (A,), (A,), (A;) and (A,). 

(A,)* Elementary particles have intrinsic quantities m, o and are divided into kinds 
k(m, «) which are distinguished by intrinsic quantities, (m, o). 

Intrinsic quantities are quantities which we believe from observations to be intrinsic 

of the elementary particles. Intrinsic quantities will increase and may change in the pro- 
gress of physics. At present, mass, magnitude of spin and isospin, etc., are considered to 
be intrinsic quantities. For convenience, we denote mass by m and other intrinsic quantities 
by o=(c0", o™,---). m is the mechanical mass (We mention the reason at the end 
of the next section). 
(A,) Elementary particles have degrees of freedoms which are characterized by the 
intrinsic quantities m, 7. We describe the freedoms in the co-ordinate spaces $\, Sa 
SW, SIYP. The freedom of momentum of elementary particles are described in 
four dimentional p,-space which we denote by S)°. In this space, the momentum of 
the particle of mass m lies on the surface : 


Di On) = {pas Petpet ps + pe = —m"}, 
Ps=*Po, Po» Pir Pe» pz are all real, 


which are restricted by mass m. 


} 


The freedom of spin is. described in the space of discrete points s‘) which we denote 
by >i". In this space, the freedom of spin of the particle of spin o” is described by 
the assembly of points : 


Sie (o™) — {3 ; |s® | So} 


The alphabetical letters designating the main assumptions and postulates keep the correspondence to 
those in the previous paper. () 
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which are restricted by o”. 


Other freedoms are described similarly by $\(o)’s which are characterized and 
restricted by os. That the degree of freedom of elementary particles is characterized by 
intrinsic quantity restricting its freedom is the criterion for the degree of freedom of the 
elementary particle in our theory. Space-time localization or orbital angular momentum 
are not considered to be the degree of freedom of elementary particles because they are 
not characterized by intrinsic quantities. This is a motive of our attempt to formulate 
the fundamental law without using the space-time co-ordinates. 

(A,) To a state of the system of elementary particles corresponds the assembly of 
integers (containing zero) n,(p, 5) which specify the state of the system. n,(p, s)’s 
are the variables of our theory. We call n,(p, 5) as the numbers of the elementary 
particles of the kind k and of the co-ordinates which are specified by the points p and 
s® in the co-ordinate spaces >)” and S$}. 

(A,) Elementary particles are divided into two groups of Fermi and Bose particles and 


the possible values of n,(p, s)’s are restricted as 
n,(p, 5) =0, 1 for Fermi particles, 
n,(p, 5)=0, 1, 2, ... for Bose particles. 


n,(p, s)’s are not the numbers of observed particles, but the numbers of bare particles. 
It is a central problem in the Tomonaga-Schwinger theory to discuss the true vacuum and 
observed particles. In relation to the idea of renormalization two standpoints are possible 
at present. One anticipates that the future theory is described in terms of only observed 
quantities, and has tried to formulate the theory in the renormalized quantities. The 
other expects that we can calculate unrenormalized quantities from observed quantities. 
This standpoint considers the renormalization technique as the phenomenological theory 
which calculates the observed quantities which are insensible to the detailed structure of 
the elementary particles. The attempts which have been tried to calculate the neutron- 
proton mass difference stand on the latter view point. We take the latter standpoint 
and this is the reason why we choose the numbers of bare particles as variables. The 
problems of the true vacuum or physical particles are the problems of the observables 
discussed in the next section. (In our theory, we can choose in principle the representa- 
tion in which the numbers of physical particles are diagonal from the transformation 


theory mentioned in § 5.) 


$3. Quantum mechanics of the system of elementary particles 


We start from the quantum theory, not from the classical theory. Correspondence 
principle must be merely the heuristic method in our theory. We can postulate the 
kinematical part of the quantum mechanics, but we cannot use the dynamical part, because 
the Schrédinger equation assumes the existence of the exact clock and rule. We have 
no clock or rule at the beginning. Therefore we must have different description of 


dynamics. 
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1. Hilbert space 
The state of the system of elementary particles is described by the vector in a Hilbert 


space spanned by the functions of the form, 


(A) {nn (p, 5) |. 
¢) has the physical meaning of the probability amplitude of the system, i.e. the square of 
its norm gives the probability of finding the system in the state specified by the assembly 
of n,.(p, 5), and it defines the physical meaning of the superposition principle. 


2. Observable 


We introduce the matrices a,(p, 5) and a,*(p, 5), 


a, (p, 5) #G ) ends (Ds) =( for Fermi particles, 


( ecard party ie Se Net 

a LOMO FE | | VAT nO 

ter $) OO 0 es” | nesaenk nae Cars 6 
\ Hs Sag as 


for Bose particles. 


We can get all the operators which move the state vector in the space spanned by the. 
functions ¢[n,’(p, 5) |’s, making the linear combinations of the product of a,(p, 5) and 
a;,* (p, 5), and we call the hermitians in these operators as observables which we denote 
by 2. 

We assume that every physical quantity corresponds to a observable. The most part 
of theoretical physics concerns with the problem of finding observables which correspond 
to physical quantities. The field theory utilizes the correspondence principle to find ob- 
servables. Our theory has a correspondence to the field theory as we mention in § 6, 
so that our theory has also a correspondence to the classical theory. But, in fact, the 
elementary particles have many quantities which do not correspond to classical quantities. 
And even in the field theory, almost all the physical quantities are not given their ob- 
servables explicitly or exactly, because the vacuum or physical particles and interactions 
between them are not simple. Generally, at present, we must rely on the result of ob- 
servations and the physical intuition to get observables which correspond to physical 
quantities. 


We assume the existence of the observables which are important in our theory : 
(C) Hr=>) prar* (p, 5) dy (p, 5) + $5 > 
A= 1 e255. ee 


which correspond to the total energy and momentum of the system we observe and we 
assume that {), is a four vector in $\” 5} will have the form 
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(D) Sf=SVG 


where Y{, is a product of a,( p, 5) and a,*(p,s) and G is a function of co-ordinates 
which appear in Y{. The form of G is considered to be determined by the future ob- 
servations and future theoretical considerations on 5”) and S\, but at present we are 
free to presume the form of G to get a finite theory. This is the possibility of our 


theory for the inclusion of finite theories. 


3. Observation 


Our theory gives the fundamental law in the relation between the results of two 
measurements. Our fundamental law is based on the following assumptions. 
(E,) We have the measurement which is characterized by the observable 2 and the 
system we measure which has a four vector , in >). 
(E,) We have measurements. Measurements of the same system are able to be ordered. 
We denote the order of measurements on the same system as O,, O., O2, ---, and call 
the ordered measurements on the same system as the ordered observation (O,, O,, O3, -:-). 
The concept of the ordering of measurements is more primitive* than the concept of 
space-time in physics. 
(E,) When we measure a system, and the observable 2 is expressed for the system as 


the direct sum 
LES pes oS Ue eh 


we call the measurement of 2 as the simultaneous measurements of 2,, 2,,:--. Simultaneous 
measurements are assumed to belong to the same O, and to be measured independently. 

We have often the system for which an observable is approximately expressed as 
direct sum of other observables. This is the reason why we find that physicists discuss 
the structure of a nucleus in the same way wherever we go in the world. However, we 
have no observable which can be expressed as the direct sum of more than two observables 


exactly. This is the reason, as we mention in § 4, why we cannot have in principle an 


exact clock and rule. 


4. Results of measurements We postulate : 

(E,) When the system is the state represented by 4, the expectation value of the result 
of the measurement of the quantity which corresponds to the observable 2 is given by 
(b|Q2\h>. (<| and |) are bra and ket of Dirac.) 


(E;) The result of measurement of #2 is one of eigenvalues of . 


5. The principle of causality in our theory is given by the relation between the results 


of an ordered observation (O,, O,). We postulate : 
(F) When the result of 2, in O, is w, then the expectation value of the result of 


measurement of 2, in O, is (¢’|2,|¢"), where 


* Bxact clock and rule can order measurements, but the ordering of measurements cannot imply the 


exact clock and tule. 
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(G) ff =exp G33 D.C, 1, 2) ) ha and 2,4, =f. 


C(O,, O,) is a constant four vector in >). C(O,, O,) is undetermined except 
that it is indepent of 2,, 2, and §, and depends only on O, and O,. Hence, if the 
measurement of 2, is the simultaneous measurements (E;) of Ox. Prophet -, the expec- 


tation values of 22,,, {o, °°: in Os, 
CP QolPi >, <P | Qo] ">, 


have the same C(O,, O,), but the value of C(O,, O,) is undetermined. 
Our fundamental law (G) replaces the Schrodinger equation containing time. We 


have got the fundamental law which contains no space-time co-ordinate. We have con- 


quered the space-time by the introduction of undetermined constant C(O,, O,) into the 
fundamental law. 

Our theory insists that we cannot generally predict the expectation values of the 
result of measurement of O, even when we know the result of measurement of O, no 
more than the values containing undetermined quantity C(O,,O,). C(O,, O,) reveals a 
fundamental unknowable. The meaning of C(O,, O,) and our intention in what way we 
want to describe the nature will be explained by the figurative illustration of the “ rope- 
dancing”’, Now we imagine that the many equal ropes are extended through the air. 
On each rope a rope-dancer is performing his rope-dance. They are tireless but fall down 
due to uncontrollable causes. We have no watches. Rope-dancers are classified into 
A, B, C, -:- according to their abilities. If the abilities of classes is given only in the 
tatio 44: 4,,:d¢:+:, our knowledge contains an undetermined constant C. If rope-dancers 
correspond to elementary particles, C will correspond to C(O,, O,) in our theory. In 
what way of description can we predict the fate of a rope-dancer B if we have no con- 
cept of time? The way we can find is as follows. When there are many rope-dancers 
of the same class A, the probability of surviving is a when the ratio of the number of 
survivers and the original numbers of A-rope-dancers is § The value of # is the 
statistical quantity having fluctuations. When the number of A is very large, {f} will 
play a role of a graduation of time. 


$4. Space-time 
1. Space-time of the system determined by {2 


When the system allows or approximately allows a number of simultaneous measure- 
ments of the observables {2} which do not commute with the total energy momentum 
operators of the system, we can, by the law of probability, give the values to the 
C(O,, O;) in the ordered observation O,, O,, ---. The aggregate of the values of C(O,, O;) 
determined thus statistically in all the possible ordered observations is the “ space-time of 
the system in the measurements of observables {.2}” in our theory. 

The system which has the space-time can be used as a clock or a rule when we can 
observe the system with the other system simultaneously. Suppose that the system is 
given which is composed of independent systems 1, 2, -:- N, so that 
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Ny N2 N3 Na 
(H)) bu=MPP 142 1G2 119. 


We denote the total energy momentum of the system as §,. And we assume that we 
have the observables, 


(H,) 2=2%419%4 9% 1 QM 


where 


QMS OMY 4 OM 4... 40M, 4=1, 2, 3, 4 
and 2% is defined to satisfy the following commutation relations. 
[2®, $.]40, [2%, §,)=05 
[Oe DylOn (2, D0 for Uk, lk=z, 2, 3. 


If we measure 2 in the ordered observation (O,, O,), we can compare the results 


(A) 


of the measurements and the expectation values of the measurements in O, 


(H,) CL |exp (4), C, (O,”, O,) 2% exp (iH, C, G,, O;)) | ff» 
thf 25--e NG 


where ¢f§” is the state vector prepared by the measurement in O,. When N, is large, we 
can give the most probable value to C,(O,, O,) by the law of probability.* We denote 
this statistical value as C,(O,, O,).. If we measure 2" in the ordered measurements of 


0,7, O,', O,', ---, we can get in a similar way 
(H,) C,(Oy', On"), C,(Ox', O54), C,(0,", 0,9), + 


If the above mentioned 2, 2, 9° and 2 exist which allow simultaneous 
measurements in the ordered observation (O,, O,, O;-:-) we can give to every pair of 
(O,, O;.1) the four values Cin Ox), H=1, 2,3, 4. We call the assembly of C 
in all the possible ordered observations, as the space-time of the system in the measure- 
ments of 2s, w=1, 2, 3, 4. 

When we consider the system 4 as a composition of two systems, i.e. du=Pur- Pun, 
we can get two assemblies of CO; O;.5) and Ce (O;, O;.;) in an ordered observation 
(i eh Od Oe 


In general the equalities 


ee CpOs On) = Chi Ocal ta ern 
and 
(1,) G (Oey, Quaadic Gyi Ovass) Oris) = Cul OQepas ves) 
fas lj2) op 40 


are not valid. We call this fact as the fluctuation of space-time. When (E;) ».-(i.)\ are 


s The law which gives C,(O,, O2) is contained in the definition of the expectation value of (E,). 
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valid we call that the system has the exact space-time. The magnitudes of the fluctua- 
tions of the iC (O,, O;) #=1, 2, 3, 4 give the measure of exactness of the space-time of 


the system determined by {2}. 


3. Ideal System 

We call, for convenience, the system of which the state vector and the observables 
have the form of (H,) and (H,) and N, is considered to be infinitely large, as “ ideal 4 
(in p-direction). The system which contains an independent ideal system is an ideal system. 
The law of large numbers in the theory of probability infers that when we observe the 
two ideal systems simultaneously in an ordered measurements O,, O,, O,, --:, the two ideal 
systems give the same assembly of values of (A (OY, O¥). Namely the equality (1,) is 
valid for ideal system. We call that the ideal system is “local”? when the equality (I,) 


is valid and “non-local”? when the equality (J,) is not valid. 


4. Local ideal system 


For the local ideal system, Gi (O;, O;) is expressed as a difference of the form, 
(1,) Ce (0;, O;) af CGrbiee A dy)5 -=1, 2, 3; 4. 


where 7 is a universal constant. Hence, if we have a local ideal system (in four direc- 
tions), we can give to every O; in the ordered measurement O,, O,, O,, ---, four values 
X,; which is specified by a point in a four dimentional space spanned by four X,,-axis. 
We call this space as X-space for the local ideal system. 

Our theory is invariant for the rotation of 5)“ as we mentioned in a preceding 


section. If we rotate the p,-axis in >)“, the energy-momentum four vector becomes 


(J) be) al 4D, - 


Since C(O;, O;) is a four vector in >), C(O,, O,) is in the rotated representation 


(J) Ci Os, Os) 25) 23,0, (0, 0.) 
hence Det ay Me, Oe 


v 


The invariance property of the theory in 5} implies the invariance in the Lorentz 
transformation in X-space. 

The local ideal system can be used as an exact clock or an exact rule when we 
measure the system with the other system simultaneously. The local ideal system 
corresponds to the thermometer of ideal gas in themodynamics. The pi-meson clock 
mentioned in the previous paper is an illustrative example of the local ideal system (in 
4-direction). However as we mention in § 6, the assumption of the existence of the 
local ideal system implies the local field theory, and hence the local ideal system has the 
divergence difficulty. In reality, therefore, we cannot have the local ideal system. And 
we cannot have the ideal system, because a particle in the system receives “the reaction 
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: 29% : ; 
of real particle”*. The space-time of any system fluctuates. The fluctuation of space- 
time is the original motive** of our theory. 


We can say that the theory of relativity is only valid for the case in which the 
fluctuation of space-time of the system is neglected. This is the limit of applicability of 
the theory of relativity in view of our theory. 


§ 5. Transformation theory 


Our theory is based on the quantum mechanics and is described in the relation 
between operators and vectors in a Hilbert space so that the theory is also invariant in 
the unitary transformation of the Hilbert space. We mention here the transformations 


that are important for our discussions. 


1. Heisenberg representation 


The fundamental law (F) (G) is described in an equivalent way as follows. 
(K) In an ordered observation (O,, O,), when the result of measurement of 2, in O, 
is w then the expectation value of measurement of 2, in O, is (¢,|2'|%.), where 


2.¢$,=0%f,, and 

(L) 2, =exp (FD H.C, (Oy, 02)) Pe exp DH BACs (Ors 0). 
We may call (F) (G) the Schrodinger representation and (K) (L) the Heisenberg 
representation in our theory. 


2.  Fock-representation 


It is often convenient to describe the theory in the representation as 


CSC 


| 
=| he (5, Pi; > S25 p») 
( fs (4 P13 52, P23 53» i) 


(M) 


where |Pn(5,5 Pi3°*° 3 Snr Pn) |” is the probability finding the system of n particles having 


the co-ordinates 5,, P; 3 Se) P23 *** Sn» Pn« (For simplicity, we considered one kind of particles.) 


3.  Fourter transformation 


We can describe the theory in the x,-space transformed from the p-space by the 


Fourier transformation. The state vector in x-space is expressed in Fock-representation as 


* T. Tati, Soryushi-ron-Kenkyu, IV, p. 62 (1949). 
** T. Tati, The fluctuation of space-time: Preliminary note o 


Physical Society of Japan (1952), p. 24. 


f lectures for the annual meeting of the 
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1 (51, X1) 

(N) j= | Pe(Si,, Mis Sey %s) 
Gls 415 So 5 So) 


where 
(N;) Pn (5, Ky + Soy X57" 5 Sus Xn) =| as fata elie , Sat o' 
4 4 
PCS Prt +3 Sux Pa) Epi TPrn 
4 
Seed) 
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x-space can be identified with X-space for the local ideal system as we mention in the 
following section. The real system is the non-local and non-ideal system and the space- 
time in our theory is not identical with x-space. Our theory insists that the x-space is 
not space-time but only Fourier transform of p-space and the fundamental theory cannot 
be based on the Schrodinger equation containing x. 

The x-space will be useful also in our theory when we want to give the boundary 
condition of which the position of boundary is insensitive to the result of the calculation. 
In this case, on the boundary, we can identify x with the space-time. 


§ 6. Correspondence between field theory and our theory 


The space-time in the field theory is the x-space in (N). We show here that the 
X-space for the local ideal system is identified with x-space. This is the correspondence 
between the field theory and our theory. 


For the local ideal system our fundamental equation (G) can be expressed as 
(O) o) (X) =exp (i7 21 DX) $ (0) 


ot in the form of differential equation 


nea homie x 
(O,) a> OCs, ead = 122, (3,74, 


And (L) is expressed as 
(P) 2%) =exp(—i7 31 O,X,) 2 (0) exp (i7 2 HX) 


or in the differential equation 


(P) i 82(X) 


7 Oux, =[D,,2(X) ]. 


A Theory of Elementary Particles 245 


(O,) and (P,) have the same form with the Schrédinger equation and the Heisenberg 
equation in the field theory when we put 


(I;) Sa Ci) ae 


We can say that the quantum mechanics based on the Schrédinger equation is only 
valid for the case in which the fluctuation of space-time is neglected. This is the limit 
of applicability of the quantum mechanics. 

If we have the Schrodinger equation (O,), our theory is shown to be identical with 
the field theory by the theory of second quantization starting from the particle aspect 
and we can get the quantized field equation in X-space. Hence we can say that the 
field theory is valid for the local ideal system. In other words, the field theory is valid 
for the local system which contains an independent local ideal system, i.e. an exact clock 
and a rule. 

For the real system we cannot put the equation (O,) or (P,) in the basis of the 
theory. Our clock and rule fluctuate in principle. We can say that the field theory 
is valid only in the case where the fluctuation of space-time can be neglected. This is 


the limit of the field theory in view of our theory. 


§ 7. Fluctuation of space-time and inconsistency in field theory 


Various theories to avoid the divergence difficulty in the field theory based on the 
Schrédinger differential equation in x-space have the serious inconsistency in the following 
point. The fundamental differential equation (Tomonaga-Schwinger equation) in these 
theories do not satisfy the integrability condition. In other words, in these theories the 
state vector determined on a surface in x-space is to be given but can not be given in 
fact. This inconsistency disappears into the fluctuation of space-time in our theory, be- 
cause our theory is based on the fundamental equation formulated without using the 
space-time co-ordinates. 

In our theory, when a four-vector 9 which leads to a finite theory is given, we have 
a consistent theory involving no divergence difficulty. The detailed form of can not 
be given at present and its determination depends on the results of future experiments. 
But we can presume at present the form of $ and make various theories each of which 
is characterized by the assumption of the form of 9. 

The system whose § leads to a finite theory is the “non local system”. The 
space-time of the non local system has the fluctuation even when the system is an “ ideal 
system ” (§ 4). Different theories, characterized by their assumptions of the forms of 
, give different space-time respectively, which are characterized by nature of their fluctua- 
tions in ideal systems. 

The reason why the field theory has the above mentioned inconsistency and our 
theory has not is that the space-time is assumed in the field theory while it is derived 


in our theory, or in other words, our theory allows the existence of the fluctuation of 


space-time while the field theory does not. 


246 T. Vati 


Stanford. experiments” of the electron-proton scattering have shown that the proton 
core has the spatial extension of the order of rms radius 0.7X10~-'cm. The interpreta- 
tion? that the coulomb law breaks down at small dimension seems to be very attractive, 
because the interpretation suggests that the proton core extension is an observed effect of 
the non-localized interaction. The break-down of the coulomb law, however, will imply 
the break-down of the field theory because we have no consistent non local field theories. 

In our theory, however, it is possible that the. electromagnetic interaction part of 
the total energy-momentum operator contains or effectively contains the form factor 
(garland in >.) which cuts the high momentum part. In this case we may say that 
the effective radius of the proton core found in the electron scattering experiment is 
neither the radius of the proton nor the radius of the electron, but the radius of the 


fluctuation of space-time in the electron-proton scattering system.* 


The author is grateful to the members of our institute, Dr. S. Oneda, Messrs. S. 
Hori and A, Wakasa and Miss K. Saikawa for the pleasant discussions and help on this 
paper. 
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A general formulation of the collective oscillation of electrons in solids are developed to take into 
account fully effects of ion-core potential. Based on the second quantized scheme of the many-body 
system, the collective component of density fluctuation is examined carefully and it is shown that we 
can define a set of the collective normal co-ordinates under the specified conditions. In Section 3, the 
many-electron Hamiltonian is transformed into the Hamiltonian of the collective field and of the 
electrons with a modified electron-electron interaction and the interaction Hamiltonian between the 
collective field and the electrons. In Section 4, we derive the formula of the generalized “ plasma ” 
frequency and that of the dispersion relation. 


§ 1. Introduction and summary 


Recent developments of experimental studies of the scattering of fast electrons by 
thin solid films have made it possible to observe the energy spectrum of scattered electrons 
with extremely high energy-resolution. The spectrum consists of several lines, of which 
higher order lines appear to be multiples of a fundamental one. Since the line width is 
fairly narrow, it seems very hard to interpret the result in terms of single electron excita- 
tion through the inter-band transitions... Thus, Bohm and Pines” have suggested a 
possible interpretation in terms of the excitation of a collective oscillation in solids by the 
interloper electrons. 

The fundamental nature of the collective oscillation of electrons in metals has been 
studied theoretically by Pines.” As the Bohm-Pines theory dealt with the free electron 
system, many efforts’” have been forwarded for the extension of the Bohm-Pines theory 
to take into account the effects of the periodic potential of atomic cores. 

The purpose of this paper is to present a general formulation of the collective motion 
of electrons in solids, based on the realistic physical picture that the collective motion 
in solids is due to the density fluctuation of electrons. So far all of the works on the 
present subject have used the canonical transformation method, which has restrictive limi- 
tation in the application, to formulate the present problem. 

In the canonical transformation method, at first place one has to write down a 
Hamiltonian that describes the motion of the electrons and an auxiliary “ plasma”’ field, 
then one tries to show this Hamiltonian is formally equivalent to the real Hamiltonian 


of the many-electron system under some subsidiary condition. This procedure can be 


* On leave of absence from the Tohoku University, Sendai, Japan. 
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carried out easily for the case of the Coulomb interaction, but not for other kinds of 
interaction such as the molecular interaction. Also in the canonical transformation method 
the statistical character of the particle can hardly be taken into account explicitly in the 
formulation of the problem. 

On the contrary, the density is a realistic physical quantity, and it can be defined 
uniquely for a many-body system with any kind of inreraction. By defining the density 
operator in the second quantized scheme, the statistics of the particles is also taken into 
account explicitly in the basic formulation of the problem. Furthermore, since this does 
not bring in any auxiliary dynamical variables, there is no need to introduce subsidiary 
conditions. Hence, the present approach is free from any ambiguity of the validity of 
the subsidiary condition... Another possible approach to discuss the collective motion, 
which is free from such question of the subsidiary condition, has been developed by 
Nogami” and Ferrel,’ based on the time dependent formulation of the Hartree-Fock 
self-consistent field. Tomonaga’’? has developed an elementary theory of the collective 
motion of many-body systems, which also enable us to discuss the collective motion with- 
out subsidiary condition. 

In Section 2, we shall show that there exists a set of collective normal co-ordinates 
(qx Pr), defined by eqs. (18) and (39), under the conditions (I) and (II), which 
are presented in Section 2. It shall be shown also that the normal co-ordinate q;, executes 
a harmonic oscillation with the frequency w. The frequency w is determined by the 
dispersion relation (50). 

In Section 3, we shall separate the original Hamiltonian of the many-electron system 
into the Hamiltonian of the collective field (65), the Hamiltonian (64) that describes 
the individual motion of the electrons with modified interaction and the interaction 
Hamiltonian between the collective field and the electron field (66). The Hamiltonian 


6 


of the collective field is characterized by the “inertia” of the system I(k, w), which is 
an equivalent quantity introduced in the Tomonaga theory of the collective motion of the 
many-body system. 

In Section 4, we shall develope a detailed discussion on the dispersion relation (50) 
and the proper frequency of the collective oscillation (51). The proper collective frequency 
is composed of two components, w,(k) is due to intra-band transitions, w,(k) due to 
inter-band transitions. They are given by eqs. (76) and (77), respectively. By using 
the fundamental properties of the Bloch wave function, w,(k) and w,(k) are reduced to 
the simpler forms (85) and (89). In the same way, the dispersion terms are also 
reduced to simpler expression (93). Finally, the collective frequency w is summarized as 
eq. (97), which is refered to the case of the empty valence band electrons and the case 
of filled up valence band electrons through eqs. (95) and (96), respectively. 

In the appendix, we shall give a comment with respect to Kanazawa’s paper. In 
appendix III of his paper, Kanazawa has developed the calculation to derive the dispersion: 
relation, according to the same approach used by the present author. At first sight, his 
dispersion relation (A-11) of reference 6) seems different from our dispersion relation 
(48). It will be, however, shown in the appendix that both of these relations are 
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actually equivalent to each other. 

The reason why he has reduced the form (48) to (A-2) by subtracting the quantity 
(A-1) might lie on the situation that the dispersion relation is derived in the form 
(A-2) by the canonical transformation of the Hamiltonian of the electron-plasma system 
(29) of reference 6). Here it must be noticed, however, that in his theory as well as 
in all other worker’s theory, the electron field is described by the Bloch approximation, 
while the plasma field Hamiltonian introduced in eq. (29) of reference 6) is such one 
that is associated with the free electron system. Since the collective oscillation is the 
dynamical manifestation of a specified many-body system, the collective behavior of the 
Bloch electron system is different from that of the free electron system. Therefore, the 


“plasmon” field as an universal physical entity hardly makes any 


introduction of the 
sense. 
The analysis of the experimental results based on the present theory will be illustrated 


in a separate paper.” 


§ 2. Normal co-ordinates of collective motion 


To discuss the many-body system in general, it is appropriate to start with the second 
quantized representation of the many-body system, because it enables us to treat the 
statistical character of the system properly. We have a Hamiltonian for electrons in solids 


as follows, 


H=H,+H, eo) 


H,= | $* (x) |-2 4+) | yds (2) 


Hy=— |] og DCH, 2) $e) $a) dix ae (3) 


where U(x) is the periodic potential caused by the atomic nuclei in a lattice. The wave 
field (x) represents the electrons, in valence states as well as in ion-cores. V(x, x’) 
is the Coulomb interaction between electrons. If the valence electrons are weakly bounded, 
we may neglect the polarization of the ion-core caused by the collective motion of the 
valence electrons. For such a case, we may regard U(x) as a potential against the 
valence electrons due to the ion-cores, and discuss only the collective behavior of the 
valence electrons. In the strongly bounded case, the collective motion of the valence 
electrons may influence the motion of the core-electrons, thus it may induce the polariza- 
tion of the ion-core. Based on eq. (1), the core electrons are treated on an equal basis 


with the valence electrons. Thus we can discuss the polarization effects of the ion-cores, 


. a . . 13) 
which have been discussed in a semi-classical approach by Mott." 


We expand the field quantities (x), * (x) into 
f(x) = SIan(p, AO? (x, 4) (4a) 
npr 
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g* (x) = d14,* (p, 4) b,2* (x, A) (4b) 
npr 
where a,(p, 4), 4n*(p, 4) obey the commutation relations, 
[4n(p, 2), am*(q, 1+ = Sm Fpq Ory (Sa) 
[a,(p, A), a (q; dh al ae (p, A), Mee (q, i) = 2. (5b) 


Sufficies n,m stand for energy bands, p, q for momentum parameters and A, # for spin 
states. ¢,”(x, 2) is the Bloch function multiplied by a spin function. The spatial part 
of ¢, (x, A), say (x), satisfies the Schroedinger equation, 


{|-*4+U@) -E,(p)| 6? («) =0. (6) 
2m 
As an eigen-function of electrons in a periodic potential, ¢,?(x) must have the following 


structure, 
il : 
DP = ip, p ¥/ 
2) =a ern (8) (7) 


where N is the number of cells in the lattice. The momentum parameter p takes discrete 
values and u,?(x) has the translational periodicity of the lattice. The factor 1/ VN 


insures the ortho-normalization, 


| or) But (x) diam [eI 2 (8) Uyt (2) x= Oy Bam (8) 


A v 


where V is a total volume of the crystal lattice, and v is a unit cell volume. 
Now, let us expand ¢,”(x) and V(x, x’) into the Fourier series over the volume V, 


2) =e Dee (He (9) 


V (x- x!) == See. (10) 
The density operator (x) is expressed by 
p(s) =, DP, D=— Soe (11) 
with the definition of o(k) as 
O(k) = SDF ng (k) an* (p, A) an (q, 4) (12) 


4 my 
where F'7'4(k) is the Fourier component of a correlation function of the electrons in the 


states (n, p) and (m, q), i.e. 


Fra (k) = jor (x) 6,1 (x) eH dx (13) 


Vv 
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has a conjugate relation 
Fig (k) =F38(—k). (14) 


< p : : : -1/2 : 
For free electrons, since u,”(x) is simply given as v1”, Fri(k) is reduced to a follow- 
ing form, 


I hey (k) =a Onthig * @) 5) 
For the Bloch electrons, in the tightly bounded approximation, u,/’(x) is given by 
u,P (%) = djeiP 1—*) &, (x— x5) (16) 
d 


where ¢,,(%—,) is the atomic orbital wave function that is located about the point ;. 


Thus, Fra(k) is reduced as 


FG (K) =8p soa | Pa® (2) Pn) ed (7) 
where overlapping integrals are neglected. It should be noticed here that the momentum 
conservation is very essential to derive the commutators (22) and (23) in the subsequent 
discussions. 

First, we shall show that the co-ordinate of the collective density fluctuation can be 


defined by 


e Prp (k) x 
(ia, = 5 An (Pp; A) dm (q, A) (18) 
mp mg W —w (mq ; np)* 

where bw (mq ; np) =E, (p) —E,,(q)- 2 is a constant to be determined in such a way 
that the interaction effects are eliminated from the individual particle component of the 
density fluctuation. is the frequency of the collective density fluctuation, which shall 
be determined through the dispersion relation (50). 

To show that the above defined gq, are the normal co-ordinates of the collective 


oscillation, let. us introduce the quantities Ex, through the relation 
Ik Chew Sho) /2w (19) 


that is to say, €x,. is defined by 


UEC sess eee ORS TEPC RLY (20) 


mp my O—OW (mq ; np) 


Now, to prove the q, are orthogonal with each other, we must show that it satisfies 


the canonical commutation relation, 
Lan qJ=0. (21) 


For this, it is sufficient to show that the following relations hold for the €,,, defined 


above, 


[Ew §t4v)=0 (22) 
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kgs ei al— re Oy, w) 0(k+ I) (23) 


where f(k, w) is a factor to be determined through the following calculation. 
Let us consider the first commutator. Using the commutators (5a) and (5b), it 


is reduced to 


= = 6 Fr k 
Lexie: Fol pA ) sa 
™p my W—w (m, q3, p) na 
( mlq! 
x< | et (I) 
“oman, gsm 4) 
F™, (1) 


w—w(np;m', q’) 


age (Pp, 4) Gn (q’, -) 


roxio sce OE (24) 


Since we are interested in the collective motion of the electrons, which does not accompany 
one-particle real transitions of electrons between the different states (n, p, 4) and (m’, 
q’, ), we retain only the diagonal terms of eq. (24). Clearly, when the excitation 
energy of the collective motion bw is nearly equal to the single electron excitation energy 
E,,(q) —E,(p), this procedure loses its validity, because for such case the non-diagonal 
term with a,*(p, 4)a,(q, 4) becomes predominant. In other words, for such case the 
collective motion of the electrons is no longer a stable state. Hence, under the condition 
described above, we get 

Ep erp abaia as Make 


2 5 
mp mg —w(m, q; n, Pp) 


— (a (p, 2) —Nu(q, DOCKED. 


(25) 
In the derivation of eq. (25), we have used the momentum conservation expressed by 
eq. (17). In the second term of eq. (25), let us change the dummy indicies m, q to 
n, —p’, and n, p to m, —q’, respectively. Then it becomes 


ig ss A Fra 2 
[Fawr Soo" +1) |S) ee py) 
mp my w—w(m, |; n, Pp) 
Fr cpr (k) |? 
aS | .—p ey | 
mpl nia! vw —w(m, —q’'; n, —p’)? N, ( P 5) A) . (26) 


For the case of no-external field, since the distribution of the electrons in the direction 


of p is symmetrical, we get required relation, 


[Fru St,0]=0- (22) 


For the second commutator, we get similarly 


[Frees St-w l= 270 (K+ S151 Fxg (ke) |? 
Ble 


x 4 a 1 
[v—w(m, qin, p)>  [oto(m, Go pi? LN, Cp, A). (27) 
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Introducing the following abbreviation, 


flk, 0) =42059 AEA A Grta eA) Nip, 2).  @e) 


mp my [w—w (m, q;, P) AR 


we can express it as follows, 
[Fxw> $t,-w0l=—f(k, wo) 6(k+D. (23) 


Before going into further mathematical discussions, here we should summarize the 
physical conditions used to derive the commutators (22) and (23): 

Condition (1), we are only considering the collective motion of the many-electron 
system, which does not induce one-particle real transitions of electrons between the different 
single electron states. 

Condition (II), the momentum of the electrons is a good quantum number. 

As discussed above, if w happens to be very close to w(m,q;n, p) the above 
derivation of the commutators loses its validity, and thus q; loses the candidacy to be a 
normal co-ordinate of the system. That is to say, the state in which the collective motion 
is excited cannot be an eigen-state of the many-electron system, unless w is greatly different 
from w(m, q; 7, Pp)- 

Next, we must show the co-ordinates q;, are orthogonal to co-ordinates representing 
the motion of individual particles. Let us separate the density (k) into two components 


as 
Ok) = Int I (29) 


where 7, is defined by 


i= DOF Ak) 1 i | a." (Ps A) an(qy 4), 0) 


np ma w?—o(m, q3n, p)” 


and it will be shown later by the proper choice of 2 that 7, is purely of individual 


nature and it does not contain correlation effects due to the interaction between electrons. 


For the above defined 7,, it is straight-forward to show 
[aK » q\=0 (31) 


under the same condition which are used to establish the commutators (22). and: (23). 


Finally, it is quite easy to find the canonical conjugate momentum p, to the q,. If 


we define the operator 4,, A,* by the relations 
Excsw =i f(y 0) } "Ay 632) 
6, =i{f(k, o) PPAF (33) 
the commutators of the 4,, 4,* are derived from eqs. (22) and (23) as follows, 
(An, 4*]=Sn,2 (34) 
[An A]=[4n*,A*]=0. (35) 
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In terms of 4, and A,,*, gq; are rewritten as 
qn= (1/2) {f(k, 0) /o*}"” (Ap — AB) (36) 
or introducing quantity I(k, w) by the relation 
f(k, wv) =20b6/I(k, ©). (37) 
gx can be expressed by the normal form 
Gp— 1b; 201)" (A. — AL), (38) 
Then, the canonical conjugate momentum p; are found to be 
pr= {bol /2}*? (A,,+A#) (39) 
from the requirement that p, and q,, satisfy the canonical commutator 
(gx, prl=ibona. (40) 


pr can be expressed in terms of the particle operators as follows, corresponding to the 


expression eq. (18) of q;,, 


peat 20 (Ke, 0) O SSP (a SP) og (peda, (ay De AD 


2 f 2 
AE od (Oi O) (m, qd > 7, P) 


Similarly, [(k, w) is expressed as 


1 2 Q 
7 == 2 Fb (k) | (m, q3 2, p)N,(p, 4). 
Tica) ©, 0 wee Weipa 


(42) 
Now, we shall show that the q;, defined by eg. (18) executes a harmonic oscillations 
of the frequency w, under the above discussed condition (I) and (II). Going back to 
eq. (19), we can see that if ),,, satisfies the equation of motion 


Eno tik; .=0 (43) 
then, 9; obeys the equation of motion 

Gr +o? qn =0% (44) 
The variation of ¢;,, in time can be calculated according to the relation 

ibe w= [Shes H]. (45) 
Using the Hamiltonian H, we find that 


Eno tip,» =50 (k) ——— SepiAl) Shs Fnplk) 


mp mg W—w(m, q; n, Pp) 
x DAL Fig (=D) an *(p, Aa (r, 4) —FiR(—Da* (7, A) an (qs Ae (4D 
+ (—D[Fing (+O an* (p, 4) a(n, 4) — Fi (+D a*(r, 2a, (q, DT}. (46) 
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dee a: we have shown §;.., is independent of all other ¢,.,, except €_,_.,.. Therefore, 
in the second term of the right-hand side of eq. (46), it is consistent with the com- 
mutators (22) and (23) to omit all the terms except the term with k=l. Thus, we 
get 


PP ee) {1— ES ae een NYG, aI}. 


AV ae oi Oa) (m, q; 7, P) 
(47) 


Thus, we can see that ¢,., hence g;,, oscillates harmonically provided that w satisfies 
the relation 


(©) [rg Ch) ee 
: bV ae w—w(m, q;3n, P) LN, (P; 4 Nn (4, a 38) 
V(k 2 
ss pelea [Fnp ke) Pam, aim p)Na(p, . (49) 


BV 2 w—w (m, q; n, Pp)” 


Rewriting this relation as 


w= 2 29) SSF [Pom 45 m P)Na(P, 2 


np m 
Pp md 


V(k) [Fp (k) |? 


bV mp mq wo? —o(m, q; 7, p)* 


42 wo(m, q3n, p)N,(p, A); (50) 


we can see that the “plasma” frequency w,(k)® of the electrons in a periodical potential 


is given as 


an (8) = 22) SFB) Peo (m, qin, p)NeGe, d). (51) 


In fact, for the free electron system, the first term of eq. (50) is reduced to 47e?n/m, 
while the second term is reduced to the dispersion term of the Bohm-Pines theory. We 
shall discuss in details the dispersion relation (50) and the generalized “ plasma ” frequency 
in the following section. 

So far we are concerned with the collective component of the density fluctuation. 
In the following, we shall discuss the individual particle component 7, of the density 
fluctuation. Using the expression of 7 (30), the time variation of 7, Is calculated as 


follows, 


fie= — SSDOEIB CB) 408 (Ps A) tne 2) 400 5% P)* 


np m 
Pimg 


5 Ci “r w,(i)*} (52) 


w?—w(m, q;, p)* 


Eqs (52) is valid under the condition (I). The time variation of 7, contains two 
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components; the component 7j;) is such one that is due to the random motion of 
electrons and that exists even in the absence of the interaction between electrons. We 
shall show that by choosing @=«,(k)* the latter component can be eliminated from the 
yx. The time variation of yi, in the absence of the interaction, can be calculated by 
using the Hamiltonian H, as follows, 


=— SOPs {1- fb a(m, 31, p)*as™(P, 2) 4m (4s 2), 


np md w’—o(m, q3n, Pp)” 
(53) 
Now, eq. (52) can be rearranged in the following form, by using eq. (53), 


in= ie + (2-0, (k)*) Pr (54) 


Hence, by making the choice 2=w,(k)*, the individual particle component becomes 
purely of individual nature and does not contain the correlation effects of the interaction 


between electrons. 


§ 3. Separation of the Hamiltonian into collective and 


individual particle part 


In the preceding section, we have shown that there exists a set of normal co-ordinates: 
(Pr> Ux) and that the co-ordinates q,, oscillate harmonically with the frequency w(k). 
Therefore, we can introduce the Hamiltonian of the collective field as follows, 


H.-S 3 Pr* pr+T(k, @) © 9i,* ax} (55) 


I tk, v) 
where I(k, w) is defined by eq. (42) with 2=w,(k)*. I(k, w) represents the inertia 
associated with the collective field. For free electrons, in the limit of w?>«w(m, q; n, p)?,. 


it reduces to 
I(k, w) =m/ (Nk) (56) 


where N is the total number of electrons in the volume V. Such a quantity, that has. 
a dimension of a moment of inertia, has appeared also in the Tomonaga theory of the 


11) 


collective motions of particles. The present theory can be regarded as a generalization 


of the Tomonaga theory in terms of the second quantization scheme. 


Now, the original Hamiltonian can be expressed by the equivalent form, 
HS * sr, (57) 
where H* is given by | 
H*=H—H, (58) 


By substituting the representation of q;,, eq. (18), and that of pe, eq: (39), H* cam 
be written down as follows, 
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H*— aE, (P) Nn (p, 4) + Stall) SI >) Fap (—k) Fripr (+k) 


np ie be ee 
- (1-474 (—k)) (1 — S52) (+) ) an* (p, A) an (Gs 4) arf (p! 2!) ane (', 4) 
sie {V (k) —I(k, w) wV} 3) FM (—k) FS (+k) 


ed n't et 
» AB (— ke) AB (+I) an* (p, 4) am (Gy 4) ant (pl 4) tur (Q's 2”) 
+2 S11 (hk, o) 3) S334 3S Fh (=k) Fr (AI) An (Be) Sibi +k) 


np mq n'p! m'q! 
Aa - aw 4 


- w(m, q;3n, p)w(m’, q’;n’, p’)4,* (p, A) am (qs A) an (p's 2) amr (Q's 4’) 


+ Fine (59) 
where 474 (k) is defined by 
44 (k) =o, (k)*/Lw*—w(m, q; n, p)*] (60) 


and H,,,; is the interaction term of the collective field and electrons, 


Hin =, SV () paps {1 cet A Coe k)) Rag Ge k) In” (p, A) 4, (q, a) +[k—>—k]}. 


™P, mg 


(61) 
Thus, using the relation 
a," an aye Any = IN; Nant Gas Ontm! 3 Qa ane Nu) iN; Onmt Ontn ate N. D. P. (62) 


where N. D.P. tefers to the term with all different indices, the Hamiltonian A is trans- 
formed into the following form, which is composed of three parts, the modified Hamiltonian 
of the electron field, the Hamiltonian of the collective field and the interaction Hamiltonian 


of the collective field and the individual motion of electrons ; 
A= Ay Age, (63) 
where H,, H, and H, are given as follows, 
H,= pa (p) +2 S11, co) Sa Fp Ck) An (hd) [Po (mn, q;”, p)” 


—_1_S{V(k) —I(k, o) oY} SY |Frg (k) Ant (k) PN (Qs 4) 
WV & my 
— 1 _ Sw (k) SUE (k) 1 — 438) PN, (ag 2 
QV EK my 
a2 alt, ) el ae ie) fee MES) |?w(m, q3 7, P)? Nn (GQ A) 
my 
+ AE, (p) |N(p, 4) +N. D. P. (64) 


ie Sp0(N +) (65) 
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— k Poe k) <2) (A_;— A;,*) +h, c.}. 
a ret pee v)o V(h) > B(— , ; 


mq 
(66) 
In eq. (64), 4E,,(p) is the abbreviation given as 
JE, (p) = SMV (k) — Tk, «) 0° V} Sa Fa) A)? 
k mq 
1 I. 
= > V (k 1|Fne k) (1 — 42) |? ——— S)V (kb). 67 


4E,,(p) is the self energy due to the modified Coulomb interaction in the presence of 
the collective field, and it vanishes for the limit of w—>0, i.e. in the absence of the 
collective field. The second term of the heavy bracket of H, is the self energy of electron 
due to the modification of electron propagation by the collective field, the third and fourth 
terms are the potential energy of electrons in the Hartree field of the electron interaction 
modified by the collective field, the fifth and sixth terms are the exchange energy of the 
modified interaction. The effects of the third and fifth terms may be neglected, because 
for the limit of w’>w(m, q;n, p)°, we have 


I(k, w) "“V (k) =o, (k)?V (68) 
and 
w’ =a, (k)? (69) 
thus they vanish for this limit. The N.D.P. in the H, stands for the terms with all 
different suffices n, p, for the operators a,(p, 4), and it gives rise to higher order cor- 
relation effects. 
Since we have not introduced any auxiliary variables, we are not encountered with 
any subsidiary condition, In the Bohm-Pines theory the validity of the subsidiary condi- 
tion is very doubtful for the state in which the collective oscillation is actually excited. 


The present formulation of the theory presents a complete scheme which is free from 
such defect. 


§4. Frequency of collective motion 


In Section 2, we have obtained the collective frequency w in the form of dispersion 
relation (50). There the state (n, p) is refered to a valence state as well as to a core 
electron state. If, however, the state (n, p) stands for the core state, the excitation 
energy of electron from the state (n, p) to the upper band state (m, q) may be much 
larger than bw. Then, by expanding the second term of eq. (50) into power series of 
w/w (m, q;n, p), it can be concluded that the virtual transitions of electrons from the 
core state to the band state do not participate directly to the collective oscillation, but 
it may do indirectly through higher order effects of w/w(m, q;7, Pp). Hence, in the 
following discussions we shall divide the states (n, P) and (m, q) into two groups ; 


/ 


Theory of Collective Oscillation of Electrons in Solids 259 


(n, p; m,q) ; w>\o(m, q; 7, p)| (70) 

| (n', p'; m', gq’); w<|o(m’, q’; 0’, p’)| (71) 
where the state (n, p) stands for the valence band, the (m, q) stands for the lower 
excited band, while the (n’, p’) stands for the core states as well as the valence band, 
correspondingly the (m', q’) stands for all of the excited band, or the higher excited 
band which cannot be grouped in (70) when the (n’, p’) stands for the valence band. 
Now, by expanding eq. (50) in powers of w(m, q; n, p)/w and w/a(n', q'; 7’, p’) 


up to second order terms, we get the equation 


V (k) 


w=, (k)?+2 a 


3 3 
{SSRs pL P) Np, 2 
a 


Sei Ewe e) pe N,, (', 7) (72) 


he wo (m', q' ; n', P’) ] 


which gives one positive solution for w’, i.e. a real solution for w, 


ap att UE ya ee 1 BON, Cp, 2) (73) 
E, bV mp mq Vy 
where 
migt 2 
eg eae es AGE Ae (74) 


Vo vp aid @ (m', q’; 7’, p’) 


The other solution is thrown away, since it gives imaginary values for w. The result 
derived above corresponds to Pines’ result, eqs. (44) and (45) in reference 7). 

Let us examine the proper collective frequency in more detail. The summation over 
the states (m, q) in eq. (51) can be divided into two parts due to intra-band transitions 


and to inter-band transitions, respectively, The w,(k)* can be written as 


w, (k)? =, (k)?+ @a(k)” (75) 
where 
o.(k)?=2 2 _ S53] Fag () |? En (q) —En(P)) Na (Pr 4) (76) 
OV spa 
and 
iog(h)?=2 2 D_ SSH FEB Eng) —Ex(P)) Nas 2 (77) 


w, (k)? is due to the intra-band transitions, W,(k)* is due to inter-band transitions. The 
former vanishes for the completely filled-up band, because of the symmetry of q and p. 
On the other hand, the latter does contribute to the collective frequency, even if the 
state (n, p) is completely filled up. 

Now, we shall reduce the above derived general formulae, eqs. (76) and (77), to 
a simpler form which can be used to calculate explicitly the collective frequency for 
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specified examples. In the following discussions, we shall consider the case of limit k—0 
for the sake of simplicity. Firstly, let us consider the w,(k)*. By rewriting the w,(k)* 


as follows, 


. 4me 1 wenn eet he 2 ; 
yee 2e eS) } (Em (q) —En(p))?Nn(p, 4). (78) 
ie a pear ORO em 


we can fully use the relation 


8 


k | d's eT OP* (x) EF bat (x) —e 7 Ph* (x) - Gol (x) | 


(79) 
which is derived from eqs. (6) and (13), and é is the direction vector of k. Using 
the general formula of ¢,”(x), eq. (7), we get for the limit of k-0, 


| d®+Lon® (x) & 6.0 (x) —2762* (x) 6,2 (@)] 


i 


a (q : = P) [aexeneme ape (x) u,! (x) ae [txe too 


N 
[uh (20) € Punt (x2) — ef ub* (x) -u,2((x) J. (80) 
Since u,”, u,/ have the periodicity of the unit cell, this can be written as 
=10,,q(Pp—q) [Pxun (X) uy! (2%) + Bg | dx [ug (x) €F7 upt (x2) — (ef uh™ (x)) - u,8 (x) J. 


; (81) 


The first term vanishes identically, and thus we obtain 
{En (q) —En(p)} Fup () =| dP xuk® (2) eu (2) Bp (82) 
m 
Therefore, we get the following expression for the w,(k)2, 


ine 2 | |x ut* (x) eat (x) 
m Vt m= Ey(p)—E,(p) 


Finally, using the fsum rule for Bloch’s one electron wave function”, this is simplified as 


Om = 


N,,(p,. 4). (83) 


9 
On 


Ame 1 sn ees 

> 1- GatE(p) | Nap, D. (84) 

m V 2 h? ) 

Since in the course of the calculation of the fsum rule one uses the completeness rela- 
tion, the summation over (n, p) extends to the states, some of which violate the condition 
(70). The error introduced by this, however, is expected to be unappreciable, since 
Frp(k) is very small for such states that contradict the condition (70). For the case 
of no-external field, the direction of the momentum transfer is isotropic, and we may take 
an average of eq. (84) over the direction k. Thus, the «,? is given as 
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a 47te* 


pee | le 1 2 
co SE ty 7 SPE Ne, a) (85) 


where n is the density of electrons in the valence state. 
Next, we shall consider the w,(k)*. As already mentioned, the w,(k)? contributes 


only for the unfilled valence band (n, p). For the unfilled band we can calculate it as 
follows ; for the limit of k—>0, we have 


P2f (k) =Opnq | doe |g, (2) P= 1 +O(B) (86) 


and 


E,,(q) =E,(p) +k: FpEn(p) Pret? (2f,)°E, (p). (87) 


In general the current of valence electrons is odd function of p, therefore the second term 
of eq. (87) does not contribute to the w,(k)*. Thus, we get 
ee Ane 520. 


o2= 31 CF)? En (p) Nn (p, A (88) 
m V np lia 


or taking an average over the direction of k, we get 


ee et IS hE, (p) Nap, AA) (89) 
m Bp np 


Lastly, we shall discuss the dispersion term 


2 VO) 1 Sky N,(p, 2) (90) 
b'0,? Va mp 


wf eq. (73), where J, (k) is defined by 
Jp (k) = pa | Fmt (k) |? Em (q) —En(P))*. (91) 


Using eq. (79), this can be written as 


1a) (2) Ly] | tee ont er 6) er 2) 8.609] 
| faryeru[ 2 (9) GP OE) —EF 62) 8) 1 Em) —Ea(P) +6 «|. 


(92) 


After lengthy but straight-forward calculation, we obtain 


Ik) =(—)«. 2 lela? (x) - (@f)2U(x) -u? (x) 


2 
bopoliop | dxuP* (x) (2p)? uP (x) eh (93) 
m 4m 
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Thus, after taking an average of eq. (93) over the direction of k, we get 


(00) >| [eat (8) pt UG) a2 (@) +—— [tant (=) pa > (x) RE 


mw, Vi mp 
+ # IN, 2. (94) 
4m 


In the derivation of eq. (93), as well as in the derivation of eq. (84), we have 
extended the summation over (m, q) to the states that violate the condition (70). For 
such states that are designated as (m’, q’) in eq. (71), Fr," (k) is expected to be very 
small and w(m', q'; n', p’) is very large. Therefore, it is consistent with eqs. (84) and 
(94) *tontake- €,= 1. 

Thus, we may summarize the results obtained here as follows : 


(I) If the valence band is partly occupied, combining eqs. (85) and (89), we have 


47te 


o2= 0) +07= (95) 


m 


Though this is derived under the limit k—>0, one can show easily that this is the exact 
result which is valid for k+;0. 
(II) If the valence band is completely filled up, we have 


5 ia 
0, =O, = 


—. °E,(p) ‘Na(p, 4) (96) 
which is exact only for the case of kK—>0. However, the higher order terms depending 
on k contain higher derivatives of E,,(p) and higher multipole moments of the valence 
electron distribution. The correction due to these higher order term can be neglected in 
comparison with the k dependence terms of the dispersion term, since the involved 
momentum transfer k in the collective excitation of electrons is far smaller than the 
momentum transfer for which the higher multipoie moments become relevant and in the 
effective mass approximation the higher derivatives of E,,(p) do not come in the problem. 
Therefore, we shall take eq. (96) as a general expression for the “ plasma” frequency 
of the filled up valence band electrons. 

(III) Thus, the frequency of collective oscillation w(k)? is given by the following 


relation, 
al ta ze NT ; 

REO Ma 8 wo V hl d?xub* (x2) «p2U(x) «uj? (%) Ny (p, 2) 
Sees xu (x) = uP (2).Nq (py A) Bt on « 
ey al npr J ? mes? Am 

(97) 


where w," is given by eq. (95), or by eq. (96), for the concerned case, respectively. 
The application of the above derived formulae to the analysis of the energy loss of 
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electron will be discussed in the separate paper.’?? We shall be particularly interested in 
the case of the material with the filled up valence band. 

In conclusion, the author would like to express his deep gratitude to Professor S. 
Hayakawa for many illuminating discussions on this problem. He also would like to 
thank the members of the Laboratory of Nuclear Studies for their hospitality. 


Appendix 


Here we shall discuss Kanazawa’s work in comparison with the present theory. We 
shall show that eq. (A-11) of reference 6) is equivalent to the dispersion relation (48) 
of Section 2. We have 

Fra 


eee |F™4 (k) I? 
a ES ; S up IN : } =. ; y : 48 
V cari bo—E,, (q) +E,, (p) ( (p ) (q ) ) ( ) 


1= 


Subtract the quantity, 


VB) sayy Fr) 


iz np yt bw 


2 


which is identically equal to zero, because of the relation 


p—G Sp 0) 


from the right-hand side of eq. (48). Then, we obtain 


PR}) 1 Ss pea) 


bo V um yn 


1 —— 


2 E,,.(q) =, AP) N, eg ve i 
bo—E,,(q) +E,,(p) ( (p, 4) mi (q, )) 


(A: 2) 
which is eq. (A-11) of reference 6). 
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It is shown that the elastic and total cross sections for z~-p collision above 1.0 Bev can almost be 
explained as the shadow effect of the inelastic collision. Based on this result, we discuss whether or 
not the second maximum of the total cross section for this reaction can be interpreted in terms of 
inelastic scattering. 


$1. Introduction aad summary 


The existence of the seond maximum for ~~) scattering cross section at 0.9 Bev 
has been confirmed by recent experiments at Brookhaven. It is, however, not quite clear 
whether the maximum is due to the resonance with a certain state of a nucleon, or due 
to other mechanisms. 

Recently, Yang’ has pointed out that the angular momentum J of the resonating 
state should be considerably large, if one tries to interpret the maximum as due to the 
resonance with a single state. Takeda”) and Dyson’ independently have tried to give an 
explanation of this second maximum by assuming the strong pion-pion interaction. 

On the other hand, we have to pay our attention to the multiple pion production 
in the high energy 7~~p scattering. The cross section for elastic scattering is nearly 
equal to that for inelastic scattering at about 0.8 Bev, so the former ought to be affected 
by the latter. We have shown before that = —p scattering data at 1.4 Bev” can fairly 
well be explained as due to the shadow effect of the multiple production. Recently, by 
using the dispersion relations, Sternheimer” has also shown that the absorptive part of the 
forward scattering amplitude is predominantly larger than the dispersive part. These 
situations suggest us that the large shadow effects of the inelastic collision might play an 
important role in appearance of the second maximum. 

In this paper, frst of all, we intend to show the relation between the constants con- 
tained in our empirical formula” which has previously been adopted in the analysis of 
=~ —p interaction at 1.4 Bev, and parameters of the optical model for this reaction, that 


is, nucleon radius and transparency. In § 3, we show that the elastic and total cross 
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sections above 1.0 Bev can almost be explained by the shadow effect of the inelastic col- 
lision. Therefore, in such a high energy region, our theoretical interest may be concentrated 
to examining the inelastic collision. On the other hand, the phenomena in the energy 
region lower than 1.0 Bev can hardly be explained by such a simple consideration. 
However, it will be shown that the existence of, at least, one maximum value for o;,; in 
the energy range between 1.0 Bev and the threshold energy for 7+N—2z+4+N reaction 
can readily be predicted by the theory which describes correctly the inelastic cross sections 
above 1.0 Bev. 


§2. Angular distribution of elastic scatteriag 


Measurements of angular distributions for elastic 7” —p scattering at 1.0 Bev” as 
well as 1.5 Bev” have shown the large scattering at very small angles. This may be 
interpreted in terms of the diffraction scatttering. Walker* has obtained a histogram 
(Fig. 1) of do,.,/dQ as a function of ksin 6, where 6 and k are the scattering angle and 


the momentum of pion in the center-of-mass system, respectively. 


} Walker’s data 


Normalized at 6=0 


Arbitrary units . 


Ti (RR sin 0) \? 
kR sin 6 


—>ksin 6 (in 10"? cm7’) 
Fig. 1 


As is well known, the angular distribution of diffraction scattering by a sphere of 


radius R is expressed -as follows : 
doo/d2~\J,(kR sin 4) / (RR sin 4) |*. (et) 
The solid line in Fig. 1, which was calculated by Walker for 
Rel 10, cia, (292) 


agrees fairly well with the experimental data at 1.0 Bev and 1.5 Bev. (see Fig. 1) 
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On the other hand, we have previously introduced the following empirical formula 


for the cross section of the elastic scattering 

do/d2= (1/4)[b/ (a—cos @) P, (2-3) 
which explained the experimental data at 1.4 Bev when a=1.13. We now want to point 
out that the expressions (2:1) and (2-3) are essentially the same with regard to the 
important points, although they seem to be entirely different expressions each other at 
first sight. In the region of the small angles where do,,/d{ has a large value, 


SER sn 9) (a (kR)* Bon Jas 1 oe 
kRsin 0 8 1+ (kR)?7?/8 


Considering quantities up to the order of &°, we may set as follows: 
#~22(1—cos f), 


then 


JRRsin O) 2 i. 
kRsinO —- {1+.4/(kR)?} —cos 0 


This expression for the scattering amplitude has the same form with ours 
(6/2) / (a—cos @). 


Thus it is found that a and 6 in (2-3) are closely connected with the parameters of the 
optical model, that is, 


a=1+ (2/kR)*. (2-4) 


Putting the value of a=1.13 at 1.4 Bev (k=3.8X10'cm™") into Eq. (2.4), we obtain 
R=1.44X10-% cm. It is worthwhile to notice that this value is nearly equal to the 
value mentioned in (2-2). For the sake of convenience to practial analysis, we shall at 
first employ the formula (2-3). 


§ 3. Diffraction scattering 


According to the general theory of scattering 


esa RED OT Ea) bas tate (3-1) 
Finer =H A" D3 (26+ 1) G7.) (3-2) 
If we make a crude assumption that the elastic scattering is entirely due to the diffraction,* 
cae ee Cie (25), (3-3) 
Pint = Fert Finer =2 72? >} (2141) (1m). (3-4) 


* ' “ : . ” 5 4 
The word “ diffraction”? means here such an approximation that all the 6;’s can be pute qual to zero 
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When the angular distribution for elastic scattering is given by (2-3), 7, can be 
calculated by 


ra =1f —* pear, (3-5) 


as was shown in the previous paper.” 
Making use of the orthogonality of Legendre function, the cross sections can be 
expressed in terms of a and 5b as follows: 
Ta= (76°) /(a’—1), (3-6) 
Owr= (27% 5) /(a—1). (Ee7) 
Although the parameters a and 6 can be determined by the experimental values o 


and o;,,, we think it more convenient to discuss R and 7 which are connected with a 
and 6 by the following relations 


a=1+ (2/kR)’, (3-8) 
p=2a 77 (3-9) 
Then 
CHER, (3-10) 
Ta=7m R’/ {2+ (2/kR)*}, (3°29) 
Cine =7 7 RL —7/ {2+ (2/kR)*} |. (3712) 


From these, 7 and R are expressed by O41, Cine: and ot: 
271 (Fines/ Fei) —477?/out, (3-13) 
TR O/7- (3-14) 


Employing the experimental values for the cross sections which have been reported by 
Shutt® at the Sixth Rochester Conference, we obtain values of 7 and R (see Table 1). 


Table 1 
a 
| | A 
i; (Bev) tot (mb) el/cinel Ty aR? (mb) R(10-%cm) 
0.7 43 1.6 1.78 24.6 0.89 
1.0 46 1.0 1.18 39.4 1.14 
1.5 30 0.5 0.74 40.8 1.18 
4.5 20 0.25 0.5 40.0 1.16 


Susrernrrnnnerrnn Onn 


It is remarkable that R is nearly constant in the energy range 1.0~4.5 Bev. And this 
fact will probably mean that our assumption is fairly correct. Moreover, we plot in Fig. 2 
values of oj; and o. which are calculated under the assumption of ‘R=1.16 KX 10~-% cm 


by employing the experimental values of ixe1. 
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mb 


60 (Stor) ex 


50 


(F tot) cat 


40 


30 (Fine) ex 


20 


10 


Fig. 2 


Here we must pay our attention to the following important points. 
(1) Calculated values of both o;,,, and of o,, in the neighborhood of 1.0 Bev have 
a tendency to decrease with increasing energy. 


(2) Moreover the calculated o;,, at 1.0 Bev is nearly twice as large as that at 
400 Mev. 


From these facts we conculde that the existence of the second maximum for the 


cross section may indirectly be predicted from a theory if only the theory can correctly 
describe the inelastic collision at or above 1.0 Bev. 


% 


The above study is a simple sketch of our explanation for the second maximum of 
™~—p scattering and the effects of neither the charge independence nor the spin dependence 


of the interaction are taken into consideration. These effects will be examined in our next 
work. 


References 


1) C.N. Yang, Proc. of Fifth Rochester Conf. (1955). 

2) G. Takeda, Phys. Rev. 100 (1955), 440. 

3) F. J. Dyson, Phys. Rev. 99 (1955), 1037. 

4) R. S. Sternheimer, Phys. Rev. 101 (1956), 384. 

5) D. Ito and S. Minami, Prog. Theor. Phys. 14 (1955), 198. 

6) W. D. Walker and W. D. Shepard, Phys. Rev. 100 (1955), 1264. 

7) W. D. Walker, J. Crussard and M. Koshiba, Phys. Rev. 94 (1954), 736 and Phys. Rev. 95 (1954), 


W. D. Walker and J. Crussard, Phys. Rev. 98 (1955), 1416. 
L. M. Eisberg, W. B. Fowler, R. M. Lea, W. D. Shephard, R. P. Shutt, A. M. Thorndike and 
W. L. Whittemore, Phys. Rev. 97 (1955), 797. 

8) W. Se Walker, Proc. of Sixth Rochester Conf. (1956). 

9) R. P. Shutt, Proc. of Sixth Rochester Conf. (1956). 


269 


Progress of Theoretical Physics, Vol. 18, No. 3, September 1957 


On the Structure of Extensive Air Showers* 


Akira UEDA ard Naofumi OGITA' 


Department of Physics, Kyoto University, Kyoto 
‘Department of Physics, Kinki University, Osaka 


(Received May 11, 1957) 


Assuming a simple mcdel of extremely high energy collisions we investigate the relation between 
the one-dimensional development of extersive air showers (EAS) and the mechanism of multiple 
meson production. The gress structure of EAS bzsed on the medel is given graphically or numerically, 
in a form useful, as a first step, for further investigatiors. In particular, varying the value of in- 
elasticity of high energy collisions we discuss its effect on various quantities. As a preliminary con- 
clusion it is shown that it seems difficult to explain the experimental result of the corstancy of the 
attenuation length of the electron component over a wide range of primary energies, 10'~10"eV, 
without introducing any energy dependerce of the inelasticity or a stronger energy dependence of 
multiplicity with increasing energy, though it is desirable that further experiments furnish us with 
more abundant and reliable data. Attention will also be paid to the problem of what quantities 
must be measured to determine more directly and less ambiguously the angular and energy distribu- 
tions of secondary particles produced by high energy collisiors. 


§ 1. Introduction 


The purpose of this paper is to analyse the structure of extensive air showers (EAS) 
with a view of investigating the mechanism of multiple meson production in extremely 
high energy collisions. The skeleton of EAS is the nucleonic cascade process in the 
atomosphere developed due to high energy collisions, through which particles of othér 
components, namely electrons, photons, muons, etc., are produced secondarily. There are 
not very many analyses of EAS which treat this process directly, because the mathematical 
treatments are very difficult and the process of high energy collisions involves many un- 
known factors. The works which have been published may be roughly classified into 
two types: (a) ‘Existing theories of multiple meson production are applied to analyse 
EAS and they are examined according to whether or not they can explain experimental 
results well. (b) A phenomenological model is assumed and parameters introduced in 
it are fitted by comparison with experimental data. The works of Amaldi et al.” and 
Oda? belong to the former and those of the Soviet group,’ Messel et al.” and Budini 
and Moliére® to the latter. 

However, their works have the following defects : Some of their calculations were 


made with a fixed value of the primary energy, in which case it is not clear how the 


* The main contents are distributed in Japanese, Uchusen Kenkyu (mimeographed circular) 1 (1956), 


163. 
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calculated quantities vary with primary energy. Therefore one cannot draw definite con- 
clusions by comparing theoretical values with experimental ones which are derived by 
averaging or integrating over the energy spectrum of primary particles. In particular the 
effect of the inelasticity of high energy collisions on the developement of EAS has not 
been sufficiently investigated.* In the treatment (a) the value of inelasticity is inherent 
in the theory applied, for example, it has the value one in Fermi’s theory” in its original 
form, In the treatment (b) it must be regarded as a parameter. But their results are 
not conclusive for the above mentioned reason. On the other hand the intentions of 
some of these works seem to be to obtain the over-all aspect of EAS and not to investi- 


gate high energy collisions themselves. 


Considering these defects, we shall analyse the structure of EAS from the following 
standpoint which is ‘similar to (b). In the mechanism of high energy collisions, the 
multiplicity and the inelasticity contribute mainly to the one-dimensional development of 
EAS, the angular distribution of secondary particles to the lateral distribution and the 
energy distribution to both. However to take into account all these factors at the same 
time makes the analysis intricate. In this paper we shall therefore confine ourselves to 
treat the development of EAS one-dimensionally and pay special attention to the effect 
of inelasticity on EAS. On the relation between multiplicity and energy of a colliding 
particle with an air nucleus we shall assume a phenomenological model, as comprehensive 
as possible considering all existing theories. Though parameters which will be introduced 
in our model must be determined by comparison with experimental results, it is yet too 
early to do it owing to insufficiency and lack of experimental information. Thus we 
shall be concerned with the problem of which parameters strongly affect which quantities 
measured. That is, which quantities must be measured to determine the values of the 
parameters. 


Secondly we shall always take into account the following situation, Our model is 
physically based in the case that a particle having an energy larger than 10"eV collides 
with an air nucleus, because in this case the collision process is well approximated by the 
so-called jet model,” and the character of an elementary process, a nucleon (or Pion) - 
nucleon collision, seems to be well conserved in spite of many-body processes." How- 
ever, in the lower energy region, the process becomes complicated and the elementary 
process may be obscured due to the nucleonic cascade in a nucleus, so that our model, 
especially the multiylicity expressed by (1), may lose its physical meaning. Therefore 
we shall try to pick out processes in EAS which are initiated by a particle of energy 
larger than 10%eV. In the previously mentioned works the authors have not focused 
their attention on this aspect of the problem. We shall also try to derive conclusions 
which do not depend strongly on the model introduced. 


Recently Koba! has also pointed out that it is necessary to take into account the effect of inelasticity 
to discriminate between three models for multiple meson production, those of Landau, Takagi!2 and 


: ; : ; : : : : : 
Heisenberg,» which are compatible with the experimental information, concerning the composition and the 
distribution of transverse momenta!) of secondary particles. 
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The assumptions of our model which are similar to those introduced by Rozental’® 
are as follows : 

1) The collision cross section is independent of the energy of a colliding particle 
and also independent of the kind of colliding particle, i.e., nucleon or charged pion. 


2) The number of secondary particles produced by a particle of energy* E in the 
Lab system is given by 


n=a(7E)*. (1) 


Here a, 7, 7 are parameters. In particular 7 represents the inelasticity.** An energy 
of amount 7E is transferred to secondary particles and (1—y7)E carried away by the 
colliding particle. 

3) The energy transferred to secondary particles, 7E, is equipartitioned among 
then , 

4) Two of the secondary particles are nucleons.**** Of the (n—2) particles, 
4(n—2) particles are charged pions and (1—J4) (n—2) particles are neutral pions. The 
fraction, 4, is constant. The production of nucleon pairs and heavy mesons are disregarded. 

5) Nuclear active particles of energy lower than the critical value, E,, do not con- 
tribute to the further development of the nucleonic cascade process in the atmosphere. 

The parameters introduced in the assumptions are a, 7, 7, 4, A, (collision mean free 
path) and E,. Some of the parameters are roughly determined from theoretical and 
experimental analyses, i.e., 71/4, 42/3 and 4,= geometrical m.f.p.° The critical 


energy, E,, may be considered to be several to ten Mc*. [In our calculations we shall take 


C=O ely A A Oy. ee VOManw A590 oom’, 


and investigate the 7-dependence of all quantities, The change of the value of E, by a 

factor of about 0.5~2 does not affect the behaviour of the electron component. This 

fact was confirmed by our actual calculation. However this change leads to the serious 

changes of the total numbers of the nucleonic and muon components. 4, depends seriously 

on the nuclear radius, R=r,4'*. Our value corresponds to 7,=1.15-107~"%cm which is 

obtained from the electron scattering experiment and is different from that used by the 
2 


Soviet group, 70 gcem™*, which corresponds to r,=1.3-107"*cm. However, as will be seen 


in the last section, this difference is not very essential in our arguments. 


* In this paper energy is measured by the nucleon rest energy, Mc’. 

** The relation between the multiplicity and the inelasticity is not uniquely defined even in nucleon- 
nucleon collisions.!" Furthermore our definition is concerned with nucleon (or pion) -nucleus collisions, not 
with nucleon (or pion) -nucleon collisions. However the parameter, 7, will fill the role of inelasticity and 
thus we shall call 7 “ inelasticity ” hereafter. 

+ This assumption may be sufficient to evaluate the number of electrons because this number is mainly 
governed by the amount of energy supply from nuclear active particles to neutral pions at each altitude and 
is not much affected by the manner of energy supply, i.e., the energy distribution of secondary particles. 

*&* This value may be considered as the average number of nucleons in the “ tunnel ” which the colliding 


particle burrows in the air nucleus. 
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In the next section we shall describe the method of calculation of each component. 
For the electron component, calculations will be made independently of models of high 
energy collisions as long as the nucleonic cascade process is solved in terms of the 
generation method. The results for each component will be given numerically, and 
will show the gross structure of EAS. The reliability of our model is apparently different 
from component to component. These facts will be shown quantitatively in several tables. 
Using the results in § 3, we shall note the method of determining the inelasticity and 
in § 4 shall pick out an appropriate quantity to determine the value of the inelasticity. 
The comparison of such a quantity with experimental results now available will be made. 
The criticism of the work done by the Soviet group will be given. Further remarks on 


investigating angular and energy distributions of secondary particles will be given. 


§ 2. The calculation method for each component 


Calculations are made according to the generation method. This method makes it 
easy not only to see the contribution from each generation, i.e., the altitudes at which 
nuclear active particles are mainly produced, but also to pick out the high energy particles 
in each component. The notations x and ¢ are used respectively to represent the atmos- 


pheric depth when measured by collision mean free path and radiation length. 
2.1 Nucleonic component 


The diffusion equations of nucleons and charged pions are given by 


na) aN (Ee) +| Rae EON (Beas dB'+ | eRe 
x é 


, Q) 
fe) x 


+{ OnE ne Jr dE. 


Here N(E, x)dE and z(E,x)dE are the differential numbers of nucleons and charged 
pions having energy between E and E+dE, respectively, and B is the decay constant of 
charged pions. S,v(E, E’) is the production spectrum of charged pions when a nucleon 
of energy E’ collides, and so on. 


From the assumptions 2), 3) the production spectrums are represented by 
Sww(E, E’) =0(E— (1-9) E’) +Sy(E, E'), 
OnE AE) Sy (iE. 
Sn (hb) = ASAE, EDs 
Snax (E, E’) =0(E— (1—7)E’) + 4S,,(E, E’), (3) 
where 


Sy(E, E’) =20(E—yE'/n’), 
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5, (E, E’) = (n'—2)0(E—7E'/n'), 

n'=a(7 E’)", (4) 
Here 0(E—(1 —7)E’) represents a survival of a colliding particle and S,(E, E’) and 
S,(E, E’) are the production spectrums respectively of nucleons and pions (including 


neutral pions) by a particle of energy E’. 
To solve the equations, (2), expanding N(E, x) and 7(E, x) as 


ioe} ew tx! : 
N(E, x)=) = Ni(E), 


oo —2£,,l 
2 East m,(E), 


KE, x)=2) >) 
adil (5) 


and inserting them into (2), we obtain the recursion formulae for each generation : 


N,(E) =| 3 (E— (1—7) E’) Ny-s (E!) dE! +| Sy(E, E!) {Nyy (E!) 471-4 (E) }aE’, 


7, (E) =e-al) 0(E—(1—7) E") mE") dB! (6) 


+| 45, (E, B') {Nis(B") +71-9(E)} dB’|. 


Assuming that a primary particle is a proton of energy E,, the initial condition for (6) is. 
N,(E) =9(E—E,), =) (E) =0. (7) 

N,(E) and z,(E) can be obtained successively from (6) using (3), (4) and (7). Over the 

course of calculations all particles whose energies become smaller than 10 Mc’ are cut off 

under assumption 5). 

2.2 Electron component 


The electron component is given by the superposition of cascade showers originated 


by two photons, the decay products of the neutral pions of each generation. 
When a cascade shower is initiated by one neutral pion having energy E, the number 


of shower electrons of energies larger than &, at depth ¢, is given by 


KE b+iwo 8 
TICE cf) =| es | dsM (s) (=) exp[/, (s) t— $ log s] 
0 


E 27iJ6-io 
6 +70 
= 2 { ds exp ys-+A,(s)¢—B log s—log (s-+1) + log M(;)], (8) 
Tl1J 56-io 


where y=log (E 72) and the other notations are the same as defined by Rossi and Greisen.’*” 


From (5) and (6) the number of neutral pions having energy E which are produced 


by nuclear active particles of the ([—1)th generation is given by 


274 A. Ueda and N. Ogita 


-1 


x) (E, x)dB=dE { (1d) 5, (E, B’) {Nia (Bl) +11 (E) foe 


ew 7x! 1 
=7,°(E)dE- (9) 
({—1)! 
Combining (8) with (9), the number of shower electrons of energies larger than € at 
the depth ¢, initiated by neutral pions which are produced by the nuclear active particles 
of the (/—1)th generation and which have the energy spectrum 7;°(E)dE is given by 


IT, (E, &, t)dE=dE | m(E, eae (Eveline? 
0 8.2 


C6 +tao 
—n°(E)dE- a | ds exp[ys+A,(s)t—4}logs—log(s+1) +logM(s) 
71) 6-iw 
/ 
+ log { fis (€t) /5"} J, (10) 
where 7 is the ratio of radiation length to collision mean free path and 
7 aR oy, t , : f 
fiét) =|" Phy, Fa(Q=L+A(). (11) 
: i 


The integration of (10) is carried out by the saddle-point method, i.e., 


22 M(s) aS ball 
= (s #1) [597 aye & ) exp|4, (5) ¢] 


IT, (E, & t)dE=7"(E) dB( 


(9) fist), (12) 
where 
9i(s) =ys +A, (s)t—dlogs—log (s+1) +logM(s) +log{f;_-1(St) /€}, 
and 5 is*defined. by g) (5) =0 tand ¢=6(F). The total number of electrons is also 
derived by using the approximation B and is expressed as 
2 M(s)K,(5, —5) E 
Gade WL (5 Ee ae, 


11, (E, 0, t)dE=x;/'(E) dB(. = 3 i exp[/, (5) £] 


: (8€) aS (Et) > (13) 


where €, is the critical energy in air and K,(5, —F) is also defined by Rossi and Greisen.!® 

It must be emphasized that in (12) and (13) the factor depending on the 
mechanism of high energy collisions is only 7)(E)dE as long as we solve the diffusion 
equation (2) by the generation method. The calculation of the factors remaining in 
(12) and (13) was numerically carried out by putting into them all combinations of 
generations /=1~15 and the ratio E/E=1~10°, where € was replaced by €, in the 
approximation B, 


2.3 Muon component 


Muons are taken into account only when their parental charged pions have energies 
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larger than 10Mc*, in which case their decays end ionization losses are neglected. The 


number of muons at depth x which are the decay products of charged pions of the J/-th 
generation is given by 


(re B yh 
RAE, x) dE, =7,(E)dE\ © Y dy (14) 


y TL! 


B 
=7,(E Se Iii (NOD) c 
FE) AEE ale) 


The values of constants used Table 1. Values of Constants. 
in the numerical calculations are 
. 4 Collisi -2 
tabulated in Table 1. The numeri- else en Frese cits ae 
Decay Constant, B 139 Bev=148 Mc? 

cally calculated results concerned a? ; 

Lali b Radiation Unit 38 gem” 
wit ade 

rt ae gO ponents ates ae Critical Energy, €. 85 Mev=9.0-10-* Me 


Drspiieally wor taliilated west) then ee 
values of the inelasticity, 7, (1, 0.5 and 0.3) and primary energies 10'M2 and 10°Mc’.. 
In the graphs representing altitude dependences of all components, the letters S, and Sip. 
mean the numbers of electrons having energies larger than zero and 10 Me’, respectively, ' 


and N and / respectively are the numbers of nucleonic and muon components. 


§ 3. Calculated results 


In this section we shall tabulate the results calculated for each component. These 
results will be useful as an orientation for further investigation. A few results have 
irregularities of numerical values. This arose from the fact that nuclear active particles. 


having energies less than 10 Mc* are cut off artificially. 


3.1 Nucleonic component 
The results for the nucleonic component are shown in Tables 2 and 3. S in Table 
2 is defined by assuming that the relation between the primary energy and the number 


of nuclear active particles has a form 
number oc E,.. (15) 


Table 2. The numbers of nucleonic components at mountain altitude (720 gem?) and sea level (1033 gem™). 
S is defined by the relation (15). Attenuation lengths are obtained from the numbers at both altitudes. 
Values in the brackets are obtained from the derivatives of altitude-dependent curves at sea level. 


Depth 720 gcm~* S 1033 gcm~* S Attenuation Length 
oe 10! 10° | 10! 108 10! 106 
Ui 
1 ie? 6.5+10° 1.4 9.0-107* 7.910 AiR) 120 150 
0.5 8.4 1.4-10° it Ey 4.5-10° ite 190 270 
0.3 2.0-10 2.3-10° 1.0 1.4-10 1.8-10° EL 510 1380 
(360) (540) 
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Table 3. The fractions of the numbers of the nucleonic component of each generation at both altitudes. 


Depth 720 gem=? 1033 gcm~? 
Ey 104 106 104 106 
eos 1 05 03 1 os | 03 1 05 03 1 oS - 03 
Bs F 4 
2 32 5 2 1 26 2 1 
3 61 26 3 16 4 1 70 11 1 11 
4 13 6 83 20 3 8 2 88 8 
5 19 11 20 18 4 11 2 
6 22 15 17 11 29 7 14 
% 11 17 20 16 21 12 24 8 
8 2 18 14 18 4 18 24 12 
9 1 14 4 16 6 19 11 16 
10 9 14 19 20 
11 9 13 18 
12 1 4 4 1 12 
13 
14 


Attenuation lengths are evaluated from the numbers at ‘mountain altitude (720 gcem™*)’ 
and at sea level. For the case 7=0.3 the values evaluated from the derivatives at sea 
level of altitude-dependent curves are also shown in the brackets. The quantities shown 
in Table 2 have a fairly strong 7-dependence. For 7=0.3, the position of the maximum 
is very deep and nearly at mountain altitude. The depth variation is very slow (see 
fig. 6) and the attenuation length is very large. Table 3 shows the fractions of the 
number of particles of each generation to the total number. Naturally with decreasing 
7, the generations which contribute strongly appear later, that is, the altitude where 
particles are mainly produced becomes lower. The same situation also holds for the other 
components. The energy spectrums at both mountain altitude and sea level are almost 


independent of 7, and thus are not given here. 


3.2 Electron component 
The total number of electrons was calculated with the approximation B and that of 
electrons having energies larger than 10 Mc* with the approximation A. 


Table 4. The numbers of electron components at mountain altitude and sea level. Sis defined by the relation 
(15). Attenuation lengths are obtained from the numbers at both altitudes. 


Depth 720 gem7? S 1033gcm~* S Attenuation length 
ara 408 108 104 108 
u/ 
1 3.3-10° 9.6+105 ale7 2.8-10° 160 
0.5 3.4-108 8.7-105 ie 5.5-10° 
3.8-10° 7.3-105 
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Table 5 The fractions of the numbers of total electrons of each generation at both altitudes. 


Depth 720 gcm~* 1033 gem” 
Ep 10! | 10° 104 106 
; 2 br 05 0.3 1 0.5 0.3 1 0.5 0.3 1 0:5 0.3 
| * al 
1 52 21 hi 43 24 15 46 9 42 11 3 
2 33 26 14 30 21 16 36 15 5 26 15 6 
3 15 20) 15 18 20 16 4 48 20 9 17 16 8 
4 16 21 9 15 15 20 14 11 17 11 
5 9 14 10 13 16 15 4 15 15 
6 11 10 10 14a | 11 13 
y/ 2 y/ 3 6 | 13 | 8 12 
8 4 4 11 4 10 
9 2 3 8 2 8 
10 1 1 | 1 6 
11 1 3 | 4 
12 2 
13 1 
14 1 


The results for the total number is shown in Tables 4 and 5. S is again defined 
by (15). The 7-dependence of the total number is weak, and hence the shower size is 
a useful datum for estimating the primary energy. The attenuation length, however, has 
a strong 7-dependence. Comparing Tables 3 and 5, early generations contribute to the 
electron component much more than they do to the nucleonic component. This fact 
shows that high energy neutral pions contribute to the electron number much more strongly 
than high energy nuclear active particles contribute to the nucleonic component, so that 
the electron component reflects high energy collisions more directly than does the nucleonic 
component, Actually the fraction of the electron number initiated from neutral pions 
having energies larger than 100 Mc’ was estimated to be 40~50 percent at both altitudes 
in our model regardless of the value of 7. On the contrary, in the nucleonic component, 
particles predominate which are produced by particles having energies in the range from 
several ten to about one hundred Mc’. 


Table 6. The numbers of electrons having energies larger than 10 Mc? at both altitudes. The values in the 
brackets are ratios of the numbers of such electrons to the numbers of total electrons. 


Depth 720 gcem-? 1033 gem~” 
Bee oe 104 106 104 106 
1 a2 9.1-102 4.0-107° 5.3-102 
(3.6-1074) (9.5- 1074) (1.4-1074) (3.8-1074) 
ZZ 1.2-108 2.0-107} 1.7-102 
0.5 Bes ene 
(6.5+1074) (1.4-1073) (3.6- 1074) (6.8-10-*) 
4.6 1.7-108 ieih +102 
0.3 : 5.2-10 
(1.2-1073) (2.3-10-3) (9.2-1074) (1.3-1073) 
eee SSS SSS? 
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Table 7. The fractions of the numbers of electrons having energies larger than 10 Mc?, of each generation 
at both altitudes. 


Depth 720 gem-? 1033 gem~? 

Ep 10! 106 104 106 
pees Aamo BNE emia ame RE aaa Sear g' ro—*o'5" 403 
1 @ 22 3 46 SoS 5 60 5 45 5 1 
2 38s 8 31 20 ~°&# 10 40 0 3 27 ~—s««10 2 
3 30 «| «15 iw” 23 | 12 17 7 1815 5 
4 16 | 15 5 16 7| 16 19 |) wy io =O 17 8 
5 14 12 | ia 19 14 i7” 4 10 
6 14 6 | 12 16. a5 15° | 12 
z 5 12 5 9 ig <) 34 12 14 
8 8 2 7 11 13 
9 5 1 5 9 12 
10 3 3 7 1 9 
11 | 2 2 5 7 
12 1 1 2 5 
13 2 


In order to see how the generations giving the main contribution occur earlier when 
the lower limit of the energy is raised, we have selected electrons having energies larger 
than 10 Me; the results are listed in Tables 6 and 7. Comparing Tables 5 and 7 we 
see that even for electrons of energy larger than 10 Mc the positions of the generations 
giving the bulk of the contribution to the electron number remain fairly constant. This 
fact means that the parental neutral pions have not necessarily large energies even if the 
electrons produced by them have large energies. It is noted that the number of high 


energy electrons at sea level depends fairly heavily on 7. 


3.3 Muon component 


The results for the muon component whose parental pions have energies larger than 
10 Me are shown in Tables 8 and 9. Collisions in the lower energy region affect the 
muon component as well as the nucleonic component, though earlier generations contribute 
slightly more to the former than to the latter. 


Table 8 The numbers of muons at both altitudes. 
ee 


Depth 720 gcm~* 1033 gem? 
Ro etl 10! 10° 10! 108 
1 1.3-10° 8.4-103 1.4-10° 8.7-108 
0.5 9.6-10 6.2-108 9.9-10 7.1-108 
0.3 5.7+10 3.0-108 6.8-10 4210" ae 
Sane ners ene 
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Table 9 The fractions of the numbers of muons of each generation at both altitudes. 

Depth 720 gem7* 1033 gem~* 
Ey 104 106 10! 106 

ee ie 050 10.3 V. 05 G3 Ti. 05" 103. 1 a Os aoe 
1 7d 4 6 2 4 6 
2 27 30 36 1 is 3 26 29 3 1 1 2 
3 71 45 9 19 18 6 72 44 8 18 16 4 
4 7 10 80 38 10 / 9 81 a5 6 
5 Us 10 19 13 7 9 19 9 
6 5 9 oe ae, 6 9 | 9. -u 
7 2 8 9 15 3 8 | 10 13 

| 
8 6 5) ile, 8 7 13 
9 3 1 10 so | 2 13 
10 2 8 a i! 12 
1 1 4 3 9 
12 2 5 
| 

13 1 2 
14 1 


Table 10 The numbers of muons at both altitudes whose parental pions have energies larger than 100 Mc’. 
Values in the brackets are ratios of the numbers of such muons to the numbers of total muons. 


Depth 720 gem7* 1033 gem? 
7 Ey 10! 106 10! 108 
1 2.9 6.1-10 2.9 6.1-10 
(2.2-10-2) (7.2-10-8) (2.1-10-2) (7.0-10-3) 
0.5 1.0-10 4.7-10? 1.1-10 4.9-107 
: (1.1-1072) (7.6- 10-2) (1.1-10-1) (6.9- 10-2) 
0.3 1.3-10 2.9-10° 1.3-10 3.2-10° 
: (2.2-1071) (9.9-1072) (1.9- 1071) (6.71072) 


However, as shown in Table 11, when we pick out muons whose parental pions have 


energies larger than 100 Mc’, we see that such muons are produced in a relatively few 


and relatively early generations independently of the value of 7. Since a nuclear active 


particle which produces such muons secondarily has an energy larger than 10%eV, the 


behaviours of such high energy muons, especially the lateral distribution, are directly 


affected by high energy collisions. 


The ratios of various combinations of the numbers of the three components are 


listed in Table 12. 


These ratios may be influenced by fluctuations, and hence the values 


in the table must be interpreted statistically. 
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Table 11 The fractions of the numbers of muons of each generation whose parental pions have energies 
larger than 100 Mc? at both altitudes. 


Depth 720 gem-* 1033 gcm~? u" 
Ey 10! 106 104 106 
pate 1 0.5 0.3 1 0.5 0.3 1 0.5 0.3 1 0.5 0.3 
1 100 33 30 1 100 33 30 1 
2 46 40 99 18 29 45 40 99 16 27, 
3 21 30 44 64 22 30 42 60 
4 35 5 34 1 
5 3 1 72 i 
6 1 Z 1 
ee 72 al 
8 2 1 
9 1 
10 2 
11 2 
12 2 
13 1 


Table 12. The ratios of various combinations of the numbers of the three components. M.L. and S.L. 
mean mountain level (720 gcm7*) and sea level (1033 gcm-*). 


Ey 10+ 106 
7 1 0.5 0.3 1 0.5 0.3 
N+u MLL. 3.8-10-? 2.9-10-* 2.0107? 9.7-10-3 8.6-10-3 7.2-10-3 
tot.no. Sie pues se 10-1 1.5-107! 6.1-107% 5.9-1072 2.9-1072 1.6-107? 
LB M.L. 3.8-10~* 2.7-107? 1.5-10-? 8.9-1073 7.0-1073 4.1-10-3 
tot.no. FS 3.3-1071 1.5-10-1 5.2-10~* 5.8-10-2 2.7-10-? 1:2" 105" 
N M.L. 9.2-1073 8.4-10-° 2.6-107! 7.1-10-? 1.8-1071 4.3-107! 
N+yu Slee 6.4-1074 1.7-10-° 1.4-107! 9.0-1074 5.9-10-* 2.7-107! 


3.4 A remark on combinations of parameters 
We have so far confined our attention to the 7-dependence of various quantities with 
fixed values of a and 7. If an arbitrary combination of the parameters a, 7 and 7 are 
adopted, there may be a possibility of obtaining results not essentially different from those 
given above. Here we shall give one remark on this point. 
We have calculated the altitude dependence of the electron component taking two 
combinations 
(4,7, 7) = (6, 1/4, 1), 
(a', 7’, 9!) = (2, 1/3, 1), 


for a primary energy E,=10°Mc, The results were quite similar to each other. This 
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degeneracy comes from the fact that, when 7=1 and the values of the parameters are 
adjusted to satisfy a(7E,) ~a' (7! E,) =200, the development of the electron component 
is governed mainly by the first collision of a primary particle. As 7 becomes smaller, 
however, many generations come to contribute appreciably and the possibility of obtaining 
similar results for two different combinations of the parameters may be decreased. More- 
over, even if similar results for one quantity are obtained for such combinations with a 
fixed primary energy, this degeneracy may be resolved by comparing the other quantities 
and also by varying the primary energy. A similar risk arises in connection with the 
value of A,; this point we shall discuss in the next section. Therefore it is desirable to 
perform experiments in such a way that as many measurements as possible of the relevant 
quantities of one EAS can be made at the same time. From the theoretical point of 
view it seems to be more desirable to find general tendencies of parameters with varying 
E, 


meters by comparison with present experiments. 


in connection with experimental information than to determine the values of para- 


§ 4. Discussions and remarks 


In the preceding section we have investigated the 7-dependence of various quantities 
concerned with each component of EAS, without considering the possibility of observations 
and the experimental conditions. The important fact given there is that most of the 
quantities based on our model depend strongly on the primary energy. To determine the 
value of 7, we must select the quantities which satisfy the two conditions that they have 
a strong 7-dependence and they are directly affected by high energy collisions, whence 
the value of 7 could be determined by investigating experimentally the dependences of 
such quantities on the primary energy. Furthermore it is to be noted that the primary 
energy of each EAS must be estimated from quantities not depending strongly on 7, but 
rather on models, for it cannot be measured directly. 

The attenuation length of the electron component is effective to test the 7-dependence 
of high energy collisions because it has a strong 7-dependence and is affected by high 
energy collisions as stated in § 3.2 (see also Table 4). On the other hand, though the 
behaviour of the nucleonic and muon components are obscured by low energy collisions, 
some of quantities concerned with these components depend strongly on 7. Therefore it 
may be worthwhile to consider these quantities as data for fixing a rough standard. 

Let us compare the attenuation length of the electron component, 4,, with the ex- 
perimental data now available. The experimental value is nearly constant over a wide 
range of primary energies, 10%~10%eV, and nearly equal to 200 gem. This is a 
very striking feature. Our theoretical values are nearly equal to the experimental ones if 
we take 7=0.3~0.5 for E,=10'Mc and 7=0.5~1 for E,=10°Me, 

A work similar to ours was done by the Soviet group. The differences between 
their model and ours are, a) A,=70 gcem™ instead of 90 gem™, b) n=A'“E'*, A being 
the average mass number of air nuclei, and c) secondary nucleons are not emitted. The 


calculated value of 2, in the case 7=0.3 agreed with its experimental value, 200 gem? 
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Thus they concluded 7~0.3.° Even in their model, however, 4, and other quantities 
should vary with primary energy, thus such a conclusion cannot be drawn from their 
results with only one value of primary energy. 

Moreover, even if we restrict our discussion to the case of only one fixed primary 
energy, 4, is altered by the value of /, adopted. Therefore the value of inelasticity 
cannot at the same time be determined uniquely from such results as they derived. In 
fact the attenuation length of the nucleonic component based on our model changes its 
value from 1350 gcm™ for 4,=90 gem™ to 380 gcm™ for 2,=70 gcm~® in the case of 
E,=10°Mc and 7=0.3.* Correspondingly it is expected that 7, may be reduced from 
510 gem™* to 200~300 gcm~”. 

Summarizing these discussions, the constancy of 4, cannot be explained by our model 
nor by that of the Soviet group. To explain this difficulty it seems to be necessary to 
introduce an energy dependence of the inelasticity or a stronger energy dependence of the 
multiplicity with increasing energy,** even if some fixed value be taken for 4,, though 
the possibility that 4, would become small with increasing energy is not excluded. Thus 
the conclusion derived by Rosental’ and Cernavskij®, namely ;=1/4, is not yet decisive. 

Finally we shall comment on how to deduce a detailed knowledges of angular and 
energy distributions of secondary particles produced by high energy collisions.*** First, 
as stated in § 3.3, high energy muons give important data for investigating the angular 
distribution. For this purpose it would be desirable to perform an experiment as was 


*) Secondly the electron component is also important. We 


done by the Cornell group. 
stated in § 3.2 that 40~50 percent of the total electrons are produced at both altitudes 
by neutral pions having energies larger than 100 Mc° irrespective of the values of 7. 
Considering this result and the fact that the number of electrons is roughly proportional 
to the energy of their parental neutral pion, the behaviour of electrons will give useful 
data for investigating the energy distribution of secondary particles. In this sense the 
behaviour of electrons and of high energy muons are complements of each other as data 
for investigating the energy and angular distributions of secondary particles in high 
energy collisions. It must be noticed here that it is not necessarily apparent from he result 
described in § 3.2 that the behaviour of high energy electrons near shower axes is more 
directly affected by high energy collisions than is the behaviour of total electrons, though 


some analyses” ~*” were made assuming this fact to be true. More detailed analyses on 


these problems are now being undertaken. 
We should like to express our sincere gratitude to Prof. T. Inoue for his continual 


* The difference b) makes Aq small as compared with our value, even if the same value of A, is 
adopted in both models. But the difference between the A,’s appears “ fe almost all due to the difference 9 
** Recently the research group of EAS in Osaka City University*” carried out an Ppt at iss 
Norikura (720gem-?) and obtained a different result, namely that the attenuation length of the total number 


ties from 225 gem? for shower size 3.10'~2.10° to 386 gem~* for shower size 26.10°. This result indicates 
va 


i ici ith increasing energy. 
the constancy of the inelasticity wi ae 
*&* The necessity for introducing the sharpness of the angular or the energy distribution of secondary 


particles has been pointed out qualitatively by several authors.2)3)14710) See also the footnote on p. 270) 
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encouragement. We should also like to express our sincere thanks to Professors J. Nishi- 
mura, M. Oda, S. Takagi and the researching group of extremely high energy phenomena 
in Japan for their valuable advices and stimulating discussions, especially during the “ Nori- 
kura Symposium on Extremely High Energy Phenomena’’ held at the Research Institute 
for Fundamental Physics, Kyoto University, Jan. 1957 and also held at the Institute 
for Nuclear Studies, University of Tokyo, Mar. 1957. Thanks are also due to Miss K. 


Uemura for her assistance in doing numerical calculations. 


References 


E. Amaldi, L. Mezzetti and C. Stoppini, Nuov. Cim. 10 (1953), 803. 
M. Oda, Nuov. Cim. 5 (1957), 615. 


I. L. Rozental’ and D. S. Cernavskij, Usp. Fiz. Nauk 52 (1954), 185. 

I. L. Rozental’, ZETF, 23 (1952), 440. 

G. T. Zacepin, Oxford Conference on the Extensive Air Showers, (1956), 8.* 

H. Messel and R. B. Potts, Nuov. Cim. 10 (1953), 754. 

H. Messel, “ Progress in Cosmic Ray Physics”, Vol. IL (1954), edited by J. G. Wilson. 

P. Budini and G. Moliére, “ Vortrage iiber Kosmische Strahlung’’ (1953), edited by W. Heisenberg. 
E. Fermi, Prog. Theor. Phys. 5 (1950), 570; Phys. Rev. 81 (1951), 683. 

Z. Koba, Prog. Theor. Phys. 17 (1957), 288. 

L. D. Landau, Izv. Akad. Nauk SSSR, Ser. Fiz. 17 (1953), 51. 


S. Takagi, Prog. Theor. Phys. 7 (1952), 123. 

W. Heisenberg, Zeits. f. Phys. 126 (1949), 519; ibid 133 (1952), 65; “Vortrage iiber Kosmische 
Strahlug,” (1953). 

J. Nishimura, Soryusiron Kenkyu (mimeographed circular in Japanese) 12 (1956), 24. 

F. C. Roesler and C. B. A. McCusker, Nuov. Cim. 10 (1952), 217. 

G. Cocconi, Phys. Rev. 93 (1954), 1107. 

S. Amai, H. Fukuda, C. Iso and M. Sato, Prog. Theor. Phys. 17 (1957), 241. 

B. Rossi and K. Greisen, Rev. Mod. Phys. 13 (1941), 241. 

K. Suga, Lecture at the Norikura Symposium on Extremely High Energy Phenomena, Kyoto, Jan. 
1957. 

K. Hinotani, private communication. 


P. H. Barret, L. M. Bollinger, G. Cocconi, Y. Eisenberg and K. Greisen, Rev. Mod. Phys. 24 
(1952), 133. 


W. Hazen, Phys. Rev. 85 (1952), 455. 

W. Hazen, R. Heineman and E. N. Lennox, Phys. Rev. 86 (1952), 198. 
O. El-Mofty, Phys. Rev. 92 (1952), 461. 

O. El-Mofty and M. El-Nadi, Phys. Rev. 99 (1955), 921. 


* The authors thank sincerely the cosmic ray research group of the Nuclear Research Institute, Tokyo. 
who kindly lent them this report. 


287 


Progress of Theoretical Physics, Vol. 18, ‘No. 3, September 1957 


On the Subsidiary Conditions in the Bohm-Pines Theory 
of Electron Plasma 


Hideo KANAZAWA 


Institute of Physics, College of General Education, University of Tokyo, Tokyo 


(Received May 14, 1957) 


The subsidiary conditions in the Bohm-Pines theory are too stringent. There is no normalizable 
wave function which satisfies the subsidiary conditions. We modify the subsidiary conditions and 
show that the mathematical inconsistency in the Bohm-Pines theory may be removed. 


$1. Introduction 


Bohm and Pines’ (BP) have developed a collective description of the behavior of 
the electrons in an electron gas. They introduce a set of new field variables, representing 
extra degrees of freedom of the system. These new variables, after a series of canonical 
transformations, appear as coordinates and momenta of the plasma oscillators. In order 
that the total number of degrees of freedom of the system remains unchanged, it is 
necessary to require that a set of subsidiary conditions, equal in number to the extra 
degrees of freedom introduced for the plasma field, be satisfied by the wave functions. 

The Hamiltonian for the system is given by 


H=)} p2/2m+- >) 27e?/k- (0,0_.—2) (1-1) 
5 i 
where n is the number of electrons and /, their density fluctuation 
a=>) en thas (@ hep 
a 
BP introduce the plasma field by adding certain terms to the original Hamiltonian (1-1). 
The resultant extended Hamiltonian is given by 
A= H—-1/2- >) px pe—i >) Me pre » (1:3) 
k<he ki<ke 
where M,,= (47e?/k)'. The subsidiary conditions are 
pref =0 (k<k,). (1-4) 


BP relate the p, to the density fluctuation ~, by applying the unitary transformation 
Poa=SPnew> where 


S=exp ( Sb Mn ge P-x) - Ci -5) 
k<ke . 


The new subsidiary conditions become 
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(px a iM),0-x) p =0 (k Ss k.) ° re! ; 6) 
Adams” has pointed out that the wave function 
p=exp(— 67M, 9 Px) ei (Bis? » ca) (1:7) 
hK<ke 


which satisfies the subsidiary conditions (1-6) is incompatible with the oscillators being 
in their ground states and in fact the expectation value of the oscillator energy diverges. 
On the ground of this divergence he has objected to the neglect of the nonlinear plasma- 
electron interaction. Kuper® has criticized the neglect of the subsidiary conditions. He 
has made the selection of the set of plasma-oscillators variationally. He has shown that 
when the subsidiary conditions are neglected—a trial wave function is introduced whose 
form is a product of oscillator ground state functions and a Slater determinant—, and 
the set of oscillators is chosen so as to minimize the expectation value of the Hamiltonian, 
the expectation value is allowed to become infinitely negative. 

It should be noted that the wave function (1-7) which satisfies the subsidiary 


conditions (1-6) is not normalizable. In order to normalize the wave function ¢ we 


9 


must integrate |#|? over X,,:+:,X, and over the oscillator variables. Since |¢|°=|v 
because of gf =—q_, and o,*=p_,, the'norm (¢, ¢) diverges. This situation is analogous. 
to the corresponding situation in ordinary wave mechanics where the eigenfunctions of the 
canonically conjugate variables g and p are not normalizable. 

In quantum electrodynamics it was recognized that the subsidiary condition 0A,/Ox,- 
=0 (the subsidiary condition (1-4) is proportional to the k-th component of div E ’=0) 
is too stringent as a subsidiary condition, In fact, if we imposed this subsidiary condition 
as such, there would be no states, ¢/, which satisfy it, Various methods: have been pro- 
posed to circumvent this difficulty. One procedure” is to define a family of normalizable 
state vectors depending on a parameter which is allowed to approach a limit in such a 
manner that the subsidiary condition is satisfied in the limit only (method a). Another 
method has been proposed by Gupta” and Bleuler”, They modify the subsidiary condi- 


. . Se 
tion so that it holds only for the destruction part of the operator, i.e. et ¢ =0 


EE o 
(method b). One more method is to modify the subsidiary condition so that the ex- 


2 
of <a) vanish” (method c). 
x 


pectation values of ——“* and 


Xo a 


In the next section we shall investigate the three methods and try to remove the 
defects in the mathematical basis of BP work. 


§2. Modification of the subsidiary conditions 


The Hamiltonian (1-3) of the extended system may be rewritten as 


A= H+1/4- pe Bev (ay* ay + ayay,* + dya_p + a,*a_;,*) | (2-1) 


+ pe fru (aj =: a_;) ? 
che 
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where fy = (27e?/bwk*)*” and the creation and destruction operators of plasma field, 4, 


and a,, are defined by 
Vn (6/2) ile eh 
; QZ 
pr=i(bo/2)"8 (ay*bay). Or 
The subsidiary conditions (1-4) can be written in the form 
Qg=0 (k<k,), (2-2) 
where Oia," a. (2-4) 
The state vector of the extended system is in general given by 
~= ay D4 (x, wens Ny Dis (2-5) 
h<ke 
ky>0 
where 
O,= S\ Cz (m, n)/Vm!n!- (a,*)” (a_n*)" QD. (2-6) 
0 


n= 
n=0 


@, is the eigenvector of a. *a,(k<k,) with eigenvalue zero, Let us consider the equation 


Q,2,=0, which may be written as”? 


St (n$1/(m+ 1a $1) 24% m1 Cy(m, n) +01 Com+1, 2+1)} 
m=0 


n=0 
(ap*)""*(a_4*) Dy+ 3) (n-+1/n!)"? Cy(0, n-+1) (ae*)"P=0. 
n=0 


Therefore 
C,(0, n+1) =0 CAVED) 
and 
C,(m, n) =— (nt+1/m+1)"? C,(m+1, 21). (2-7b) 
Because of the symmetry of C, (m,n) with respect to m and n, we obtain 
C,(m,n)=0 for mn (2: 8a) 
and 
C,,(n, n) =—C,(n+1, n+1) =(—1)"C, (0, Oya (2- 8b) 
Hence the state vector which satisfies the subsidiary conditions (2- 3) must be of the 
(2-9) 


form 
g= I 3} C,.(0, 0) (—1)*/n!- (ay*)"(ai,*)” Qoy (Xp °° Xn). 


k<ke n=0 
kz>% 


The norm of ¢ is given by 
(o, ) =I|C.(0, 0) PAt+1+s), # GO O=1. 
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Therefore =0 if C,(0,0)=0 or (Y, $)=co if C,(0, 0) $0. Thus there is no 
normalizable state vector which satisfies the subsidiary conditions (2-3).* 

In the following we shall investigate the three methods mentioned in § I. 

(a) We define a family of statevectors by setting” 


= IT (1—#)'? exp (—Aa,*a_,*) : DY (Hp a9 Xn) (2- 10) 
h<ke 
kz>0 


where (7, 7) =1. The norm of these vectors is given by 


(P, P) =I0—2) SUSI, ace Cincaile (2-11) 
Forctheslefishand sideiofuthensubsidiarymconditions. (202) aunebobtalm 
od =(a,*+a_,) P= (1A a,*P. (2-12) 
The norm of aj can easily be calculated. We get 
(az, a) =(1—A)/(1 +4). (2713) 


It is seen from the last expression that this norm approaches zero with A->1. Thus the 
subsidiary conditions are satisfied for the limit /=1. 


The extended system (2-1) is equivalent to the original system (1-1) in the sense 
that if y, is the eigenfunction of the original Hamiltonian (1-1), ice. 


AYn=EnYn » (2-14) 
then the equation holds 
lim (¢r, Heath) =E,, (2 . 15) 
Ari 
where 
fr= MT (a—#)*'? exp(—A a,*a_,*) Qyn- 
h<ke 
k,>0 
Since this procedure is somewhat awkward, we do not enter into further details. 


(b) We impose the following subsidiary conditions instead of (2-3) 
QO P=0(k<k), (2-16) 


where ae (2-17) 
Our extended Hamiltonian is given by 


Ay. =H+1/4- au be (4,* y+ aya,* + apa_,+ a,*a_,*) 
<ke 


—1/4- 31 bO+ SD) fale (ae* +41). (2:38) 
k<ke k<ke 


The state vector which satisfies the subsidiary conditions (2-16) is given by 


* Galasiewicz” did not refer to this difficulty. 
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P= Do (X19 075 Kn) (2-19) 
where (7, 7) =1. If 7, is the eigenfunction of the original Hamiltonian (1-1), ive. 
Fyn =Entns 

then the equation holds* 
(Pnr ext Pn) =Ens 
where Su Bose 
Applying the unitary transformation (1-5), we get 
(25>) new 4e— faPr- (2-20) 
The new Hamiltonian becomes 


At = A, + Aeon + A, + U+H,,+Hin- D> bw/4—27e'n SS 1/k, (2 > 21) 
kK<ke be 


E<k 
where , 
H,= 2 pi'/2m, (2-22a) 
Aoon= >) bo (a,* a, + 1/2), (2-22b) 
k<Ee 


H,=(e/m) 3S} (276/w)"? {8,- (pi—bke/2) ape™** +e *1a,*8,» (pp—bk/2)}, 
t:k<ke 


(2-22c) 
A =27e »S: ates Md (2 2 22d) 
k>ke 
Aj 
U= (ahe/m) S$) rE) (44) (4 a_ erm, (2-22e) 
i,ki<h, 
ke 
coll = par b (a,” —w’) /4o » (a,*a,+ yd, — yd _, — dg dau (2: 22f) 
k<ke 


where €,=k/|k| and w,= (47e’n/m)"”. 
The state vector which satisfies the new subsidiary conditions (2-20) is 


=exp(—1/2- “i fi PrP n+ >> fi?) . Dy (x, soem A) 3 (2-23) 
k<Ke kKX<ke 


It is easily seen that (¢, #)=1 if (%, 7) =1-. Using the above expression for the state 
vector, we obtain the following expressions for the expectation values of (2-22) 


(¢, H, $) Gepee rea 2 PME? (2-24a) 


(Y, Hans) =D} be/2+ 27 S} Coup-2y/B, (2-24b) 
k<ke k<khe 


* If we require that the extended system is equivalent to the original system in the sense that 
Hext¢n=EnYn holds, we would have to impose the BP’s subsidiary conditions (2.3). 
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(oO, H, ¢)=— 3s bw/2, (2-24c) 
ki<he 
(f, Hor) =27e S) {CPne—2) —n} /®, (2-24d) 
k>ke 
(Y, Ud) =0, (2-24e) 
(¢, Hing’) = >) 6(,?—’) /40, (2-24f) 
k<he 


where (9 (%1, -**, Xn) »=(% 97). Putting w=«,, we find 
(Y, Ax) a 6. Ay) (2 4 25) 


as is expected. If we adopt Kuper’s procedure, we obtain the same result as (2-25). 
Hence there is no divergence difficulty. So far our subsidiary conditions (2-16) seem 
to be satisfactory. However we meet with a difficulty, when we go over to the BP 
representation, in which H, is eliminated by a canonical transformation, as we shall show 
below. 

The BP transformation, which is introduced to eliminate the plasma-electron inter- 
action H,, is generated by” 


. E,,- (p;—bk/2) tka, 
cpa — i 2xb aD k P: / thea 5 
Vgvhihrie ites diimak aaieiifom Ais 


x 


k<ke 
— a, *e— thm oe feds : (2-26) 
o—k- p,/m+6k/2m | 
The Hamiltonian in the BP representation is given by” 
en Hex, a4 =e Ftecteon “le Ege. a Eis. =i Fog re >> hw/4, (2 J 27) 


k<he 


where higher order terms are neglected. Since we need not the explicit expression of 
this Hamiltonian in our discussion, we do not write down Hejectrons Hz, and H,,, explicitly, 
but we only refer to the fact that these three terms depend on only electron variables. 
The subsidiary conditions, to the same order of approximation as the Hamiltonian, are 
given by 

QO -P=O(k<k), 


where 


QO 1 /2 Cay mday* ie eW as 4 . 
: / ’ “ I > o—k- p;/m+bk/2m ~ dipted 


There is no normalizable state vector which satisfies the above conditions.* This is most 
easily seen by rewriting (2-28) as follows 


* This is due to the approximation used in deriving the Hamiltonian (2.27) and the subsidiary condi- 
tions (2.28). If all the higher order terms: were retained, the state vector which satisfies the subsidiary 
conditions would be normalizable. ; 
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{q,— (4e2/ wR)” SS ened oh — 0 (kek), 


‘where gq, is defined by 9,=(6/2w)'?(a,—a_,*) and w/(o—k-p,/m+bk/2m) is 
‘approximated by unity. 
(c) We consider the following subsidiary conditions : 


(¢, 2.) =0, 
ACV eT a (2-29) 


where Q,=a,*+a_,. The Hamiltonian of the extended system is given by (2-18). 
‘The state vector which satisfies these subsidiary conditions may be obtained by replacing 


‘the infinite sum in (2-9) by a finite sum, i.e. 


p= IT D4 (%4, +15) Xp) (2-30) 
k<ke 
kz>0 
where 
Nk 
O,=(1/Ne+1)™ >) (—1)"/n!- (a,*)” (an*)"D. (2731) 


In fact, we find 
0,0, = (1/Ny-+1)19(—1)9#/Ne!- (aut) (aa) %. 


‘Therefore 
(®,, 2,P) = (/Ne+ 1) Sh (= /alNa (Dy (4z)" an)” (at) *# (a_n*) ** Po) 
=0 
and 
(Dp Duy Qe Dz) = (1/Ne +1) (1/Ne!)? (Mp, (as) 94 (a) 28 (40) * (a2) Po) 


=1. 
Also we get (¢, ¢)=1 if (0 =!1- The extended. system is equivalent to the original 


‘system in the same sense as in (b). 
Applying the unitary transformation (1-5), we get 


(Onsen (2) ey UkaeeD =0, 
(eee (2_,) new (2,) scar Vaes) =1, 
~where (2;) new = 44" + d_4—2 fiP-x- (2-32) 


The new Hamiltonian is given by (2:21). The new state vector, which satisfies (2-32), 


is given by** 


* We cannot adopt (2,4, 244) =0 as subsidiary conditions, unless we apply a limiting procedure 


as in (a). 
** If N,=0 for all k(<k-), this state vector reduces to (2.23). 
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NE 
g=exp(—1/2 oP fi PrP-4 pe fie Pxt*) IT (1/N,+1)*? ma (—1)*/n! 
k<ke EEK ¢ k<ke ed 


k,>0 
(a,* — fy p_2)” (4-n* — fr Px)” Pox (%1 ee) Kh)" 


In the BP representation the Hamiltonian is given by (2-27) and the subsidiary 


conditions become 
(¥, 2,0) =0, 
($, 212.9) =1, (2-33) 


wheré 


‘OO wo eikay 
, fe 2 w?— (k- p,/m—bk/2m)? 
It is to be noted that the field variables occur only in H,,,, and the subsidiary conditions 
no longer relate field and electron variables. The state vector which satisfies (2-33) 


may be written in the form 


ene (1/N!) 1? (a,*) %*D,-@ (X15 -**5 Xn)» (2-34) 


where @ must satisfy the subsidiary conditions (2-33). N= >} N;, which is the total 
k<he 


number of plasmons that are excited, is an arbitrary integer and might have some connec- 
tion with that which appeared in (2-31), though we could not show this definitely. 
In our opinion the method (ce) is the most satisfactory one, being free from any 


inconsistency, 
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In-addition to the usual space and time, the two degrees of freedom which may be concerned 
in the mass of elementary particles are introduced. Based on the fundamental postulate with respect 
to the symmetry in the above new degrees of freedom, as well as the invariance under the proper 
Lorentz-transformation, we shall try to formulate a theory and approach the violation law of the parity 
conservation and of the invariance under the particle conjugation in connection with the strength of 
interactions. It is shown that our theory has a clese relation to the two-component neutrino theory 


proposed by Lee and Yang and also to Landau’s theory. 


§ 1. Tnatroduction 


Recently, Lee and Yang’? proposed an important question of the parity conservation 
in the weak interactions. Being motivated by their proposal, Wu et al.” made an ex- 
periment of (-decay of the oriented nuclei and demonstrated the right and left asymmetry 
by which Lee and Yang’s anticipation, the violation of the parity conservation and that 
of the invariance with respect to the particle conjugation, was confirmed. Thereupon, 
Lee and Yang,”” and Landau” have proposed a theory of the two component neutrino, 
expecting that such unfamiliar results of experiments may be attributed exclusively to the 
special property of the neutrino which has the vanishing mass. Further, Salam” also has 
proposed independently a similar theory from a slightly different point of view. Although 
their theories seem to be successful in giving the violation law of the parity conservation 
in the processes in which the neutrino takes part in, they do not solve the well-known 
7—@ puzzle. Furthermore, the above authors” have pointed out the possibility that 
the weak interactions are invariant under the particular combination among the space 
reflection, the time reversal and the particle conjugation, for example, the combination of 
the space reflection and the particle conjugation as in Landau’s theory. These attempts, 
however, cannot explain why the weak interactions are invariant under a special combina- 
tion of reflections, but not under the others. In other words they have not given any 
answer in what way the violation of reflection invariances takes place in each process. 


Now, we believe that the violation law of the conservation of the parity and the 


strangeness or the isotopic spin in the weak interactions” is so closely related to the 


fundamental aspect of the structure of elementary particles that it may give a hopeful 
clue to the possibility for future theory. In order to turn the present negative situation 
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into a positive direction, we should try to investigate the violation law of the invariances 
from a broad view-point. 

As a result of the discovery of many new particles, we became aware of the distinc- 
tions of elementary particles, for instance, about the strength of the couplings. However, 
there seems to exist a slightly profound aspect concerning the property of the strong and 
the weak couplings themselves. For example, in the hypothesis of the composite theory 


of new particles proposed by Sakata,” interactions of such as 


AAAA, NNNN, AANN (a4) 


ate conceived to be strong, and 
Riv. Sk) aaa 
‘ NN(©)», pevv, AN( ee, | 
ii) ANNN (12) 


to be weak.” It is noteworthy that, qualitatively speaking, in the strong interactions the 
same kind of particles appear necessarily in pair, but in the weak interactions the combi- 
nation of particles is not always so. That is, the strong coupling may be characterized 
by the conservation of the type of elementary particles. Therefore, we can speculate that 
each elementary particle possesses some internal mass structure concerned with the parity, 
and that the condition of the overlapping of these internal mass wave functions of 
elementary particles interacting on each other is responsible for the distinction of the 
strong and the weak interactions and for the violation of the conservation of the parity. 
However, we like to point out that there seems to exist some distinction among the weak 
interactions themselves. In fact, the weak interaction of (ii)—(1-2), which is considered 
to be responsible for K-meson decay,” differs from that of (i)—(1-2) in the following 
point. In the former interaction only baryons, each of which has strong couplings with 
other particles, take part in, while in the latter interactions leptons, each of which has 
only weak couplings with other particles, take part in. We shall hereafter call the 
interactions (i) and (ii) in (1-2) the weak interaction of the first kind and that of 
the second kind, respectively. In order to explain theoretically the distinction between the 
strong interactions (1-1) and the weak interaction of the second kind (ii)—(1-2), both 
of which are concerned only in baryon fields, it seems necessary to consider a kind of 
structure of elementary particle reflecting also some entity by which the nucleon and the 
A-particle may be distinguished, in addition to the parity mentioned above. Ia the 
theories’? of Nishijima and Gell-Mann, the term “strangeness”? or “ 7-charge” seems to 
represent such an entity and just the violation of its conservation characterizes the weak 
interaction of the second kind. 

In the present paper, we shall confine ourselves only to the violation of the parity 
conservation as the first step and tentatively try to explain mainly the distinction between 
the strong interaction and the weak interaction of the first kind and to obtain the 


violation law of the parity conservation, introducing the new degrees of freedom concerning 


the mass structure of elementary particles. 


The Parity Conservation and the Strength of the Interaction of Elementary Particles 297 


§2. The fundamental equation 


As discussed in the preceding section, the mass structure and the parity seem to be 
intimately related. Therefore, it is quite desirable that the basic equation reflects the 
situation of the above relation between mass and parity. Let us consider a basic equation 
of the spinor field, where 1 and 7, of the Dirac matrix play rather an important role 
for its parity determination as is well known. On the other hand, the main features of 
the usual Dirac ‘equation should be kept in our basic equation. 

Taking into consideration the above requirement, we propose the six dimensional basic 
equation, 


(7p: 0/Ox,+75:90/0x;+75:0/Ox,) ug Ces xq) =0, (2: D 


in place of the usual four dimensional Dirac equation. In the above equation, 7;=717'27'37'4 
and 7,=1. %x,s (a=5,6) denote the new degrees of freedom and are real variables with 
the dimension of length. From (2-1), the following equation is derived, 


(0°/Ox,? + 0°/Ox,' + 0° /Ox,") Y (x,, X_) =0. (2:2) 
Comparing (2-2) with the Klein-Gordon equation, we find that — (0°/dx,?+0°/dx,’) 


can be interpreted as a square of mass operator and consequently the new degrees of 
freedom relate to the mass. 

Now, let us postulate the fundamental principle of our theory: The theory should be 
invariant under the proper Lorentz transformation (R;,) and the proper rotaticn in the (x5, %g) 
space (Ry), while it need not be invariant with respect to all inversions such as the space 
reflection, the time reversal or the particle conjugation, 

From the requirement for the basic equation (2-1) to be invariant, the transforma- 
tion property of Y(x,, x,) under R,; and Ry, can be determined as follows: Under the 


rotation with a@-angle in (oc, /)-plane 

D (x,y, %q)—> B' (y!, Xa) =exp(— FoF p%/2) F (Ky, %a)- (Rx) (2-3)* 
Under the rotation with @-angle in (5-6) -plane 

P (Xp %a)—>P' (Xp, Xa!) =exp(—Ts7o%/2) F (Xp> Xa). (Ry) (2-4) ™" 


Let us consider the solution of the basic equation (2-1). It can be shown that the 
general solution of (2-1) is expressed as the linear superposition of the special solutions 
which are determined by the suitable boundary condition in the (x;, x;)-space and 
characterized by some quantum numbers. From our fundamental postulate given above, 
these quantum numbers must be invariant under the transformations, R, and Ry. We 


can take as such quantities the mass operator and the total angular momentum j in the 


* As usual, a means the imaginary angle for the rotation which relates to the time coordinate xj. 

** The basic equation (2-1) is invariant not only under Ry, and Ry, but also under the arbitrary 
rotation in the six dimersional space (x,, xa). The transformation of Y(x,, x2) under the rotation of 
a-angle in the (y, a)-plane is given by 

LX» Hg PE (x, Xa’) =exp(—Ty Ta a:/2) Cer. Xa)- 
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new degrees of freedom (x;, x,). That is, the nomal modes of the solution are 
specified by 
(0?/Ox,? + 0?/Ox,”) Ce (Kes Xa) =—K PS Uae Xz) ? 
jet (Ras x) = + +4) est (Xue a) ? 
((=0, i 25 ar 4, -++) 


(2:5) 


where 
j=—i(x;,-0/Ox,—x5-9/0x;) +75/2- (2-6) 


Henceforth, we shall regard Wi,(x,, x.) as the new representation of the elementary particle 
which has the internal mass structure, 


The explicit form of /#,(x,, x,)’s can be given as follows, 
Pi Ggeix yar \ a0 ef L412) 0+ i75 8/2 + (xeyord ) 
0 
X exp[ —ik (x, sin @ +x, cos 4) | 
=4(—1) Alt 1/2) 9 +175 9/2 
X {Jrser) +75) tii (er) A-7) IP Gq, «2, (2-7) 


Day as nS Won | 0 oF U+ 1/2) 04175 8/2 h- Gs Kl) 
0 
X exp[ —ik (x, sin +x, cos 4) | 


=4(—i)’He—iU+ 1/2) 9 + its 9/2 


X {iJ, (er) (1+75) + Jes Her) 1-75) } Our wl), (2-8) 


where r and ¢ are the polar coordinates of (x;, %), %;=rsing, x,=rcos@ and (*(x,, 


kl)’s are the usual Dirac spinors satisfying the equation 
(ru: /Ox, +) f* (x,, #1) =O. PF SRMELES 


The confirmation of the above solution will be given in the appendix III. Now, we can 
define the particle conjugate fields of Y#,(x,, x,)’s by 


OS A Kate) ead Clan he)» (2-10) * 
so that they also satisfy the basic equation (2-1) 
(7,19 /Ox, +75°9/9x,+7,-9/Ox,) PE (xy, Xa) =0, (2-11) 
and 
jer sat iaets (ad) FE xa gacce),. (2-12) 


Therefore, one sees that the angular momentum of the antiparticle defined above is equal 


Cr C= — 7, T= T*y,. 
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and opposite to that of the particle. The explicit form of Yi/‘(x,, x,)’s are given by 
FA Xu» Xa) =R(—i) He HUF M2) ¢ tits 9/2 
X Ui Cer) +75) tess (or) 1-75) 5 O*,, HL), (2-13) 
Dod (xy, x) =}(—i) Melt 12) 0+ 0/2 
X {Jiu er) A475) tii (er) 1-73) } OA, «2D, (2-14) 


Wwheresy (x,, 1) = C p* (x,, «l) and J denotes the Bessel function. 


By making use of the spinor representation, 


Onn ee ee a 


we can rewrite YF,(x,, x,)’s as follows, 


| ie? J, (xr) u* (x,, el) 

FE, 5m) = (=) | 

(Xn Xa) = (—i) aan (xr) v* (x,, 1) Ne (2-16) 
eee 7 ier) a= (x55 Kl) 

ve a eg Ne yer . 3 ; 

1(Xy X_) = (—#) net (xr) vo Corn Kl) ) et 
ut (x, ’ Kl) 

; poteedy = ue ; 2-18 
where 4 (% “ Cs (X,, ay) 7 | 


and u*’s, v*’s are the usual two-component spinors. Thus, in general, two kinds of 
solutions characterized by symbols +, are obtained. Then, imposing the suitable boundary 
condition for Ys,(x,, %,) and P7,(x%,, %a) in the (x,, %s)-space, we get the correspond- 
ing two discrete mass spectra «j,, and «;,,. However, although we shall here not specify 
the detailed form of the boundary condition, it should be satisfied that this boundary 
condition must be invariant under the transformation Ry, that is, it must be dependent 
only on the radial variable r. 


The general solution Yj (x,, %,) of (2-1) are given as follows, 


Py Ee Xq) A 2 Y in (esa x) si Pin Xp» Xa)s (22 19) 
where 
+ lp + + + 
yp + (x Leth i) ee Ji Kin?) 4 (x5 Kim) ) (2-20) 
sia ia KPI (ar) 0" (Xu Kin) 7 
—t(2+1)9 Kir) ui (Xs5 Ki, 
DV ix, (Xp n= (IC, . Just Kin Jia € bw) bf (2-21) 
a (Kint) Us (Ris Ke) 
and 


ig as Kim) A 


(ays th =(aG ee tate 
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Comparing the expressions (2-20) with (2-21), one finds that D(a, hp) Vea BE 
changed into P;,,(%,, Xa) only by replacing /, K;,,, and ¢* (x,, «z,) with — (+1), kim> 
and (f~(x,, Kim) in the expression of ¥;,,(x,, x,) (2-20), and vice versa. 

Now, as seen from (2-19), Y1(x,, %,) is regarded as the unified field which involve 
two kinds of elementary particles with mass spectra «;,, and «;,,. However, it should 
be noticed that we can so relate these two kinds of fields, /* and Y~, as to be particle- 
conjugate to each other. This is done by assuming that the Dirac fields (f° (x,, «/) and 
gy (x,, «l) in (2-7) and (2-8) are in the relation of a particle conjugation to each 


other, 


b* (xp, Kl) =PAp M—=Ch |G, xl). (2-23) 


Then, by comparing (2:7) and (2-8) with (2-14), we easily find the following rela- 
tions, 


Pri Cae x) = Po (x, > X,) > | 


or ee (x, > Xp) = er x, ? Xq) = : 


(2-24) 


Further, in this case, only one discrete mass spectrum «,,, may be obtained, since the 
behavior of one of #3, (x,, x,) and V7,(x,, x,) in the (x,, x;)-space must be determined 
from the boundary condition of the other one owing to the above relation (2-24). The 
corresponding unified field #1, (x,, x,) becomes 
Prius Xa) = 21% im % p> Xa) (= 21 Vom (Xw> Xa) dic (2-25) 
ri m 

Thus, we obtained two possible choices of the unified fields #,; and Y,; from two 
alternative standpoints.* However it seems of course premature to say, at the present 
stage, which one is superior to the other. 

Now, it should be noticed that our theory has a close relation to the theory of the 
two component neutrino proposed by Lee and Yang,” and also Landau.” In fact, if in 
our theory the mass spectrum can involve the vanishing mass, which may correspond to 
the neutrino, the angular momentum j of its mode must be +4, e.g., /=0, as easily 


seen from (2-7) or (2-8) and the corresponding field becomes 


TG PA I= FO 1) Flee Oat SE aaa 
BN 
2-26 
+a Fee I ae +A 4 0 : ( ) 
fe Cae Xa) =$ 0475) ¢ Gar k =0) a ut* (x eee 
2 > a 
or PX, %) —b (b+ 7.) Oa, = 0 =( 9 | 
po “a 2 15) 4 we? ) un (x,, «=0)/? 
b> 
(27) 


ae Be, Pe 
YE (x, X,) =4 (1-75) gs (%a k=0) =( a ee a ), 


* We postulate the second quantization of the unified field Yr or Vir is performed by taking the 
usual commutation relation for the Dirac fields p+ Ca ki), which are involved in the expression of the 


unified fields, that is, [%?(x,, K3,,), b*/ (xy’, Kirt) l= Lie S(x—x’) X zr 0im,itms, where € (or €) denotes 
the symbols +. 
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This is just the result of the theory of the above authors. 


At the end of this section, we shall show that the rotation Ry, (2-4) can be 
represented by a unitary transformation U, as follows, 


Ua P (Xu, xa!) Ua! =exp (7576 @/2) F (Xs Xa): (2-28) 
or Ue Pim Xp2 Xa) Us’ =exp(—757e@/2) Pi, (%, %a)- (2-29) 
It is easily verified that such a unitary operator U, can be determined by 

Ue 9" ns tim) Ug eH OF N20 bE (x, , tie) (2-30) 
Therefore, from (2-7) and (2-8), we obtain 

Cie ex) Ug ate eT Ela xe (2-31) 


Thus, one sees that the rotation Ry is equivalent to the gauge transformation of the 
first kind. 

In this section, we have discussed the general solution of the basic equation, based 
on our fundamental postulate in § 1 and consequently representing the elementary particles 
by the eigensolution of the mass operator and the angular momentum in the new degrees 
of freedom, both of which are invariant under the rotation Ry. In the appendix I, 
modifying our fundamental postulate slightly, we shall investigate the other possible picture 
of the elementary particles, where the elementary particle is specified by the plane wave 


solution with the square boundary in the new degrees of freedom. 


§ 3. Interactions of elementary particles 


In this section, we shell investigate the interaction of elementary particles, taking 
the non-linear interaction of the Fermi type for the unified field. In order to set up the 
interaction Hamiltonian of the Fermi type, which must be invariant under R;, and Ry 
from our fundamental principle, at first we have to form the bilinear quantities of the 
unified fields, which ere irreducible representation of Ry, and Ry. These quantities are 
given in Table I. It may be easily confirmed, by making use of the transformation 
property of the unified field (2-3) and (2-4), that each quantity has the transformation 
property shown in the Table. 


Table I 
type | Ry, Ry type Ry, Ry 
I | Crab | scalar vector (/- | Vr 0a 0 scalar scalar 
II | Vr, y 10% Vi Oa Vv 
—| | vector scalar Spe ——| vector vector 
00 | Prsr,% IY’ Vs ty 90¥ 
IV | Vriutvita’ . | tensor vector IV’ Vriprtvita%a Y|  tersor scalar 


z 
Te WIHT ty—Ty My), w=l 2, 3,4, 2=3, 6: 
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The interaction Hamiltonians of the Fermi type can be obtained as the product of each 


quantity of this Table, that is, 
H (x,) =9 | FO, U2, dx,dx,, an 
and 
EO” Gis | F.0,(8) 0 FQ, (8) 0 dx, dx, 
4 fe | F.0,(3) 00 2,(0) €dx,dx,, (3-2) 
Ghee Pe denote d, IL) Titwand | Ryeend 


epee 2n=Fry; Qit=17 57 us Qw=Tyvra 
2,(9) =] e0a9 i 27,0) =7,0 a? 21 (0) =i75 hae. a? Qry COV Tea oP 


and a repeated sufhx in a term implies a summation as usual, If we take %, of (2-19) 


(3-3) 


as the unified field, then the interaction Hamiltonian is expressed as a linear combination 


of the interaction terms of elementary particles, 


g|de,dxy POU F, 00 = SY 9 dade, P im QE ime Fim DE times 3-4) 
€;=41;m; 
where 2 is to represent symbolically arbitrary one of (3-3). It is sufficient, however, 


for the consideration of the general terms to investigate only the special term of (3-4), 


A, m,) = mag G9) Fim OF io Pe OE de dug, (3-5) 


p 


from the following reasons. At first, the other terms of (3-4), for instance | pe 


QE Fina Pima QE (m,dx,dx, can be obtained directly from (3-5), using the relation between 
Pimn(Xp> %a) and VW7,,(x,, xq) as stated in the preceding section, by substituting — (/,+1), 
Kim and $ (x,, Kim) for ly, Kim, and $*(x,, Ki,m,) in the every expression derived 
from (3-5). Secondly, even if we take %y, in (2-25) as the unified field in place of 
YP, the interaction Hamiltonian g \? QE Ly QE 1, consists only of the term of (3-5) 
as seen from (2-25). 

By using the expression (2:20) of Y7,(x.5 %_) and by denoting Kl,m, a8 K« for 


brevity, the interaction terms, H“ (l;m;)’s and H‘” (l;m,)’s can be expressed as follows, 
H©® (m,) =0U, 1) 
x [gam Pir aePsra Pat Ga (lem) Pir 41s Po Pat ats Ps 
+94 (lim) Pir a%sPoPsraPst Gal (Lim) Pir apoPsy ats Pals (3-6) 
H‘4” (i,m, =0(L,-+4—L,) 
XL fallin) DiratedsraPatfalam) Dit ats PoPsr ars Ys 
+ fal lim) Pir atsPoPsta Pit fal Lim) Oy7a Por ats $s), (3-7) 
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where 
O(x)=1 if x=0 
=0 if x40)" 
Ta=ruiuiiw= (1, Tas 757us Ttutvi) (3-8) 
and 4);’s are the abbreviated expressions of /*(x,, «;)’s. The explicit forms of the 
effective couplings 94(l;m;), Ja (l,m,), 94’ (lim,); gal (l,m) and fi,(/;m,), fallsm,), fa 


m;), fi (/;m;) are given in the appendix II. Here we shall refer only the result from 


(I) and (1)’: 
gy (lm,) i (Lim,) 
ia i | ne ly at =a [rds 

X [Jones (est) Jos eo?) Jos Wear) Jeger (ear) 

Ji, (06,7) Jines (Har) Jags (War) Ja, (0es7) |, (3-9) 
Eres ay fi ten ley fic* ty Hey) rar 

[Jus esr) Jen (a1) Sova (ts) Jigss (eer) J 

X [Jos ear) Jes ear) + Jone hat) Jravs (ear) J, (3-10) 
4 (l,m) 

fi (1;m;) 
[Jan (es) Jin Wea?) FJine1 (11) Jess (27) ] 
x [oa ear) Jue test) Seas (6s?) Jeast (7) (3-11) 


Now, let us tentatively summarize the main properties of the results derived above. 


(I)’: 


1 
aoe (—fikak, fi kK) [rar 


a) From the appearance of the factor 0(/,—/,+/,—l,) in the interaction term, we 
find here exists the strict conservation of the angular momentun in the new degrees of 
freedom, that is, j,+j,=jo.+j, where j,x=/,+4 or —(/;,+4) corresponding to i* field or 
--field. As seen from (2-31), this is the direct consequence from the invariance of 
our theory under. the rotation Ry. 

b) In general, however, the violation of the parity conservation occurs, with the 
exception of the case discussed in d). This is shown by the coexistence of the even 
coupling and the odd coupling. As seen from the appendix II, the mixing ratio of both 
couplings is definitely determined theoretically from the mass structures of elementary 
particles interacting on each other. 

c) It is remarkable that the effective coupling constants g4(l;m,), Ow). Oar 
(l,m,) and gi (l,m;) which come from the interactions without derivatives H, H‘, 
H™®D and HY are always real and that fami), fallems), fal (Lim,) and fi! (L,m;) 
which come from the interactions with derivatives H OE" FEeDe HO and td OY also 


become teal if the elementary coupling constants f4’s are real, Therefore, we find that 
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the theory is invariant under the Wigner time reversal or the combined inversion of the 
space reflection and the particle conjugation in agreement with the theory of Landau,” 
when the elementary coupling constants y,’s and f,’s of the interactions (3+1) and (G-2) 
are real, of which the reality of the formers, necessarily comes from the hermiticity of 
the Hamiltonian. This statement can be also proved directly by using the property of the 
unified field. In fact, using (2-19), (2-25), (2-7), and (2-8), we can show first that 


(Ry Py (x; ? Sas > xa) a) o— 1s 4 C Py Css ? x; > —%X,) 


(=P757sP rus Xs» %s))s (3-12) 
(Ry Fi(%, i> Xa) Ry) "= P7574 CP gp a aa) 
(= 07571 P it Hs —%> %))> (Get 
where Ry is the unitary operator concerning the usual Wigner time reversal" defined by 
(Ry o* (Xp Mayr) Ry)? =7sTs C+ ys Kim) 5 (3-13) 


and y is an arbitrary phase factor with the modulus 1. Therefore, by using (3-12) 


and (3-12)’ and the reality of f,’s, we can show the invariance of the theory, that is,"” 


(RyH (x, —x) Ry)"=H (x), ) 
(Ry HO", —x,) Ri!) =H" (xy) ) 


In the same way, we can show the invariance of our theory under the combined inver- 


(3-14) 


sion of the space reflection and the particle conjugation. However, our theory cannot as 
a whole be invariant under the other inversions such as the space reflection, the Pauli 


5 . 1 
time reversal or the strong reflection!” 


of the space and time, since the unified field can 
not have such a simple property as (3-12) and (3-12)’ under those inversions. Of 
course, this does not mean that any interaction term H(/;m;) cannot be invariant under 


those inversions, but it is shown below that the special interaction term can be invariant 
under any inversions. 


d) Let us consider the case where four particles interacting on each other belong 


to the same kind of particle, that is, they have same quantum numbers (/, m). The 


interactions, NNNWN and AAAA in (1-1), which are characterized as the strong interac- 
tion, belong to such a case. Therefore, it is desirable that, in such a case, the parity 
mixing disappears. In fact, taking into account the explicit form of the effective couplings 
(A2-1)—(A2-9), we find that the odd coupling constants g4', 94’, ope fa’ vanish com- 
pletely in this case if we set f,’s to be real and J,=9y,, and fir=fim-. However, even 
if such a condition of the coupling constants is assumed, the parity mixing takes place 
for the interaction as AANWN in (1-1), which is considered to be responsible for the 
strong coupling concerning K-meson. However, since at the Present stage of experiment 


we have no definite knowledge of K-meson, it seems premature to speak if the violation 
of the parity conservation in this interaction is undesirable, 


e) As seen from (3-9)—(3-11) or (A2-1)-(A2- 9), the strength of coupling 
of the elementary particles is decided by the magnitude of the elementary coupling constants. 
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Jas, f4s, and the mass structure of the elementary particles. Therefore, the condition 
of the overlapping of the mass wave functions and the magnitude of the masses of the 
four interacting particles may bz responsible for the distinction of the strength of coupling. 
About the first argument, we may say qualitatively that for the interactions as (i) FAs 
where several kinds of particles having a large mass difference from each other take place 
in somewhat irregular way, the strength of coupling may become weak in camparison with 
that of (2-1), because of the unfavorable overlapping of the mass wave functions. The 


detailed argument about this point will be given in the next section. 


f) It is worthwhile to notice that the tensor coupling, the existence of which has 
been confirmed in the -coupling,”” is obtained only from the derivative couplings H‘)’ 
and HY”. At first sight, the tensor coupling may be obtained also from the scalar and 
pseudoscalar couplings in H‘? (l;m,), if we exchange the order of the spinor fields in the 
Fermi coupling following the treatment given by Fierz.’” However, two tensor couplings 
derived from the scalar and the pseudoscalar couplings in this way cancel each other since, 
as seen from (3-6) and (3-9), the scalar and the pseudoscalar couplings in H” occur 


in the equal weight and the opposite sign. 


§4. Summary aid outlook 


With the intention to explain the inner relation which may exist between the strength 
of couplings and the violation of the parity conservation, the six dimensional equation was. 
proposed in place of the usual four dimensional Dirac equation. The elementary particle 
is represented as a special solution of this basic equation, which is characterized by the 
mass and the angular momentum in the new degrees of freedom. The two component 
neutrino is obtained as the special case when the mass spectrum involves the vanishing 
mass. From the Fermi interactions of elementary particles, which is constructed basing 
on the symmetry in the new degrees of freedom, we find that, in general, the parity 
mixing occurs in a definite rate and that, if we impose the simple condition to the 
elementary coupling constants, then the theory becomes invariant under the Wigner time 
reversal and in the interaction among the identical articles, the parity mixing disappears. 

Now, at a moment, let us focus our attention on the strength of interactions. We 
can empirically classify the interactions into the strong and the weak couplings as (1-1) 
and (1:2), excluding the electromagnetic interaction, As remarked in the introduction, 
we should, however, distinguish the weak interactions of the first and the second kinds. 
From the starting point of view of our theory, it is expected that at least the weakness 
of the interaction of the first kind in comparison with the strong interaction of (i) 
can be explained by using the theoretical distinction between the baryon and lepton itelds. 
In fact, we can distinguish the baryon and the lepton, for instance, by the magnitude 
of the angular momentum j, and masses in our theory. Then, as seen from the argument 
in e) in the preceding section, the difference of the magnitude of the angular momentum 
and of the masses between baryon and lepton or among leptons themselves affects to make 


the overlapping of the mass wave function in the weak interaction of the first kind to 
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be unfavorable and to weaken the effective ccupling ccmpared with the strong interaction. 
Further, if we adopt the derivative interactions of (3-2), the factors concerning the mass 
appears explicitly in the effective coupling constants as shown in (3-10) and (3-11) of 
(A2-5)—(A2: 10), and they also, in addition to the above cause, affect to weaken the 
strength of the weak interaction of the first kind compared with that of the strong interaction 
of (1-1), by the order of («,/,) or (K,/K,)*, where «, and «, represent the masses of 
the lepton and the baryon in an average sense. There seem to exist more reasons which 
make it preferable to adopt the derivative couplings rather than the non-derivative ones. 


At first, the mass factor in the effective couplings characteristic to the derivative coupling 
makes it possible to weaken the strength of the interactions such as ZUPP, eeee, or 


fipee, which are experimentally undesirable interactions, by the order of (K,/k,)? com- 
pared with that of the strong interactions while otherwise the strength of the former 
interactions becomes comparable to that of the latter ones so far as we take into account 
only the effect of the overlapping of the mass wave functions. Secondly, as stated in 
f) in $3, only the derivative couplings, H®’ and HY”, enable to give the tensor 
coupling. 

New, consider the weak interaction of the second kind, which is concerned only with 
the baryon fields contrary to that of the first kind. Therefore, in order to explain 
theoretically the distinction of the coupling strength between the strong interactions of 
(1-1) and the weak interaction of the second kind, both of which are concerned with 
the baryon fields only, we have to provide an unequivocal difference between the nucleon 
and the A-particle in our theory itself. However, taking into account the conservation of 
the angular momentum j in our theory, we find that the nucleon and the A-field must 
have a same angular momentum and consequently they have no definite qualitative difference 
beside the slight mass difference. On the other hand, in the theories” of Nishijima and 
Gell-Mann, the nucleon and the A-particle are distinguished by the strangeness or the 
isotopic spin, and the weak interaction of the second kind is just the case where the 
conservation of the strangeness or the isotopic spin is violated. It is, however, evident 
from the beginning as remarked in the intrcduction that the present theory involves such 
a limit of applicability, so far as we do not introduce some entity concerned with the 
strangeness or isotopic spin beside the parity. We are now investigating several possibilities 
to generalize our basic equation so as to involve the isotopic spin according to a sugges- 


tion by Dr. T. Nakano. ‘ 


The author would like to express his sincere thanks to Dr. K. Aizu, Dr. S, Machida, 
and Dr. T. Nakano for many helpful discussions. 


Appendix I 


In this appendix, we shall consider another specification of the elementary particles 
by imposing a square periodic boundary upon the unified field in place of the circular one 


treated in the text. Then, the elementary particle can be represented as a plane wave 
solution ¥,,,(x,, X,) characterized by 
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em ? xg) =—271 es ees (x, ) Xa) ) 
da 


Ox, 
3 (Al-1) 


on 
Ba, LEA CHAE se aa a (R95 1h) 


(a, n=O, 1, S22, 2+) 


where a and 6 denote periodicities of x, and x, variables, respectively. Thus, the mass: 


of the elementary particle, «,,,, is given as follows, 


(BO x8 4207/0) Gran Cie Xa) = — Kain Prva (X00 Xa (A1-2) 
Kya = 27 {(m/a)?+ (n/b)*}*”. (A1-3) 
Now, from (Al-1) Pinn(X,, %a) has the form 
F an(%y» Xa) =Amn (%,) exp [—27 i (mx,/a+ 2 %/b) |. (A1-4): 
Substituting the above expression for the basic equation (2-1), we have 
(,°0/Ox,—27iz, m/at+27 n/b) Ann, (x) =0. (A1-5) 


By using (A1-3) and 


COS By, =n /b V (m/a)?+ (n/b)?, 


nis cS, [Lay GTO’ Aan 
(A1-5) can be rewritten as 
(7-8 /O%, + Kmn © 215%) Ann (X,) =O - (A1-7) 
On the other hand, one finds easily 
(7 8/IKy A Kn € 113% mn) et5¢mnl2 h(x... Kin) =O, (A1-8) 


where ((X,, Km) is a usual Dirac field satisfying the equation 
Gn 3 O/ 9X, Kini) py Cy hay) =0 # (Al a 9) 
By comparing (A1-7) with (A1-8), we obtain the final expression of Fon (X.5 Xa)» 


P (x,, x,) = el¥s%mnl2 (x, , Kmn) eXp| — 271 (mx,/atnx,/b) ile (A1-10) 
The general solution Yyys(x,, %.) can be represented as a linear superposition of Vn, Cees 


Xa)» 


Pin deus Xn) a a La ek (x55 ie) . (Al 2 12) 


Before investigating the interaction in detail, we shall consider the transformation 
property of the unified fields Py (x,, %.) under several inversions. Contrary to the 
unified fields %, and Yy, Prn has a simple transformation property under the particle 
conjugation, but not under the Wigner time reversal. In fact, under the particle conju- 


gation R, which is defined by’? 
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Rid Cag Kae) Re =O Cp om (A1-12) 

Finn (X,5 Xa) and Vy(x,, %_) are transformed as follows, 
Ra P ven 2 Xa) Ra = CF san Rus 8a) (= Pipe Mu Xa) ) (Al1-13) 
and Rain Sus Xa) Re = CP mie, — ao (= ara) (A1-14) 


Therefore, we find that the interactions of elementary particles coming from either non- 
derivative interactions of the form of (3-1) or derivative interactions of the form of 
(3-2) with a real coupling constants (f,=f,*) are invariant under the particle conjuga- 
tion. On the other hand, as mentioned in § 1, the experiments show the violation of the 
invariance under the particle conjugation as well as the space reflection. Thus, in order 
‘to violate the invariance under the particle conjugation, we have to adopt the derivative 
interactions for the interaction of y,; and to take the complex elementary coupling 
constants fyy’s. 

Here, we like to notice that if we assume the plane wave solution with the square 
boundary of (x;, x;)-space which is not invariant under Ry, it is necessary to modify 
the fundamental postulate adopted in the text by replacing the requirement of the invariance 
of the theory under the continuous transformation Ry by that of the especial angles under 
which the boundary remains invariant. 

In the similar way as treated in § 3, we can obtain the coupling terms, H‘*”’ (m;n,)’s 
coming from the derivative interactions H””’, H”’, H™”, and HY” of (3-2) con- 


cerned with the unified field Wy. The result is given as follows : 
er (m,n;) =0 (m,—m,+m,—m,) 0 (n;—n. +n, —n,) 
X [ba (m;n,) P; vaYs a faPat he (m;n;) P, Vais 42 ps Vaiss 
+h! (m,n;) ~; Vrs 2 bs faGat be (m;n;) ih, Fas Ps Vas 9s]. (Al -15) 


The effective coupling constants h,(m;n;)---, hl (m;n;) are given in the appendix II. 


Appendix II 


(a) The effective coupling constants in (3-6), (3-7). 


Ti [;m,; ar [;m; 
0 fal hen) 
gy (L;m,) gy’ (i; m,) 


arg, |rdr Ji sJalidoustIudoaIneadu)- (A2-1) 
(II) and (III) (A=II, IID) 


(9.4 (lcm;) | et: 
ines 2 ga \rdr 


x GaritJant Jide) SesInsit Jets (A2-2) 
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oe = <*9a|rde 
ga’ (L;m;) 2 

Snes Junta r nde) OneJiaeJiJSi)- ; (A2-3) 
(IV) gay (em) = gay (lem) =n (Lim,) =9ry (imi) =0. (A2-4) 
fi lim;) 


1)” 2 


=> (fitok, +fr* KK) [rar 


x Sides Jes Joa) (SiJve+ Stans J ta+1) . (A2 i 5) 
fi (L,m,) ) T 
= (ky prt hikes). \ 7dr 
ae a (fieeeh fits) | 
Oia tJasducd hadi dew ia): (A2 - 6) 
CID)’ and LD) ) «GA 17,7111) 
alae Le Qos 
lFalam)} 4 tatafa ree 
X {Sa Jian-rtInssJa) Su Jars tSier1Ji+2) 


+ Gr JevttJe+1Jio+2) StS +JigstJia) } 
e ENT. 7, 
— : K,Kafa \ d 
1 Onan ads Sis JrueJ tetas) 
a nasJia +Jin+2Jin+1) Chat Sie + Ji Jis+1) } . (A2 y 7) 
fal Cems) | ae K Leet: 
ti (Lim) | 4 ‘ a4 
% Cn Jinnt Fav tia) Sid ate Jie vty ra+2) 
+ JiJiort FJir11Jia+2) SiS +JiyisJo.) 
& e \ndan 
i. ? Ky ‘afl d 
QE Praia A Tiedt PraSeHlegee das) 
a= Vitti F Jir+2Jin+1) (Pride diedis 1) } C (A2 ‘ 8) 
fiv (i; m;) | 7 


fie) 22 (-:rtefivteatefit) |r 
iv (bg 


x {Ji Jta—JuivtSiav) (hisdu F JigutJis+1) 
+ (Ida dtd us) e (A299) 


He hh (A2-10) 


(IV)’ 
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In the above expressions we omit to write the arguments «;7r’s of the Bessel functions 
for brevity. Complete expressions are found, for instance, in Eqs. (3-9)—(3-11) in the 


text, 


(8) The effective coupling constants in (A1-15). 


(1)! and (IV): (ASL, IV) (=a) 
ba( ie A + Ay Ree ees ae 29) 
ha (m_n;) | a 2 b 4s 
: =167 ab 
ha (m;n,) | ih Ld Tian Ayr Ay Ny Sh a, +a, )| 
a “4 b 2 


2 
+1677 ab : 4 
—ih xf Pc ge ee Le eae! )| 
d 2 b 2D 
x (3 sin se Ba ke er rime! ) (A2-11) 
a 2 6b 2 
My Bt =e Ges Ny a,ta, 
yy cua) bal : co = ; sin = )) 
ie a | meus 
a’ (m;n,) ah (= as A, a, ee Ny ee a, +a, )| 
d 2) 6b 2 
x( Ne ee INS PR cote ) 
d 2 b 2 
p*( Ay a, a ia a,+a, )) 
—167° ab “ 4 
ih “it HB aad AE el ee ant )| 
a 2 b 2 
x( Magog as Ms gin oe ) (A2-12) 
a 2) b 2 
(II)’ and (Il)’ (A=IL, III) 
ha (m;n,) EG ‘ A 
ke = 1672 ah M4 oN, ) (mm, nn 
ae ae [4( a Bs 6? +ha*( a + ica 
cos eka cg ate 
) » 2 2 
A2-13° 
= sites ay bas a,—Q, ( ) 
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[al (lvm:) 
(Bal am.) | 


eae Ce tape) een tae) 


(A2-14) 


Appendix HI 


In this appendix we shall show the validity of the solution of (2-7) and (2-8) 
following the orthodox way given by T. Nakano. Using the polar coorninate of (x,, x;), 


X,=rsinY, X,=rcosg, (A3-1) 


we can express the angular momentum j and the square of the mass operator M? as 


follows, 
fe) el ; ic 
— ie aakih lamas 3 


@ 
i 


ey 2 5 (A3-2) 


ale As i Ey am je ko. 
a ( Ox,” a One pe c a TOO ¥ r Or ): Mal) 


Then the following commutation relations are easily found : 
[j, M*|=0, 
Lj; A) ]=—7%41@), (A3 -4) 
[M*, A(9)]=0, 


where A(O) is the differential operator of the basic equation (2-1), i.e. 


fo) fo) 0 
A 3) == ies =I ipo = 6 
(0) =f oe j Bs if ES; 
fo) eng fo) 1 1 ) 
=j, 1 OTs ae te He fl, A3°-5 
i Oxy res a ui 2r ow ( ) 


If we take account of the relations (A3-4), it is possible to make the solution of (2-1) 


the simultaneous eigenstate of j and M’, that is, 


i (A3 -6) 

1 nt oak (A3-7) 
Let us define projection operators 4(1+7;). Then we get 

is a oe Sia (A3-8) 
where PO=K1L+75) ¥, (A3 -9) 


and? + i eae ee (A3-10) 
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Operating 4(1+47;) upon (A3-6) and (A3-7) and using the expressions of j and M* 
given by (A3-2) and (A3-3), we obtain 


Pe eee =("¥ : a (A3-11) 
Cla) \ 2 
32 4? 1 9 1 (ne See ae +) 
\ Or? 1 OT. i as Dla? 
5 (A3-12) 
ges i a ie ee 
MED ellis So _ Wp '*) 1—( up -+— je p =0,| 
“i 0”? a 0 00 +( ( Z )) ) 
where 0=«xr. Thus, we find that /'*)’s have a following form 
PE) — Cf) (x) Jiscy yo (aor) eee, (A3-13) 


Further, in order that the solution is a one-valued function of the coordinates (x,,%x;), 
must be confined to a positive or negative half integer, i. e. 
On the other hand, operating the projection operators $(1+7;) upon the basic equation 
(2-1), we have 
Oo ane fe) a9 
fo ee +7 wn ae oe ser.) P™ —=0, (A3-15) 
Ox, Ox, ) 


6 


Then, using (A3-13), (A3-10) and the expression of (A3-5), we can rewrite the 
aboye equation as follows, 


Feu Sy) Java er) egies 
behepeit 2 1 ae 
+iet? i ag e! + 2/)| C* (x,) Jugip (er) eT? = 9, (A3-15)! 
r r = A 


Further, on account of the relation 


fe) 1 
[5-+ 212) | Jue) = Fe Juss), (A3-16) 
(A3-16) becomes 
4 2 C (x) Juan (er) «tent 
onan 
tC (x) Juseeres + 5 OL (A3-15)” 
Thus, C'*)’s have to satisfy the equations 
0 “ . 
Ne x C™ (x) in G2.) =O) (A3-17) 
uw 


and $147.) CoG i= Ga) (A3-18) 
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Where the latter equation (A3-18) comes from (A3-9). The solution of (A3-17) 
and (A3-18) can be given as follows, 


ED =A tT) P Gy, K, wi 


: (A3-19) 
oe, ) Gomes Cabs K, Y),| 
where ¢b(x,, «, /4) is a usual Dirac field satisfying the equation 
fe) 
Ts — +8) by, ee eo (A3-20) 


In consequence we obtain the final expression of the solution, 
P=PoOLPO 
= FFF) Jans (er) e Se 4? 
Ne eee) et a) (x eric en), (A3-21) 
Des se (/+4), L==0\717.2, °°: 


One may find easily that this expression coincides with (2-7) and (2:8) except the 
trivial numerical factor, if one identifies 


b(x,, &, P=+ (+h) =PF (x, «, D. (A3-22) 
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On the Production of Mesons in 
Hydrogen and Carbon above 


10 GeV (ID 
Y. Watase and S. Mitani 


Institute of Polytechnics, Osaka City University 


K. Suga and Y, Tanaka 
Institute for Nuclear Study, University of Tokyo 


July 6, 1957 


As the continuation of the previous 
work"? on the production of mesons in 
hydrogen and carbon, a cloud chamber 
which contained four pairs of paraffin 
(3.14 g/cm") and graphite (2.68 g/cm’) 
layers and three lead plates of 1 cm thick- 
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Fig. 1 The experimental arrangement 


ness was operated with a counter hodoscope 
system at Mt. Norikura Cosmic-Ray Labora- 
tory, University of Tokyo, (2840 m), 

1955. The arrangement is shown in Fig. 
1. The thickness of each graphite layer 
was chosen in such a way that the number 
of carbon nuclei in it is equal to that 
Those 
events which formed coincidences (S = 2) 
+ (B23) + (C= 
Scanning about a half of the total cloud 


contained in the paraffin layer. 


=1) were photographed. 


chamber photographs obtained, 156 nuclear 
interactions were found to be produced in 
parafhn and 120 interactions to be produced 
in graphite originated by both neutral 
and charged primary particles. Assuming 
that the cross-section of carbon is 320 mb, 
53+24 mb for the 


cross-section of nucleon-proton interactions, 


these rates give 


the energies of which are shown to be a 
few to several tens of GeV from the 
angular distribution of secondary particles. 
Therefore, taking weighted average of the 
previous value of 67+25 mb” and the 
present one, we obtain the value of 60+ 
17 mb. This value seems slightly larger 
than 42 mb at 2.75 GeV” and 29.5 mb at 
5.3 GeV.” 


Then, the energy distributions of 
photons originating from neutral pions 
produced by nuclear interactions in paraffin, 
graphite and lead were compared, estimating 
the energy of photons from the cascade 
development through lead layers by using 
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No. of Photons per 100 Mev Interval 
(Arbitrary: unit) 


0.1 


100 200 500 1,000 2,000 5,000 10,000 


Energy of Photons 
(Mev) 


Fig. 2 The integral energy spectra of photons 
originating from neutral pions. 


Snydet’s curves,” 


The integral energy spectra for these 
three cases are shown in Fig. 2. The 
slope of the energy spectrum for paraffin 
is rather steeper than that for carbon in 
the low energy region, whereas the fre- 
quencies of photons of high energies are 
nearly the same in those two cases. But 
there seems to be no significant difference 


in the shapes of the energy spectra of 


F/AL-F 


0) 
0.1 1 10 


tang 


Fig. 3. The F-plots of secondary charged particles. 


photons between carbon and lead. These 
facts may be explained by an assumption 
that neutral mesons of low energies produced 
inside a carbon nucleus are considerably 


absorbed by 


nucleons in the same nucleus. 


secondary collisions with 

The angular distribution of the second- 
ary particles produced in paraffin and carbon, 
with a charged primary particle and with- 
out neutral secondary pions, was studied. 
The latter restriction is imposed because 
otherwise some charged secondary particles 
behind the cascade showers might be missed. 
The so-called F-plot” is shown in Fig. 3 for 
three groups tabulated in Table I which 


includes interpretation of the figure. These 
Table I 

Group 1 | Group 2 Group 3 
mean angle 
of seconda- | O~20° 20°~30° | 30°~40° 
ry particles 
mean multi- 
plicity 3.8 3.6 4.5 
Lorentz fac- 
el see caer 5.9 2.3 1.7 
system of 
primary 
Average ve- 
locity of sec- 
ondary in ~1 <a <1 
C. M. | sys- 
tem 
Angular rather rather 
distribution sharp in sharp in 
of the sec- | nearly forward forward 
ondary par- | isotropic | and back- | and _back- 
ticles in C. ward direc- | ward direc- 
M. system tions tions 


results may show that the angular distri- 
bution of the secondary particles in the 
center-of-mass system is nearly isotropic in 
the nucleon-nucleon collision, while the 
successive collision in the same nucleus tend 


to reduce the energy of secondary particles 
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and also to produce particles at wider angles 
so that these simulate the angular distribu- 
tion which is rather sharp in forward and 
backward directions in the center-of-mass 
system deduced by assuming the collision 
as the nucleon-nucleon collision. 

To examine the azimuthal angular 
distribution of the secondary particles with 
respect to the direction of a primary 
particle, we took the azimuthal angular 
separation / between each secondary particle 
If P(%)dP 


is the frequency of cases with azimuthal 


and its nearest neighbour. 


angular separation in the range dW at 
27 C2a 

0, W(0) = | PCa do/ | Pa do vs. D 
DP 0 

represents the characteristic feature of the 


angular distribution. In Fig. 4 and 5 two 
examples of W(@) are shown for the 


W (9) 
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Fig. 4 W() vs. © for the case of three 


secondary particles. 


W(9) 


0.1 


0 45 90 135 180 225 270 315 360 


¢ in degrees 


Fig. 5 W(@) vs. @ for the case of six 


secondary particles. 


events with three and six secondary particles 
together with theoretically expected curves 
in the cases of isotropic (dotted curve) 
and cos*g (dot-dashed curve) distributions. 
From these figures, it may be seen that at 
least in cases with many secondary particles, 
the azimuthal angular distribution is different 
This difference may be 


explained partly in terms of fluctuation of 


from isotropy. 


secondary interactions in the nucleus, al- 
though we could not draw nothing more 
quantitative due to insufficient statistics in 
this analysis. 

Full accounts of this letter will soon 
be published in the Journal of the Physical 
Society of Japan. 
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On the Pressure Shift of the laver- 
sion Frequency of Ammonia 


Kazuhisa Tomita 


Department of Physics, Faculty of Science, 
University of Kyoto, Kyoto 


July 23, 1957 


Recently those who are working with 
Maser have found a definite amount of shift 
in the inversion frequency of ammonia which 
is proportional to pressure and to the width 
%2) Th this letter we note 
that this shift is due to the second order 


non-adiabatic effect of the electric dipole- 


of resonance. 


dipole interaction between ammonia mole- 


cules. 
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In our previous letter,” which will be 
referred to as I, we discussed the equiva- 
lence between the line width and the rate 
of energy relaxation by using the relaxation 
function method.” According to this 
method the relaxation function ¢,(t) of 
the electric dipole moment of the molecule 
having the inversion frequency w, is given 
by 

G. (t) =exp {io,t—, (t)}, (1) 
and 


$.(t) = >) >)<oeu (6) 
+ aoe, 


x | (t—t) er fi (uz /b) dz», (2) 
0 

where o33(6) is the second moment of 
the intermolecular interaction (eq. (5) of 
I), fir(vt/6) is the correlation function of 
the radial part of it (eq. (6) of I). wv 
is the average velocity of the molecule, 6 
is the impact parameter, and < », denotes 
the summation over the number and type 
of collision (eq. (4) of I). 
of self-broadening the energy change bw, 


In the case 


associated with the second order effect is 
equal to b(w,+,,), where wy, 1s the 
inversion frequency of the perturbing mole- 
cule. 

When the pressure is not very high, 
say below 10 mm Hg, we have a condition 
ou (6) <v/b which assures the validity of 
the impact approximation. In this case 


y(t) becomes proportional to ¢, and is 


written as 

a (¢) =p aps (oz (b) (6/v) Fu (b0,/v) >» 
So, ), (3) 

where 


Fu (bw, /v) it jae ef (bur/v) tf (c!) : (4) 


v 


Here %, is the damping constant which is 
measured as line width, and 4 denotes the 
persistent cloud effect which should be 
detected as shift in the resonance frequency. 
This latter effect was dropped out in 
Anderson’s treatment’ when he assumed 
the commutability of the interactions at 
different times, however it is not really 
negligible in the case of ammonia as we 
show in. the following. If we assume fi (t’) 
to be given by exp {— (vr’/b)} for a fixed 
value of the impact parameter 6, then we 


have 
a= Jd/0,=bw,/v= 6(A) X (0.035). 
(5) 


This is not actually negligible as compared 
with unity for the value of b around 10 A 
for which we have the dominant contribu- 
tion to the width. In view of this situa- 
tion we have performed a straightforward 
calculation of the functions fy(c’) by 
adopting the dipole-dipole interaction as the 
perturbation. In otder to perform the 
integration over the impact parameter 6, 
we can resort to the characteristic situation 
in the case of pressure broadening, i.e. 
that the spectrum is fairly insensitive to 
the behaviour of the radiator and the 
perturber inside a certain range. The 
reason is that the radiation emitted and 
absorbed by the radiator is seriously dis- 
turbed and is not observed as resonance 
inside an intermolecular distance 6, which 
is far greater than the kinetic radius by. 
Based on this consideration we have intro- 
duced a method of cutting off the contri- 
bution of the irrelevant region to the shift, 
which is similar to that proposed for width 
by Anderson”. The cut-off radii are 12.6 A 


for the width and 5.1 A for the shift. 
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The final results are listed in Table I 
together with the observed value of shift 


and width. 


Table I. The width and the shift of 3—3 
inversion line of ammonia 


(in the unit of megacycles per mm Hg) 


| Theory | Experiment 


Width | 
Shift | 
(to higher frequency side) | 


SS) Die 


| 
59 | 1.0~0.5 
| 


The ratio a of shift to width is found 
to be 0.18 which is definitely larger than 
the observed ratio of 0.04~0.02. The 
reason for this discrepancy may be traced 
back to the assumption of the straight line 
Although 


it should be allowed for the calculation of 


motion with uniform velocity. 


width, it may not be so in the case of 
shift, for the cut-off distance is actually 
comparable with the kinetic radius, i.e. 
4.4 A. 


to take into account the effect of deflection 


It seems, therefore, that we have 


and velocity change in the relative motion 
The details 
and the possible refinement will be published 


of the radiator and perturber. 


soon, 


The author expresses his deep apprecia- 
tion to Professors I, Takahashi, K. Shimoda, 
and Dr. Y. Sugiura for their kind com- 
munication on the experimental data. Also 
his thanks are due to Mr. A. Hirai who 
has drawn his attension to the existence of 
the phenomenon and assisted him in the 


numerical work, 
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Pion Production in Nucteon-Nucleon 
Collisions in Bey Range 


Tetsuro Kobayashi 


Department of Physics, Tokyo University 
of Education 


June 29, 1957 


The consistency of the cross section 


of pion production in nucleon-nucleon 
collisions in Bev range with the cross section 
of the corresponding pion-nucleon scattering 
is examined in this note. 

Since we have not yet a reliable theory 
of the pion-nucleon interaction in this 
energy range, it seems meaningful for us 
to understand experimental results theo- 
retically basing on phenomenological con- 


We shall show in the follow- 


ing that, if single pion exchange between 


sideration. 


the colliding two nucleons is predominant, 
the total cross section for the reaction 
N+N—>N+N-+7 (N donotes a nucleon) 
can be expressed as an integral of the total 
cross sections for pion-nucleon scattering 
N+7>N-+7 over a certain energy region. 

For the low energy pion-nucleon 
scattering we have a powerful method, so 
called the static meson theory, which have 
been successfully developed by Chew and 
Low.” 

If the kinetic energy of the incident 
nucleon is less than 1 Bev (in the laboratory 
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Pp , 
(k, €) : Pe 


(ko, €o) 


Pp. 
Fig. 1 


system), we may be allowed to apply the 
static theory to describe the final nucleon- 
pion system in N+ N+N+N-+z7. Because 
the relative energy between the pion and 
the nucleon which emitted the pion remains 
still less than 500 Mev.” 

If we call S and /’ the scattering part 
and the vertex part, respectively, (cf. Fig. 
1) the total cross section of pion produc- 


tion in nucleon-nucleon collissons is as 


follows, 

Fe oe, (P2\E'|P2) 
Up €5 
Gay BEF Et Edy 


(1) 
where k, k, and €, €) denote respec- 
tively the momenta and energies of 


the produced pion and the exchanged 


o(ptpontptrt) in mb. 


pion between the colliding nucleons, 
and_P,,. P..and E,..E, indicate the 
momenta of the nucleon (2) after 
and before the collision, and energies 
of the nucleons in the final state, 
respectively. E, is the tatal energy 


in the initial state. 
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Adopting the static meson theory of 
Chew and Low, we can express the scatter- 
ing part S in terms of the differential cross 


section for pion-nucleon scattering, i. e. 
Ck|S|ky) = (2%) */ € do./da eis (2) 


On the other hand, the vertex part /’ has 
the following form to a good approxima- 
tion, provided that a nucleon makes little 
change in its direction of motion through 


the collision, 


ee are» 

(pel |pe) iT Mice (3) 
where f denotes the renormalized coupling 
constant between the pion and the nucleon, 
Substituting (2) and (3) in (1), we 
obtain a formula for the total cross section 
of the reaction N+ N>N+N-+7 asa func- 
tion of kinetic energy T of the incident 


nucleon in the center of mass system : 
va 
ayy s 


Lh 


de'a,,(€’) fe’), (4) 


where o,,(€’) and f(€’) respectively indi- 


Experiment 


Calculation 


0.5 1.0 NS} 2.0 ZS 3.0 
PROTON K.E. (Bev.) 


Fig. 2. Total cross section of pion production in proton- 
proton collisions vs. the incident kinetic energy of the 
bombarding proton. 
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cate the total cross section of pion-nucleon 
scattering and a slowly varying function 
with energy which is to be determined by 
the model assumed for the interaction 
between pion and nucleon. 

For ptpont+p+7,” writing f(€) 


explicitely, we obtain 


1 
oy(T) = mar ; 


afeesl Bt) eal). 
; (5) 


Making use of the experimental results of 


nites yy)? 
es (M/?) 


Lindenbaum and Yuan” for o,,(€’) we are 
able to calculate the total cross section 
oy(T) for the reaction p+pon+p+7". 

As is shown in Fig. 2, our results 
with f?/47=0.08 are consistent with the 
recent Cosmotron experiments of Shutt et 
al. 

A more comprehensive analysis is now 
in progress, where calculation is based on 
the rigorous dispersion relations of pion- 
nucleon system. There the processes of the 
double pion production are also taken into 
account by using the experimental cross 
section for the processes. 

One of qualitatively interesting results 
of our analysis is that the shape of the 
curve of the total cross section for pion 
production in nucleon-nucleon collisions vs. 
the incident energy of the bombarding 


nucleon reflects the shape of integral 
er 

spectrum | de'o,(€’) f(€’) for the pion- 
we 


nucleon scattering cross section. 

It is worthy of remark that there 
exists such relation as connecting the 
production and scattering, 


The author would like to express his 


sincere thanks to Dr. D. Ito for his kind 
guidance and valuable discussions through- 


out the course of this work. 
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On the Cut-off Theory in Quantum 
Field Theory 


Seiya Aramaki 


Department of Physics, Tokyo University 
of Education, Tokye. 


July 26, 1957 


For the investigation of the problem 
of internal consistency of current quantum 
field theory, the cut-off method is usually 
adopted. Among others, the cut-off method 
proposed by Gell-Mann and Low” has 
very frequently been used and was very 
useful for finding the high energy be- 


haviours of quantum field theory, However, 
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no one to this date has ever made certain 
whether this cut-off method was really a 
consistent cut-off theory, or, in other words, 
whether this cut-off method reduced to the 
original divergent theory in the nomen- 
clature of Gell-Mann and Low when the 
cut-off mementum was made to go to 
infinity. In this note we shall consider 
this problem in Lee’s model’ and up to 
the fourth order perturbation approximations 
in quantum electro-dynamics. In discussing 
this problem, we will choose the cut-off 
formalism given by Umezawa et l.,” 
which is proved to be equivalent to the 
formalism of Gell-Mann and Low. 

In the paper of Umezawa et al., it 


Gell-Mann and Low’s 
theory consists in modifying the original 


was shown that 


V-particle Green’s function in Lee’s model ; 
(Pay >} (P,) +S) (my)) Sp (P,) =1 

| Q) 
into the following form 


(y—my—>) (Po) + >i(my) “+ (P)—my) 


2A) = dir) 5 (Py =1 2) 


A —my 


where, / is the cut-off mementum and my 
is the V-particle mass. Hence the condition 


which should be satisfied by fields is that 


lim AM = dil) — 9, (3) 


Avro A—my 


In Lee’s model, S*(A) is given by 


1 
—— 2c v2 (A—my—w—ié) 


(4) 


where g? is the unrenormalized coupling 
constant. If we take the imaginary part 
of eq. (4) and insert this into the left- 
hand side of eq. (3), we get 


Sa) 


ii ny Clem at Palit =, (5) 
477 A>o A—my 47 
here # is the @-particle mass. Thus we 


can see that there exists a finite imaginary 
part in eq. (3) when the cut-off momentum 
A is made to tend to infinity, and we 
can conclude that model the 
Gell-Mann and Low’s cut-off method can 
not reduce to the original divergent theory 
On the other hand, Ume- 
in eq. (2) as the 


in Lee’s 


when A—-0©o, 


zawa et al. took 


counterterm 
RSM I-Vomr) 
A —m V 
instead of 


SM) — Vem) - 


A—my 


Then we can get rid of the above difficulty, 
but in this case a new difficulty will arise 
in connection with the boundary condition 
which requires that the particle does behave 
as a free particle when 1-00. Now, if 
in eq. (2) we insert A for P, and make 
A tend to infinity, we shall obtain as the 
proper self-energy part a linearly divergent 
imaginary part ijn -G lum WA, which just 


destroys the boundary condition. The 
same discussion as abave can be carried 
through in quantum electrodynamics and 
we get the following condition for eq.. 
(3) in Kallen’s notation.” 


lim 7 (A’) =0. (7) 
A27@ 
However, we were unable to obtain any 
decisive conclusion on the question whether 
really satisfied 


quantum electrodynamics 
eq. (7): but .we can, test this in the 
perturbation theory up to the fourth order. 
Using the Kallen and Sabry’s result,” we 


get 
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lim grand order (A?) ee f12 7 (8) 


A2-> co 


4 
lim wi order (2) = © [og co, (9) 
im (#’) oer 


A200 


where e is the renormalized coupling 
constant. 

Finally we note that eq. (7) is 
sufficient but not necessary to insure the 
internal consistency of the renormalization 


theory.” 
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Preliminary Note on the Indirect 
(p, t) Process 


Hitoshi Hagiwara 


Department of Chemistry, Hosei University, 
Tokyo 


Makoto Tanifuji 


Institute of Science and Technology, 
University of Tokyo, and 
Department of Physics, Hosei University, 
Tokyo 


July 11, 1957 


As for the indirect (p, ¢) process 
suggested by Hess and Moyer”, two kinds 
of ‘possible ' modes, 1. e.,. the successive 


Pick-up mode and the paired pick-up mode 


of nucleons, are expected to give important 
The former mode is defined 
as the pick-up process by the deuteron 


contributions. 


which has been already formed in the 
indirect (p, d) process’? and the latter as 
the pick-up process in which the pair of 
nucleons correlating with each other in the 
target nucleus are picked-up at the same 
time by the nucleon scattered inside the 
nucleus. In the present note, using the 
analogous method to indirect (p,d) pro- 


’ we shall actually calculate the indirect 


cess,” 
(p, t) process according to the successive 
pick-up mode and discuss also the contri- 
butions from the paired pick-up mode. 

By means of eq. (1) in our previous 


) 


note,”’ the successive pick-up probability to 


form a triton along the direction of 


secondary nucleon beam is _ effectively 
given by 
Pap =| <2 (a *lia) 
wie ie 
Meee Cn (1) 
la 


where the notations of /,, 1, and d follow 
the definition in the previous note. 1; 
denotes the mean free path of the deuteron 
allowing for the forward pick-up process 
only, where the deuteron formed in the 
first step picks up one more neutron of 
the nucleus before leaving the nuclear 
surface and /, the mean free path of pro- 
duced triton, which should be estimated 
With the ap- 
proximate relations, d/l,>1 and d/l,>1, 
eq. (1) is reduced as 


by the similar way as [,. 


To obtain [, we have calculated the 
cross section of the direct (d, t) process by 
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the similar method to the theory of Chew 
and Goldberger in the (n,d) process,” 
where the triton wave function has been 
assumed to be Gaussian type according to 
Heidmann.?) The obtained differential 


cross section per neutron is 
do a/d0,=— A; A? I(a) —1(8)P 


ee 
X (27/2«) ne (Ri, Ra) » (3) 


ad 


where 


EF (k,, k,) = |= (& Pa €2) 


en ayt 


x N (k.—k,) e l4e (3ki—ka)* , (4) 


I(a) oo pe V 7/6 K 


1 
a 


V a2/6K NX” 
a” /6K roy z_| , 2-7 | 
a ( Bei cil dz)|. (3) 


Assuming the 16 Mev-Gaussian for 
the momentum distribution of picked-up 
neutron N (k—k,), we can see that the 
above differential cross section shows the 
strongly forward peak. So we can safely 
make use of the total cross section in 
evaluation of /,/. The integration of triton 


angle has been performed as follows : 


JPG, by) d2=22 2) 


x (Y 42/2)? —— : ne 
Corer 
exp —e +e) 2 (4B +4i)| 
a K 


2s k, ka 


x [ (+7? +26 +2) sinh 7 
—27(¢+1)cosh y], (6) 


where 


. 4m Bae 4 2 5 
x | 3h? (é, Es) tre ® +k "i (7) 


n= (+s) hike 


} 
/ 


In the course of numerical evaluation 
of the indirect (p, t) cross sections, we 
have made use of the calculated deuteron 
spectra of the indirect (p,d) process, 
normalizing the magnitude of the differential 
cross sections to the observed values. The 
obtained final results for various nuclei are 


listed in Table I. 


for successive pick-up mode are considerably 


The theoretical values: 


lower than the experimental one even if 
our crude approximations are allowed. It 
is suggested that the other modes may 
play an important role in the indirect 
(p, £) process. 

In view of these circumstances, we 
have performed the preliminary estimation 
of the contribution from the paired pick- 
up mode, based on the Fermi gas model. 
As the internal wave function of the cor- 
relating pair of nucleons, we have assumed 
the Hulthén type wave function in triplet 
state, which should coincide with the quasi- 
deuteron wave function in short range. 
The numerical results obtained by the use 
of the expression for pick-up probability 
analogous to eq. (1) in the previous note 
are also listed in Table I. The absolute 
magnitude of theoretical cross section may 
become too large, when we take account 
of the singlet state contribution. We 
might expect to have the _ satisfactory 
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Table I. Differential cress sections, E,=~58 Mev (mb/ster) 


element angle | theoretical | theoretical rr expeaientsl 
G 26° 0.020 | 0.076 0.120-+0.068 
40° 0.027 0.096 | 0.148+0.069 
60° 0.021 0.088 | 0.024-£0.041 
Al | 26° 0.045 0.176 | 0.150-+0.108 
| 40° 0.071 0.208 | -0.415£0.108 
Cu 26° ~ 0.074 0.304 0.316+0.179 
40° 0.11 0.332 0.260-+0.189 
Cd 40° / 0.15 0.40 | 0.492-+0.296 
Pb 26° 0.19 0.276 | 1.22 +0.550 
40° | 0.27 0.52 | 2.035+0.596 
U 40° 0.28 0.56 | 0.191-£0.248 


ee ___________ EEE ae 


theoreticaly and theoreticalty correspond to the successive pick-up mode and the paired pick-up 


mede, respectively. 


results by the use of the original quasi- 
deuteron wave function instead of the 
Hulthén type function for correlating pair 
system. The detailed study is now in 
‘progress, Finally the authors wish to 
thank Prof. T. Muto for his encouragement 


and advice. 
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On the Mainy-Bedy Pseudopoteatial 


for a System of Hard-Spheres 


Ryuzo Abe 


Department of Physics, Tokyo Institute of 
Technology, Oh-okayama, Meguro, 


July 24. 1957 


A many-body pseudopotential is ob- 


tained as a generalization of Huang and 
Yang’s binary pseudopotential. First we 


consider the following differential equation, 
PP+V 2 +2k) F (x, X2) =f(%, %2), C1) 
and investigate the nature of the singularity 
of the solution (x, x.) at |x,—x,|=0 


when the boundary condition ¥ (x,, x.) =0 
|x,— x, 


=a is imposed, where a is the 
hard-sphere diameter. As can be seen 
easily a multipole is induced at |x,—x,|=0 
by the function f(x,, x.) and this multipole 
will give rise to the pseudopotential 
0 (r12) Ky f (%1, X2) which is to be added to 
Huang und Yang’s pseudopotential 0 (r,,) 
PLOW (x, Xa). 

Hence eq. (1) together with the 
boundary condition at |x,—x,|=a turns 


out to be equivalent to the equation 
VP+V2+ 2 k°) ig (x, Xy) =f («;, Xp) 
+9 (75) Fa Y +OGe Kg t2) 


without the above condition, 
Now consider a system of N_ hard- 
spheres. The which 


replace the condition that the wave function 


pseudopotentials 


L (x, Xo5 +++ Ky) vanishes at \x,—x,|=a 
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may be expressed as 


N 


a iMag eee 
i=] 


== >10(Td) (Pas ePen )2, , (3) 


7<9 


where P;‘ represents the pseudopotential 
corresponding to the triple and higher 
order collisions. To determine P,‘ write 


j 
eq. (3) in the following from 


PPAV E42)? Saw +k) P 
ni 2 
+ DY 8 (rg) (PP +P) F 
t<j 


+ (ry) (PP +P) F 


and consider the first and the second terms 
on the right side as corresponding to the 
f(%, %) in eq. (2). This correspondence 
leads to the equation for P,§” 


P= —K,NOI+®) 


hy | 
nt,Jj 


ss K;; Sy 0 (ri) ey” 
k<i 
zh K;, at O (rx) Piss (4) 


where the prime on >) means that the 
pair (ij) is excluded from the summation. 
Since K,, is proved to be an integral 
operator, eq. (4) is an integral equation 
for P,S which may be solved by an 
iteration procedure. It turns out that the 
first term of this solution is of the order 
a’ and further terms are of the higher 
orders. 

By a straightforward calculation it can 
be shown that the lowest term in the 
expansion of the ground state energy for 
the Bose system which results from the 


triple collisions is given by 
— (87° at? /3 m) 0. (5) 


The appearance of a‘ in this expression 


is consistent with the suggestion given by 
Huang and Yang. 

The lowest order term of the binary 
pseudopotential, 


graSO(x,—x,) ry (6) 
a<j Ori; 
also gives a term of the order a’, In the 
calculation of this term the direct pertur- 
bational treatment of (6) as was performed 
by Huang and Yang is inappropriate 
because such a procedure yields an unreaso- 
nable result that the energy per particle 
for the ground state diverges if one makes 
the particle number N tend te oo keeping 
To avoid this 


divergence the use of the (xe-teptesentation” 


the density as constant. 


for the Bose system seems to be suitable. 


The computation gives 


Bp ynee Bey arene 
15V 7 


m 
tapa+B(pd)+--), (7) 


where the terms apa? and 8(pa*)*” are 
contributions from the phonon-phonon in- 
teractions. By a simple dimensional argu- 
ment each term of eq: (7) is proved to 
be of the form ab? (a*)"”/m(n=0, 1, 2, 
---), indicating that the expansion (7). 1s 
the expansion in powers of (oa’)'” and 
that the divergence difficulty just mentioned 
no longer appears. These facts are in 
agreement with Lee and Yang’s” conclusions 
drawn from the binary collision expansion 
method or, Lee, Yang, and Huang’s”  con- 
clusions drawn from the explicit consideration 
of the eigenvalue problem of the pseudo- 
potential. A full detail of this article will 
be published in the near future. 

The auther wishes to express his sincere 


thanks to Profs. A. Harashima and H. 
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Ichimura for their valuable discussions and 
also to Profs. T. D. Lee, K. Huang and 
C. N. Yang for showing him their manu- 


scripts before publication. 
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Ferromaguetism of a Gas of Hard 
Sphere Fermions with Spin 1/2 


Tohru Morita, Ryuzo Abe 
and 


Setsuo Misawa 


Physics Department, Tokyo Institute 
of Technology 


July 19, 1957 


In his recent paper with a similar title 
to this note, Ehrman” has presented the 
result that a gas of hard sphere fermions 
with spin 1/2 will show the ferromagnetism 
at high densities and at low temperatures. 
We have reached the same conclusion 
from another point of view, with more 
intuitive interpretation. We shall present 
it in the following, §1 to § 3. 

S 1. Let us start from the state of 
the system where fermions fill the Fermi 
sphere up to the Fermi top* and consider the 


hard sphere interaction as the perturbation**, 


* In this note the state at O°K will be discussed 
exclusively. 

** Tt might be better to consider firstly the case 
where the potential is finite. 


This perturbation causes an increase in the 
energy of the system. Because of the Pauli 
principle the probability that two fermions 
come near is smaller for a pair with 
parallel spins than for an anti-parallel pair, 
and so the increase of energy due to the 
presence of the repulsive potential is larger 
for the latter. It follows, therefore, that 
there would be a gain of energy if we 
could reverse one of spins of an anti-parallel 
pair. At low densities this gain will not 
be sufficient to bring a fermion to a state 
with reversed spin outside the Fermi 
sphere owing to the larger loss in the 
kinetic energy. As the density increases 
the gain associated with a reverse of spin 
becomes larger, since particles come to 
interact with each other more frequently 
and the repulsive potential acts moré 
effectively for anti-parallel pairs. Hence, 
above some critical density fermions in the 
Fermi sphere can be brought outside it, 
with a net gain of energy. These fermions 
should have parallel spins to minimize the 
total energy, thus the ferromagnetism 
appears. At the lower densities where the 
ferromagnetism does not occur, the spin 
paramagnetic susceptibility is expected at 
least to be larger than that of free fermions 
because of the tendency for the spins to 
become parallel with each other. 

§ 2. To get some quantitative esti- 
mation, we calculate the zero point energy 
of the system by using the pseudo-potential 
method presented by Huang and Yang”. 


With the Hamiltonian 


= — o* : 0? ue 47 a pe 
2m ti Or? m 
S fe) 
x> 0(r;—T;) Vigo (1) 
aj or 


where a is the diameter of a hard sphere, 
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the energy in the first order perturbation is 


E (ky, ie =| ky+, ky, m2 kyx-) 
Be ox cual 
= (Sieh 3 1k;*) 
2m i=i é=1 
tah* 
NEN (2) 
mV 


(at the presence of the constant magnetic 
field H, — (N* —N -) ¥H should be added). 
This becomes minimum if N*, N7 and 
N° k;’s and N7~k;’s are determined by 


the following equations 


lk7|Sk, |ke|Skh, 
eS ¢ pcb _.peany 
2m 

Az ab 

a Nic Ns) =0. 
a ( ) 
+ 1/3 

ke=22(— 5, , N*+N-=N 


It is easily shown that in the range of 


densities satisfying 
aN/V>7/24 


the above equations have the solution, 
N*+N-, so that the spontaneous magne- 
tization appears as expected, and also that 
when a N/V97/128 the magnetization 
saturates; the energy is minimum when 
Nt=N- and: N-=0° (or N7~=WN and 
We 0) - 
term for the energy of order a” is positive 
when N*=N~ and zero when N*=N 
and N~=0, which favors the occurrence 
of the ferromagnetism a fortiori. With 
the aid of eq. (2), the paramagnetic 
susceptibility for a’ N/V <= /24 is shown 
to be 


y=wli—2G@N/AV)"")", 


It is found that the correction 


where Y=3m/2N/b?k,” is the value for 
free fermions : surely y > 7) as was expected. 

§ 3. Next, we take into account the 
possibility that the increase of energy of a 
pair of fermions depends on the distance 
between them in the momentum space, 
If the 


distance is large, the difference between the 


which has been neglected in § 2. 


increase of energy for an antiparallel pair 
and that for a parallel one will not be so 
large as was evaluated in § 2. Hence the 
density at which the ferromagnetism occurs 
is expected to be higher than that evaluated 
ine sy 2. 

In this way, a possibility of the 
ferromagnetism of a gas of hard sphere 
fermions with spin 1/2 has been concluded 
Of cours 


there remain needs to discuss the problem 


in the first order perturbation. 


in better approximations. 
The similar reasoning as used above 
leads us to the conclusion that the ‘‘anti- 


’ will appear for a gas 


ferromagnetic order’ 
of attractive fermions with spin 1/2. And 
this is nothing but the reasoning used in 
the nucler shell model to explain the rule 
that even number of nucleons have total 


spin 0 at the ground state”. 


1) J. B. Ehrman, Phil. Mag. 2 (1957), 404. 

2) K. Huang and C. N. Yang, Phys. Rev. 105 
(1957), 767. 

3) M. G. Mayer and J. H. D. Jensen, Elementary 
Theory of Nuclear Shell Structure (1955), Sec. 
V-3 and 4. 
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Dispersion Relations in Nucleon- 
Nucleon Scattering* 


Sadahiko Matsuyama 
and 


Hironari Miyazawa 


Department of Physics, Univerisity of Tokyo 


July 26, 1957 
The dispersion relation in quantum 
field theory has been successfully applied 
to pion-nucleon scattering. When applied 
to the case of nucleon-nucleon scattering, 
it leads to a new relation between the 
scattering amplitudes and a quantity which 
is intimately connected with the two-body 
nuclear potential. A brief account of this 
formula will be presented in this letter. 
Let M,(E) be the forward amplitude 
of the nucleon-nucleon scattering in a 
definite spin and charge state a, where E 
is the energy of the incident nucleon 
in the laboratory system. Making use of 
the dispersion relation, one can express the 
real part of M,(E) 
imaginary part, which, for E>M and 
E<—M, is related by the 


optical 


in terms of its 


so-called 
theorem to the total cross 
sections of nucleon-nucleon and _nucleon- 


antinucleon scattering respectively. 


On has thus 
Re M, (E) =U, (E) 


1 2 Wo CE") 
roe | RAN, 
20 a Ee 


We fae 
+l" U (Gu CN Sas (E’)) dE! 
Das M E'’+E 


(1) 


* Dispersion relations for nucleon-nucleon scattering 
have also been investigated by many authors. See 
Goldberger, Nambu and Oehme, preprint. 


where U,(E) is a quantity defined by 


mM, (EY) dE’ 


7 —M 


*_9 |" hrm (08 7 


‘On um EAE 


In these equations, M is the rest mass of 
the nucleon, o,(E’) means the total cross 
section of nucleon-nucleon scattering in the 
state @, G,,(E’) that of nucleon-antinucleon 
scattering in a’, the state in which the 
target nucleon is the same as in @, while 
the incident nucleon is replaced by an 
antinucleon, o2/(E’) is the annihilation 
cross section in @’, v’ means the velocity 
of the incident nucleon or antinucleon 


If the 


state @ is the neutron and proton in 


corresponding to the energy E’. 


ttiplet state, another term 


C/(E—E,) 
(E _ the energy corresponding 
(4580 


to deuteron formation 


must be added to the right-hand side of 
(1), C being a constant which can be 
approximately expressed in terms of the 
triplet scattering length and the triplet 
effective range. 

The main result obtained is that in 
the static approximation (E—M)/M—>0 
and /4/M->0, where / is the pion mass, 
U(E)~ «is 


transform of the adiabatic nuclear potential 


proportional to the Fourier 


V(p) except for an additive constant. 


lim U,(E) =—V.(p) +const., 
p=E2—M?. 


The proof of this relation was done by 
comparing every term in the perturbation 


expansion of both sides in the approxima- 
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tion M-—>co. Thus the static limit of 


(1) becomes 


V.(p) =— Re M,(E) 


l ol? v’o.(E’) 
a dE! 
2» 2" El FE 


+ aaa + const. (2) 


This relation may be very useful for 


the analysis of nucleon-nucleon scattering. 


Moreover eq. (2) provides a means of 
determining the nuclear potential if the 
scattering data is known. 

It may happen that the integrals in 
the right-hand side of (1) do not con- 
verge. In that case, the subtraction 
procedure well-known in dispersion theory 
must be performed. 

A more detailed account will soon 


appear ina later issue of this journal. 


330 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN 
Volume 12, Number 8, August 1957 


CONTENTS 


Itaru NONAKA, Susumu MORITA, Nawoyuki KAWAI, Toshiyuki ISHIMATSU, Kenji 
TAKESHITA, Yutaka NAKAJIMA and Nawoyuki TAKANO: On the Neutrons 
from the Ni (d, 7)) O° VReaction-Tl.....6u secrete: Sela see ioe ieee eens 

Saburo MIYAKE, Kensaku HINOTANI, Itsuo KATSUMATA and Tatsunosuke KANEKO: 
Cosmic Ray Nuclear Interactions in Nitrogen Gas............-+--ceceeseees 

Shuji FUKUI, Takashi KITAMURA and Ydjiro MURATA: On the Range Spectrum of 
p-Mesons at Sea-Level at Geomagnetic Latitude 24°N ..............2....... 

Kazuo HIROIKE: Radial Distribution Function of Fluids II]........................-- 

Masaru WATANABE: Submicroscopic Topography of Oxidized Surface of Stibnite 
and sBiched (Surtaceyot Zincblendes..c.cee ocean ees abies eee tie eerie 

Toshio MISAWA: Impedance of Bulk Semiconductor in Junction Diode .............. 

Sumitada ASANO and Yasuo TOMISHIMA: Rotational Lattice Vibration in Complex 
Crystals Part II. Vibrational Modes in Optical Branches and Interaction 
WitieadConduction:. Mlecinonee trees. tins cle fio epee ee eet tee ic acta siete 

Sumitada ASANO and Yasuo TOMISHIMA: Rotational Lattice Vibration in Complex 
Crystals Part III. Vibrational Frequencies in Cubic NaClO, Crystals........ 

Tadanobu KOJIMA: Electronic States of the F-Center in Lithium Fluoride. I........ 

Tadanobu KOJIMA: Electronic States of the F-Center in Lithium Fluoride. II........ 

Kinshiro HIRAKAWA: The Magnetic Properties of Iron Selenide Single Crystals .... 

Kimio OHNO: On the Electronic Structure of the BH Molecule...................... 

Teruko SOEYA and Ryusuke KoNO: On Some Transition Phenomena in Aqueous 
SKollonmesal Gre (ApoE NO commsancvaooes sougehacwcaune sane TSunyococece 

Mitsuru ASANUMA and Shinji OGAWA: On the Magnetic Aging of Commercial Pure 


Humio NARUSE: Application of the Thin-Wing-Expansion Method to the Compres- 
sible) Klow past Protilessot Arbitnary Shapes ct... eee ee eee ee eee 
Hiroshi FUJITA: Notes on the Calculation of Electrophoresis of Polyelectrolytes with 
Partial Pree-Drainag eum eccrine 55... Se eect eee ea ee ee 


SHORT NOTES 


Yukito TANABE: On the Variational Problem connected with the Thomas Fermi 
IMfethnoal ai sass, cieestecstenn srs tev aged Mabe ercen Note (es oy eae oe ree a 
Tadayoshi YAMASHITA and Eiji TATSUMOTO: Magnetic Anisotropy in Connection with 
Rolling in the Course of Producing Single Crystals of Silicon Steel ........ 
Yasuo MATSUKURA and Takeaki SUZUKI: Etch Pits in Silicon Single Crystals...... 
Hideo TAKAMI and Humio NARUSE: A Characteristic of Tomotika-Tamada’s Gas as 
Affecting the Velocity-Distribution Around a Profile ...................... 
Ojiro NAGAI: Notes on the Ground State of Antiferromagnetism.................... 
Wataru SASAKI and Eiichi YOSHIDA: Acoustoelectric Effect in n-type Germanium . 
Minori TAKEDA, Michiya KONDO, Ryuzo NAKASIMA, Chuin HU, Atsutomo TOI, Takashi 
YAMAZAKI and Shotaro YAMABE: Elastic Scattering of 5.7 MeV Protons.. 
Shigehiro KOBAYASHI: Series Expansion of the Fermi Part 7) of the TF Function.. 
Ken-ich KUSUKAWA: Supplementary Note to “On the Transonic Flow past a Nearly 
Axisymmetrie Slender Body ?.48 > 7. cue ete ee ee 
Mikio YAMAMOTO: Theory of the Wiedemann Effect 


Errata 


Makoto KIKUCHI and Sigeru IIZIMA: A Simpler Method for Removing Copper from 
Germanium 


© yale: © (a.je:"ec elie) 6) ¢))0) ela: '0),0:.8.16), 6104164610) 6) 6| 1's) 9) (eel Ni pilesojis) (whs)inii=)(sopie! = in ae Sane aie al gyiciie viaje 


Page 


974 


975 
976 


poy 


Progress of Theoretical Physics, Vol. 18, No. 4, October 1957 
Nuclear Matrix Element Relations in the Fermi Theory of Beta Decay 


Tino AHRENS* 


Nuclear Development Division Lockheed Aircraft Corporation, Marietta, Georgia 
(Received May 21 1957) 


The purpose of the following is largely consolidatory. A common basis is provided for the formal 
relations between forbidden nuclear matrix elements. It is shown how numerical estimates of the 
coefficients of proportionality can subsequently be made upon introducing on the one hand less on 
the other hand more detailed nuclear force characteristics. Coarse structure correction factors are 
derived differing from similar ones appearing in the literature. Finally, it is indicated how theoretical 
nuclear matrix element ratios may serve in the interpretation of beta spectra. 


$1. Intreduction and summary 


Feenberg, Primakoff and this author used commutation relations and simple nuclear 
model arguments to establish numerical relations between nuclear beta decay matrix 


elements,"*” 


Peaslee, in addition, drew upon somewhat explicit nuclear force considerations, 
modifying two of the relations and introducing others.” 

Feenberg et al. saw no need for bringing but broad features of nuclear forces into 
the picture, features as are reproduced by the semi-empirical nuclear energy formula, the 
statistical model and the shell model. Peaslee’s method requires from the beginning at 
least partial specification of a force; in fact, Peaslee employed a charge symmetric pseudo- 
scalar two-body force. 

It is one purpose of this note to spell out a common basis for the formal nuclear 
matrix element relations. This basis can be provided by two sets of relativistic commuta- 
tion relations. One set contains terms multiplied by the nucleon rest mass, the other 
does not. Numerical estimates of the coefficients entering the various nuclear matrix 
element relations can be made subsequent to the introduction of nuclear force characteristics. 

It is another purpose of this note to use the derived nuclear matrix element relations. 
in the simplification of “coarse structure” first and second forbidden correction factors. 
The expression “coarse structure” is meant to imply the presence only of terms proportional 
to the square of the Coulomb barrier. For medium and heavy nuclei the effect of the 
other terms is in general small.” The resulting correction factors differ from similar ones 
presented in the literature." One consequence of this change is that certain second 
forbidden spectra previously interpreted as favoring, though weakly, the minus sign in 
the linear combination of scalar and tensor interactions no longer render such a service.” 
At most two of the spectra still indicate a preference for including pseudoscalar potentials 


in the matrix element relation considerations. 


* Now with the Georgia Institute of Technology 
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Appendix A contains a sample calculation demonstrating semi-explicitly how the 
numerical coefficients relating the various nuclear matrix elements to one another may be 


divided rather definitely into two categories. 
Appendix B contains a few clarifying remarks concerning a more limited topic, that 


i eo 
of the pseudoscalar beta interaction.2°°""” 


§ 2. Theory 


As described in detail in a previous publication covering the pseudoscalar case, the 
starting point for the derivation of each commutation relation consists of an initial and 
an Hermitian conjugate final-state, many-particle Dirac equation.” The first equation is 
multiplied by a judiciously chosen beta operator, the latter by the corresponding Hermitian 
conjugate operator. Subtraction and integration of the products yield the basic exact form 
of the desired relation. Thus, if the chosen operators are XR, X being shorthand for 
the sum over all nucleons, >\,(Qy),, and if X equals, e.g., 7;, O-r, & and r, respectively, 


the following relations are obtained 
0=(W,—W,) (flo-rRli) + (FIV, o-rJRii) 
+3i( flrsRl) +iC fila: Xp), Rl) — Cflrir-p, RIld), (1a) 
0=(W,—W,) (firR\i) + (ALY r)Rii) 
+i( f|aRli) — (f|rla-p, R]ji), (1a’) 
i) + (FILY, 75|RId) 
—(filo-p, Ra, (1b) 
2M( f\PaLli) =(W,—W,) (f\aR\i) + (FILY, @)R\A) 
—iGflloxXp, R].|i)— Chip. Kili). (1b’) 


V is a general potential energy operator. R signifies the appropriate radial lepton 


2M ( f\G75L |i) = (W;—W,) (fl75R 


covariant and Q the charge transformation operator. The terms in eqs (1) are ordered 
so as to call to mind their mutual correspondence. Apart from being supposed to render 
relations between certain nuclear matrix elements, the choice of the operators XR is 
determined by the desire to exhibit explicitly the division of the relations into two categories. 
These categories are immediately recognizable by the presence on the one hand, and 
absence on the other, of matrix elements multiplied by the nucleon mass. 

Eq.s (1a) and (1b’) are not yet in a sufficiently tractable form. They become so 
when the elements 


(flrlo-(r Xp), R].li) and (f|[ox p, R].|i) 
are approximated by 
—2(fl7sRlit) and 2iM(f\[H, oXr]JR\i) 


respectively, a procedure permissible as long as errors actually of order 1/M? are not 
considered to be serious. 
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(fll Ho Xr]i) 
is in turn equated to 
(W,—W) (flaxrli) — (FI, ox]. 
The last two elements as well as the two pairs 
(W.-W) (f\o-rli) and — (fFILY, o-r]li), 
(W,—W,) (firl|i) and =—(f|[V, r]|i) 
ate subsequently treated according to a previously given prescription.” The potential energy 
commutator matrix elements are first expanded in accordance with the expansion theorem 


of matrix algebra. The expanded forms 
Da CAP) CF 1X1) — Se (FIX) |) 


X standing in this particular case for O-r and r, respectively, are then approximated by 


[CAVA — GYD IAAI). 
The difference of the potential energy expectation values is evaluated after calling upon 
the semi-empirical nuclear energy formula ;” the contribution of the potential energy to 
the symmetry energy term in this formula is assumed to be given adequately by the 
statistical model. 

While there are reasonable plausibility arguments in favor of following this prescription 
when dealing with operators such as O-r, r and OXr, the same arguments can, judging 
from the probable nature of nuclear forces, easily become unreasonable when brought forth 
to justify a similar treatment in the case of operators like 7, and a. There is the well- 
known possibility as regards some nuclear properties of describing the nucleus by a non- 
relativistic Schroedinger equation, representing the effects of the nuclear interactions on a 
nucleon as though they were largely due to a uniform potential well. This leads 
one to expect little obstruction of the recommended path for the evaluation of potential 
energy commutator elements if the associated operators do not mix positive and negative 
energy states. The approximation 

(f1, XID=LCAHIN = GIMDIX 
looks well on the basis of shell model reasoning. The nuclear part of V can be replaced 
by a non-relativistic potential with little configuration interaction. Thus any attempts by 
X to contribute significantly with large overlapping between pairs of neighboring configura- 
tions are frustrated as long as one member of the pairs of states is always an intermediate 
state.* Nor is the approximation likely to be greatly in error as far as the Coulomb 
interaction is concerned. Non-diagonal Coulomb matrix elements are small compared with 
the Coulomb energy difference of neighboring isobars. An endangering buildup of non- 
diagonal elements can in general not take place because of the selection rules connected 


* An exception is in general provided by transitions between states whose leading components cannot 


be connected by the operator under consideration. 
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with X. One cannot expect this simple scheme to apply to the evaluation of potential 
energy commutator matrix elements when the associated operators do mix positive and 
negative energy states. In fact, it is unlikely that the evaluation can at ali proceed 
without invoking some details of the nuclear interaction. 

A semi-explicit sample calculation is presented in Appendix A to demonstrate how 
such a differentiation between two types of commutator elements may come about. 

The difference of the potential energy expectation values has been given as ~ aZ/2/) 
=B, a being the fine structure constant and / the distance of the point of the lepton 


) 


covariant evaluation from the center of the nucleus.’? By virtue of the presented arguments 


one can consequently write 


es lls o-r]\i)~B\ o-r, 


CFILY, ryli)~=BI r, (2) 


CAI, oxr]|i)= Bl oxr, 
As for the other two operators one must in general be satisfied with stating 


(FIV, rll) = 268 (7, 


v 


(3) 
(FIM, ali) =—26B| a 


where JG can easily assume a value of the order of 10 and perhaps even of 100 (see 
appendix A). The assignment of a definite value, as said before, appears to require a 
considerably more detailed knowledge of the nuclear forces than did the evaluation of B® 

Making -use of all the hitherto described simplifications one can write on the basis 
of eq.s (1) 


| ies LDA. | O-r, (4a) 
| a=i1BA | r, (4a’) 
\ ayy), | G-r, (4b) 
| Ba =~iBie | r (4b’) 
with 


d=%B/2M,° H=AQ+0/), AMI + (W.-W) /B”. 


In all instances the small momentum commutator matrix elements have been neglected. 


As far as eq. (1b) is concerned this is only permissible if \26 |>1 (see appendix B); 
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after all, eq. (1b) does not contain a term equivalent to the momentum anti-commutator 
element in eq. (1b’). 

Eq.s (4a) are not of direct value if interest is confined to those beta interactions 
that alone appear to be admitted by experimental evidence. Present information seems 
to dictate against the vector and axial vector interactions. Eq.s (4a) are, however, of 
indirect value, inasmuch as they are invoked in the derivation of eq.s (4b). 


The second forbidden relations corresponding to (4a’) and (4b’) are 
\ A,,=iBi | Ri (5a’) 


| GA, = —iBi (2/2) \ Ry (sb’) 
with 


rai Ty/[ Ry = +28/2) 


and J6, which enters 0 just as in the first forbidden case, defined by second forbidden 


equations equivalent to eq.s (3). 


§ 3. Application 


A sufficient amount of material has now been amassed to proceed with a simplifica- 
tion of first and second forbidden correction factors. 

The linear combination GS+G,T+G,P presents one in general with the essential 
nuclear matrix elements 


| fo-r~—|o-r, | Pr. \Pr2— |r |Poxr aol oxr, | 20., 


J 


re 
| PRy= Al Rijs | BT ,=2— | Ta \ BA, 


as long as one confines his attention to first and second forbidden non-unique transitions. 
First forbidden spin change zero spectra consequently leave four adjustable “ experimental ” 
parameters, first forbidden spin change one and second forbidden spin change two spectra 
each leave two. The theory provides larger numbers of parameters: 7, 4, and 4. How- 
ever, the values which the “theoretical” parameters can assume are considerably restricted 
by their underlying theory. An interpretation of experimental data in terms of a certain 
linear combination and the presence or absence of pseudoscalar nuclear forces is thus 
facilitated. 

It is, of course, differential information which may lead to a relatively unambiguous 
assignment of values to the experimental parameters. Integral information, i.e. knowledge 
of comparative half lives, may perhaps also be drawn upon, but never except on a highly 
statistical basis ; after all, the theory’s power lies largely in avoiding the use of absolute 


nuclear matrix element magnitudes, 
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As far as spectra are concerned it is those of non-allowed shape arising from non- 
unique transitions which can serve the desired purpose. Second forbidden non-unique 
transitions exhibit a non-allowed shape in general, first forbidden non-unique transitions 
only in particular cases, 

Thus far one knows of one first forbidden non-unique decay of non-allowed shape, 
which permits a relatively definite assignment of values to the minimum of theoretical 
parameters required to make a statement concerning the linear combination of interactions 
and the possible presence of pseudoscalar forces. This decay, Bi?’ Po”, has found an 
interpretation’ which, with reasonable but not conclusively convincing assumptions under- 
lying the derivation of a value for t=—ija¢Xr/|r, leads to a positive ratio of tensor 
to scalar coupling constants. It so happens, though, that the experimentally permissible 
range of values for /’ overlaps the range realizable by the theory with 0 =0=—1. Con- 
sequently, one is not in a position to draw any conclusions from this decay regarding the 
ptesence or absence of pseudoscalar nuclear forces. A drastic reassignment of values to 
the theoretical parameters, particularly to t, could change the picture. 

The decays of Sb’! and Re’ also appear to be first forbidden with JI=1""™. Both 
of these decays make an assignment to ¢ difficult and untrustworthy. In view of the 
type of calculation necessary for such assignments the advantage of the present method of 
spectral interpretation is diminished whenever nuclei are involved that are well removed 
from shell edges. In the presence of several strongly interacting nucleons outside the 
core the nuclear wavefunction will not be adequately given by terms, all of which attribute 
only one orbital and one total spin to each particle. Instead, one will be presented with 
appreciable configuration mixing, and the nuclear matrix elements |G Xr and Jr need be 


expanded if a relation is to be established between them. The expansions read 


| oxrs(floxrli) = VS} ab( filoxrlic) 


and | ees (itp = > a,b, (fi|r|t,) - (7) 
Employing (fi|O Xr |e) itn (flr liz) 
where tr=(fi\o-l| fj) —Glo-Ui,) (8) 
one obtains 
pests: eat acre (9 
1+ a{1+6[1+c(1+- ) 


where @ and a are the “ first corrections ”’ 


ig ayboty» (fi |F|te) +4abjto (falr |i) 
4,b,t,, (fil |i) 

= 4,by( f, |r| is) + ab, ( folr|i,) 
a,b, ( fi\r|i,) 


§ and 6 the “second corrections ” 


a 


(10a) 


, 
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p= Aybotyy (fi |r iy) + aybstis (flr is) + aity, (flr i:) 
4,bytyy (fi |F | ig) + dybito, ( fo r|i,) 

fies ayby ( fo|P iy) +4,b.( flr 1;) + ab, (fair |i) (10b) 
a,b» ( fir lig) +436, (fal i,) 


- ee 4 = 2? ae . 
y and c the “third corrections”, and so on. A remaining bright spot is that mistakes 


in the choice of a radial dependence for the functions ¢,; and ,, will enter the correc- 


tions in ratios. 

The final state of the Sb’ decay is excited, an aggravating circumstance in the 
determination of f, as it makes even the evaluation of ¢,, speculative. The same holds, 
as the nomenclature already suggests, for the major inner group of the Re’ decay; for 
the outer group one has probably ¢,,=—1. Disregarding the corrections, a procedure 
which cannot be recommended for the decay in question, the Re'®—>Os'* ground state 
transition can be explained with positive as well as with negative ratios of the scalar to 
tensor coupling constants. Again, within this context, the experimental material does not 
lend itself to illuminate the question of the presence of pseudoscalar forces. If one applies 
the same procedure to the major inner group transition and also uses the same ¢,,, which 
is justified to a good extent by evidence that the 137 Kev level of Os'’ involved is inter- 
pretable as close to purely rotationally excited,’ the coupling constant ratio comes out 
positive. As before, the data appear neither to be for nor against pseudoscalar forces. 


Lee-Whiting’”” actually used part of a first correction, 
A= boty ( fi\F liz) /itn (fil |i) 
and a=b,( f,|r ip) /b;( flr lis), 
@ in this specific instance being evaluated as 


a=—106,(fi|r|t.) /b,( filr |i) 
tee t=(1—10a)/(1+a). 


210 


It is questionable, whether the groundstate of Po”'” can be adequately represented by the 
spectroscopically pure (hpj2, hyj23 0, 0) ; the first two places refer to protons, the latter two 
to neutrons. All second forbidden non-unique decays can in principle be used for the 
purpose of assigning numbers to the parameters. The second forbidden JI=2 correction 


factor due to the interaction G,S+G,T can in general be approximated by the expression*™ 


* Eg. (11) has a coefficient v? differing by the sign of A from the coefficient presented in reference 3. 
The same disagreement exists with reference 5, as regards the coarse structure first forbidden correction factor, 


which is here 


C%, := BYG,2L(G,/G,)2— 28}3| | o-r 2+ G21 (Gy /G,)?+4—AE+9) | fry. 


The present form is chosen to make the equivalent mathematical origin of the terms in the 4J=0 and 
AI=0, 1 parts apparent. 

G,\o-r corresponds to G.| r and G,| Brs to G,| Ba; G,\ oXr has, of course, no counterpart in the 
pseudoscalar case. The disagreement in sign stems from an inconsistently taken non-relativistic limit of \ B 


in references 3 and 5. The authors of references 3 and 5 concurred with this author in this conclusion. 
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(OG Oates CQO OR Nea) 2 & 
{p24 B[ (1/2) (2-H) +2xP/L 0/2) 14”) +27 G3 200. fate) 


The approximation consists in keeping only the terms proportional to the square of the 
Coulomb barrier. The subscript on the abbreviation of the correction factor signifies the 
spin change, the superscript the presence, y, or absence, 1, of a parity change. The 
parameter x is equal to (G,/G,) (1 /t). Electron and neutrino momentum are as usual 
denoted by p and k, respectively, Three well-known groups of AI=2 transitions” are 


consistent with 27~0.6, +2 and v S10; 
v= (1/2) (2-4) +2x)/LG/2) 1-4) +2] 
assigning ¢=0, 2 and —2 to the three groups, and in that order, gives rise to the 


following cases : 


vu =.6 t—0 GyG—ih AO 126 
=-—] =— 1.6 
=2 =? = 1 Fh gle Fh ge 
=—1 —() (1.2) 
= 10 =—2 ee 4(1—9) =0 
=—1 1.1</4(1—0) < 2.0. 


On the basis of present thoughts on the matter / is expected to be positive and of about 


41) 0, if present at all, could well be small enough to escape detec- 


one or two in value. 
tion; it is unlikely to exceed ~1. 

The first of the three second forbidden non-unique spectrum groups can only be 
interpreted with the presence of pseudoscalar potentials. The second group does not 
definitely require their presence if the relative signature of tensor and scalar interactions 
is positive, and neither does the third group, by any means, if the signature is negative. 
Since the above theory makes no explicit prediction as to the sign of the parameter 0, 
the present considerations involving second forbidden non-unique spectra do not yield any 
definite information in regard to the relative signature of the linear combination. The 
approach taken here will not favor one signature over the other until spectra have been 
analyzed that exhibit an energy dependence and consequent nuclear matrix element ratios 
resulting in combinations of 4 and 0 whose values are clearly in discord with the theory 
for either G./G,~1 or G,/G,~—1. Any further development in the specification of the 
ranges of values acceptable to the parameters A and 0 would, of course, permit an earlier 
tipping of the scales in favor of one or the other relative signature ; thus, e.g., the 
solidification of the appealing notion that the magnitude of 


LCF A) — GAL) CFLX* 1) 


is enhanced by the rest of the terms, 
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SPA) P11) SPR) CMD 


making up the commutator matrix element (f|[H”, X”]|i) would permit positive 0’s only. 
The cases (12) would then provide an argument, however crude, against the combination 
S-T. 

Be it mentioned at this point that in (12) the value selected for each 40 is the 
theoretically more plausible member of a pair of solutions. The same holds in the case 
of A(1+0) when G,/G,=1. It also holds for every value of 4(1—9) in the range 
1.1—2.0. The remaining two cases possess only one solution each. 

Evidently the values of certain combinations of 4 and 0 exhibited in (12) will 
change with improving rigor of the calculations of ¢; the use of spectroscopically pure 
assignments in (12) can at best be considered a rough approximation, in view of the 
structure of the nuclides in question. Thus in Cl”, e.g., the 17th proton and the 19th 
neutron are probably not well described by pure 1d.) states but necessitate the admixing 
of 2s,,. components. Furthermore, whenever experimental accuracy warrants this, linear 
terms in B and B independent terms in the correction factors should also be taken into 
account in second forbidden spectral calculations; one great advantage of such detail 


is the appearance of two adjustable experimental parameters. 
Appendix A 


Consider the potential (cs=charge symmetric, p=pseudoscalar, 2=two body) 


is ya tm’ Oar (275) n (P75) Pn ee 
n<nt 
Let X*% be an operator commuting end X” an operator anti-commuting with fy, The 
P 


two classes of commutator elements 
(FLY, Xt) and Cf|LV2"?, X* Ile) 
can differ considerably as regards the factor of proportionality relating one to the nuclear 


matrix element |X“, the other to {X”. That this is so can already be noticed by 


merely evaluating the two classes of commutators : 
[Vo"P, Ba alae 2 (Qné ens a Qui <n) Cate ee (B75) n (P75) nt Vani (Ala) 
eres oe age May (Q,% it oy avn) (B75) n (P75) nt Vins ° (Alb) 


The right side of eq. (Ala) can be simplified appreciably if certain assumptions are made 
about the initial and final nuclear wave functions between which it lies in its matrix 


element. Let the nuclear wave function, 7, be represented by an infinite series of 


independent particle determinantal wave functions, 
1/2 <— 
(A!) 7? DS) allPall 
t 


gq denoting one of the quantum states appearing in the t-th term and n, as before, one 
of the A nucleons. The integral over a two particle operator, >» Onnrs sandwiched between 
nént 
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any one term of the initial and any one term of the final nuclear wave function expansions, 


reduces to one of the three well-known forms 
| a2 CU 2, i i) i Orr (ft (2, — f.%,) dnd Uny » 
Try 


| ST (GS — PAG) © Onnr (0 hy — G2) dn dns, 
q 


| (ftps — (pt. fps) qOLS A ( (i! “gn — fry yar a ) dv:,d iy 


or O. It reduces to the first if the initial and final terms employed differ in no states, 
to the second if they differ in one state, q’, and to the third if they differ in two states, 
gq and q’. It reduces to 0 if more than two states in the initial and final terms differ 
from one another, In the case at hand, contributions of the second form dominate ; e.¢., 
if the nuclear wave functions are sufficiently approximated by one independent particle 
term, sufficiently approximated in particular as regards the selection rules of the decay 
under consideration. With such a situation given one can, by dropping the no state 


change and two state change terms in the expansions, write 


(f| > (Qatew — Quen) LESS) (Bre) n (Prs) Vi |8) 


A= ZF 
PENS (On — Gaal) (Qn— Oa) Un Yar) 
q 


= (B75) n (B75) Vans (P22, — Phe) dvj,dvnr (AII) 


Mx 


— [33 (yay, — d8d812) * (Qn—Qu) (42 —18) 
rv) 


‘ (P75) n (B75) mV, nti” net CLA wn ft) dd Uns. 


The right side of eq. (AI) can, for medium weight and heavy nuclei, be approximated 
by 


[(A—2Z) /A] if > 3) (Gy — GAG) * (Qn — Qu) 1-72) - 


(Sy. ) n (Py; 5) naa ont (ee, of, ie) AVnd Uns. 


The last integral is in turn, by virtue of the situation under discussion, an approximation 
to the matrix element 


F133, (Qo Qu) Gt Bal) (872) (Br) wan). 


The different effective behaviour of the two classes of operators is thus indicated. 
Peaslee employs the potential Vj* also in the direct evaluation of \G7;. In his 
treatment only terms up to first order in the small components of the final and_ initial 


states and in the potential energy function are included. It is felt that consistency 
demands the same treatment for (7;. In this case one obtains 
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[© G/2M) (FSU: Pw WA—C/2MYS Paw) Jel)» men” (ATID 


oe et I Pe) _ icel = 
<_ nnt — | ( Jb ) (nr =non-relativistic Y=nuclear /4=T7-meson rest mass) ms 


(AIV) 
Approximating (o’=Pauli’s oc) 


| (o-p, He. ((fIH lf) + GHD Ifo" pla (AV) 


by assuming the off-diagonal non-relativistic energy matrix elements to be comparatively 


small, and, moreover, of varying signature, allows one to write 
| n~- G/M) +02M/e) 7/1) | o-pl (AVI) 


V stands for the average nuclear potential energy of a single neutron. Calling upon eq. 
(18) of ref. 3 


| B75 (w/t) [o’-p, H™”)~ (7/5) (Bp/ | Oo: p (AVII) 
one obtains 

| Bi5=— é| Ts, €% (7/5) MBo/ (4? + 2MVp) (AVIID) 
rather than | 

| Bis=—A| 15, (7/5) MBo/ pA. (AIX) 


Eq. (AIX) results from combining eq.s (7) and (20) of ref. 3. They read 


| j,=iBi | o-r (AX) 
| 67,.=—iBia | o-r (AXI) 


allowing for a slight change in notation. 
According to Peaslee ~ takes care of the fact that the effective potential in the 


nucleus does not arise from two-body pseudoscalar forces alone ; it includes the uncertain- 


ties in the relation (AIV). || is not expected to differ by an order of magnitude from 


ie 
Appendix B 


Since 1952 various approaches have been taken in formulating a theory of the 
pseudoscalar beta interaction?” The last paper, essentially of review nature, pro- 
vides a handy medium for some clarifying remarks. While often availing themselves of 
different formalisms, the authors of that paper follow in principle the lines established 


in refs. 2 and 7. 
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Some confusion appears to have arisen during the course of interpreting refs. 2 and 


Veaeisg.sa(6)==(9) em tele 7 


2M ( f\B7sLpli) =Wi—W) (Ff lrsLold) + CAI, HLM) 


+i(f|o- WL,} |%) (BI) 
~(W,—W,) Cfl7sFp|i) Rel. 
+ (FIM, Fp ]l) Rol + CFM RIO) (BID) 


+iC f|o- {VG,} |i) Rp], +iC F145: (7 |i) Rab, » 
2M ( f|8750,|i) =Wi—W) (fF lrs4ol) + CFI, 729 ]10 

+i( f|o- {76,} |i), (BIT) 
Cf) BrsLyi) = Cf P79 plé) Ro], 

+ (1/2M) (f 75917, Rell) 

+ (/2M) (f|6,0"- Vi) Rp} (BIV) 


L,,=4,R,, p=pseudoscalar 


are relativistic.* Only one sample calculation, eqs. (11) and (12) in ref. 7, resulted in 
the partially relativistic approximation 


CFIP Al) Rep +iC f1A,0" - (Ft) Rp} ,/2M. (BV) 


Its specialization to JI=O0 (yes) transitions is 


(FIP l) Lp +iC flo": Pi) L,},/2M, Lo R, (BVI) 


eq. (1) in ref. 2. Be it mentioned, though, that eq. (BVI) is of relativistic form, as 
becomes obvious by glancing at eq. (BIV). All one needs to do to make it actually 
relativistic is to replace Pauli’s 0’ by Dirac’s 6. gq. (1) in ref. 2 is called partially 
relativistic due to its particular mode of derivation, represented by eqs. (11) and (12) 
in ref, 7. 

There are terms in the 4I=0 (yes) PP, TP and AP correction factors, whose 
evaluation the authors of ref. 8 do not consider necessary for presumed reasons of 
negligibility, which, however, can in general not be discarded. In fact, indications are, 
that these terms may not only approximately equal those kept by the authors of ref. 8 
but may actually overwhelm them.” The terms in question are the ones containing 
\ P75. The complete correction factors may be found in ref. 7. 

In the absence of such features as are provided by present day pseudoscalar meson 
theory the commutator of the potential energy operator, V=H°+H” 


Coulomb interaction and v the specifically nuclear interaction 


c denoting the 


with 7; has a matrix element 


* The notation (f|0,0-{P|i)Rp}p implies the gradient operation on R,, and R, alone, followed by the 
evaluation at p. 
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approximately equal to Bjy;. (See also eq.s (2)). Eg. (1b) allows one consequently 


to write 

\ By. (1/2M) B\7. * (BVI) 
Using eq. (4a) one obtains 

| brs G/2M) B| o-r. (BVIII) 
This nuclear matrix element is by no means negligible when compared to 


[:/2MR, ], ( f\o . WV | i) RS = [iR,'/2MR,], |S" (BIX) 


~ (i/M) B jor 


contrary to the contention of the authors of ref. 8. The approximate equality results 


from neglecting higher order radial functions and cutting the remaining expression for 


EAERS lps 
{14+ W+aZp)?|(fe+g-2) +2W+aZpr") (fe—9-2) }'? Ge +f") 


down to the lowest order in the nuclear radius, e~* 


Abandoning the particularization to JI=O (yes) transitions one can state that, within 
the realm of pseudoscalar beta interaction magnitudes, it is in general not permissible to. 
neglect the commutator matrix element, ( FI. rsLp]|) ** ; in some cases one may not 
even neglect the tem (W;—W,) (fi7sL,]i). Should it prove possible to devise a 
reasonable model making (f\[V, 7;L,]|)) and (Wi—W,) ( firsLp»\t) always much smaller 
than (f|o- (VL,} |i) then 


(F1Prs9ol8) Ro], = G/2M) Cf 15-7} 1) Ro, (BX) 
enabling one to state 2M(f|/%7;L,|i) ~i(fio- UA Oo (BXI) 


Were such a procedure permissible the correction factors appearing in reference 8 would, 


as expected, turn out to be special cases of those in ref. 7. 


* The term (W;—W 7) (f\rs|i) need only be considered in addition to (f|[V, rs] |i) if the total 
energy difference, W;—Wy, is comparable in magnitude to B. 

** (f|[V, r5Lyl li) = (AIL, v5 Op] Rplt) + (flrs0p(V, Rp] |i) The last term is identically equal to 0: 
unless, and this would entail an extension to the Dirac theory, V contains operators not commuting with the 
radial coordinate. Such an extension shall not be considered here nor was it in the calculations in ref. 7 ;. 
in ep (9), ref. 7, eq. (BIV), which is an approximate rather than an actual equality because of the 
evaluation of the radial lepton covariant near the nuclear boundary and for no other reasons the term. 


is still present. 
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The cluster development method formulated in the first paper is applied to the discussion on the 
saturation of nuclear forces. We assume Serber type two-body forces with hard cores, in which central 
potentials are assumed to be spin independent (eqs. (1) and (2)). The potential depth and range 
are determined from the scattering length and the effective range in the spin singlet state, and the 
hard core radius is taken as D=0.6X10-!%cm. The Coulomb forces are neglected. The usual 
vatiational method is used with a simple trial correlation function (eq. (6)). By using the one- and 
two-nucleon clusters only, the energy minimum per nucleon is found to be —5.2 Mev at r=1.1X10-™ 
cm (for ro see eq. (5)). At this minimum point the three-nucleon cluster terms are evaluated. They 
are one order of magnitude smaller than the leading term, and the convergency of the development 
seems to be fairly good. It is seen that the effective potential for the single particle motion in the 


nuclear matter is much weakened after separating the short range correlations between nucleons. 


§ 1. Nuclear forces 


In the first paper’? (hereafter refered to as I) we formulated the cluster development 
method which seems useful for the treatment of a system of particles interacting through 
strong but short range forces. In this paper we apply the method to a large volume of 
nuclear matter, in order to see whether the saturation property can be explained by the 
repulsive cores in the two-body forces. In I we already referred to the reason why the 
saturation phenomena are expected to occur, although the core radius is much smaller 
than the mean distance between nucleons. This problem has been investigated by many 
researchers, but it seems still far from the real solution. It is so important and fundamental 
for the nuclear physics that we choose it for the first application of our cluster method. 

We take the charge independent two-body forces with Serber type exchange character : 


V xj) =4(1 +P) {Vo(ris) + SijVin (155) } 5 (1) 


* On leave of absence from Department of Physics, University of Tokyo. 
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where P;}’ is the Majorana exchange operator and S,, is the tensor operator. At present 
the tensor part is ambiguous in the spin triplet state.” Then we assume that the central 
force in the spin triplet state is the same as in the spin singlet state, which is not in- 
consistent with the experiments. For the central potential we assume the exponential shape 


with a hard core: 
00 5 ae ID 


Lee SD (2) 


Vo(r) = 
where the force constants A and a@ are determined from the scattering length and the 
effective range in the spin singlet state. We confine ourselves to the calculation of the 


nuclear volume energy with neglect of the Coulomb forces, 


§ 2. Trial function and the energy expectation value 


Let us consider a system of N nucleons in a large volume 2 and N/4 nucleons in 


each spin-isotopic spin state. For the ground state of the system we take the trial function 
CHR RET.) =| I] f(r) ]- (N!) ese: IT Uy, (@;) ekpri/ VQ, (3) 
(49) P Fi 


in which the single particle functions are taken to represent the degenerate Fermi gas in 
the volume 2. @,’s are the spin and isotopic spin variables and u,’s are their eigen functions. 
If we denote the Fermi wave number by k,, the well-known expression for the density 


can be written : 
NIQ=16 REP 3 Ry (4) 


The following parameter is usually used to represent the mean radius of the volume 


occupied by a nucleon. 
= (SO ATN)  ==4 S237 hn (5) 


The two particle function f(r) should be zero inside the hard core and should approach 
unity as the particle separation r becomes large, as is shown in Fig. 1. Here we assume 


its form to be as follows: 


0 ar<D 
safe ses jee ee). eset 2, 
/@ and r, are variational parameters which are adjusted so as to give the minimum of the 
energy expectation value. According to relation (5) we may consider k, or N/Q as a 
variational parameter instead of 1,. 

The correlations we are concerned with are of short range. It is expected that the 
probability of finding a number of particles in such a small range at the same time will 
decrease rapidly with the number. In I, therefore, we expanded the energy expectation 
value in the power of Nw/Q (w isthe volume where the function f is appreciably dif- 
ferent from unity) : 
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Bigaes 


£=(1/N)-(E, HP)/(E, F) =E° 4694 a 
The zeroth order term &” comes ftom the first sums in (I-31) and in (I-32). 


For the potential (1) and the trial function (3), it is written as follows : 


3 Bb ky 
ema ER IS tente)—ver) er Wydr, 8) 
5.2m enn Pom eee " 


+ 


in which spin and isotopic spin summations are already performed. m is the nucleon 


<hr 
mass and the mass difference of neutron and proton is neglected. >} means that the 
sum of k should be taken inside the Fermi sphere. yp and vy, which are the direct 
and the exchange terms respectively, are given by the formulas 
up(r) =6f* (1) Vo) FO) 
— 16 (62/m) f* (1) V7 f(r) — 161 (6?/m) f* (7) eh) VFO), 
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vx (r) = —6f* (7) Ve) FO) 
—4 (2 /m) f* (1) P26 (7) —4i(F/m) f* (7) (Ri — ee) PPO). (9) 


The tensor forces do not contribute to the energy expectation value for the trial function 


(3) which has no directional correlation. 
The first order term &” is conveniently separated in four parts according to the 


types of the correlations between nucleons : 
CMS ba + Cat ext ey (10) 
E, consists of the second sum and a part of the third sum in (1-32), in which the 


third particle is connected to the H(1, 2)9(1, 2) through the h(2, 3). After spin and 


isotopic spin sums are performed, it is written as follows : 


Pg ES si epi nre tae 
A Ge ra r,dr,dr3h (rT) 


X fx (Pig) br rath rast her) — a7, (rag) er Pah, (11) 


€,, which comes from the part of the third sum in (I-32) where the third particle is 
connected to the H(1, 2)g(1, 2) by the 4(2, 3)4(3, 1), is written as 


il <y 
Sane : = __|dridredrsb (2) bra) 
Io Aes ks 

X {Uo (Ti) (4 —efhes:r25_ etsy -Ts1) 

—Ux(Fy») (4 etkyo-ry2 ot (ky Tyg tke To; +ks-Ts2) — ef (kyr. + he-123+ks-131) ) ce (12) 
€;, corresponds to the fourth sum in (I-32), where 4(3, 4) is connected to the H(1, 2) 
-9g(1, 2) by an exchange. It is given by 


fps el ae fJaridredrsdes tte) ei Fig + ay) “12g 

Sa oe (rye—rey) 4 ei Isr then- ts) 

vy (Fp) (ef Has iether) 4 ef Bis Tet Ro )) } (13) 
Finally (1-33), which arises from Vf-Vf terms, is written as €y: 


Pee 


a 0 
Ey= — Ome ae Ny, eR dr.dry—™ ek (ris) {Cy iG.) bed (Tos) 7% (rs:) cp (51) 


xX (16 Rigas + ef Ri -rigtke-1o3+kg-1rs;) 
= 4 ellserr— geibevres— 4 arn), (14) 
where the prime on f means the derivative of the function f. In these formulas 


ONS AC Xa 


and 
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rg=Mge—T;, hy=k—ky;. 


The second and the third sums in (I-31), which are also of first order in No/2, 


vanish for the present trial function (3). 
€, and &, have no counterparts in the expression (I-A4) of the energy expectation 
value for a boson system. They are essentially due to the exchange effect. ; 
Integrations of the above formulas are carried out with the explicit forms (2) and 


(6) for the V, and the f. The resulting expressions are given in the Appendix. 


§ 3. Results of the calculation 


We choose the radius of the hard core in the potential (2) as 
D=0.6 X10" cm, 
Then the remaining force constants A and a@ are given by 
A=397,3 Mev, 
a@ =2.627 X10" cm“! 


from Table I in reference 3) for the singlet effective range of 2.7107 cm. 
With these constants € is calculated for various values of parameters #4 and 1. 


The result is shown in Fig. 2. We can see that the minimum of the energy expectation 


p=oX 10%cm-! 


—6 


Fig. 2 
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value per nucleon is found to be —5.2 Mev at r,=1.1X 10-" cm and #=5.0X 10% cm™. 
At this minimum point the contributions of the terms in (8) and (9) to & are 


shown in Table I. 


Table I. Contributions to ¢ at ra==1.1X10—3 cm and p=5.0X10' cm“! 


| Energy per nucleon in Mev 


Kinetic energy as a Fermi gas 24.2 

Effective potential energy | —29.4 
Pure potential part | —77.5 
Kinetic part due to correlations | 48.1 


In this table the first row is the contribution from (3/5) (#°k,?/2m) term in 
(8), which represents the average kinetic energy as a Fermi gas. The contribution from 
the integral in (8) is given in the second row. This may be regarded as the average 
effective potential energy to the single particle motion. It consists of two parts: One 
is the pure potential energy (f*Vcf term in (9)), and the other is the kinetic energy 
due to correlations (— (6°/m)f*V?f and. —i(b°/m) f* (k,—k,) -Vf terms in (9)). They 
are given in the third and the last rows. 

At the point where € is minimum the various contributions to €™ are calculated, 
since they are important in order to see how rapidly the cluster development converges. 


The results are summarized in Table II. 


Table Il. Contributions to €%) at ry=1.1X10—-% cm and y=5.0X 10 cm7! 


Energy per nucleon | Potential part Kinetic part 
CR in Mev | in Mev in Mey 
= = send —_——— ae ———— oe ae 
A =28 | aii5 | 8.7 
4 0.1 | —3.4 | 3.5 
H 0.6 | 2.6 | 2.0 
a alee) = IES) 


Sum of the values shown in the second column, each of which (except Y type term 
appearing from V'f-!’f) consists of potential and kinetic parts written in the third and 
the last columns, gives &’=—0.6 Mev. However, in the values of the third and last 
columns there may be errors of less than 10% in A and of less than 30% in Jd, lel, 
and Y terms, since they are calculated by a certain expansion described in the Appendix. 
Therefore, the values in the second column should not be regarded with too much confi- 


dence, since they are obtained after rather a large cancellation of potential and kinetic parts 


§ 4. Discussion 


We have calculated the energy expectation value of large nuclear matter by the 
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cluster development method “assuming a reasonable two-body force with hard core. 

In order to see the convergency of our development, let us compare € with & 
at the minimum point. The ratio is 1/9. However, there may be accidental cancellation 
in €” due to the errors mentioned before. To see the relations more precisely, we 
compare the expectation values of f*V¢f, one of which is given in the third row of 
Table I and the other is the sum of the values in the third column of Table II. Their 
ratio is 1/6. Also the similar ratio of the expectation value of — (b°/m)f*V?f and 
—i(b’/m)f* (k,—k,) -Vf is 1/5. Therefore, even if it may not be avery good approxi- 
mation to neglect the first order term &") entirely, our development will still be a powerful 
method for the treatment of nuclear problems. Even if we do not include all the terms 
in €”, the inclusion of rather a large A type term improves the situation very much. 

It is interesting to compare the expressions (8) and (9) with the usual Hartree 
approximation. The first term in (8) is just the kinetic energy of the degenerate Fermi 
gas. If we put f(r) =1 in (9), there appears +6V (r) alone instead of vp(r) and 
vx(r) in the integral in (8). This is the well-known Hartree approximation. In this 
case the integral diverges to infinity when the potential V(r) has a hard core. 

However, in the present case V(r) appears in a form f*V¢f in (9). That is to 
say, it is averaged with the weight of the actually correlated functions. f*Vcf is of the 
form 0 Xoo in the core, r<D. However, if we solve a two-body problem with a core 
potential of finite height and then let the height tend to infinity, we can easily see that 
the above form tends to zero. It is likely that such a property still continues to hold 
in the case of the many-body problem. The second term — (b°/m)f*V*f in (9) means 
that there is a kinetic energy due to the correlations between nucleons. The last term 
—i(b?/m) f* (k,—ky) -Vf is the cross term in the kinetic energy between correlations and 
the single particle motions. 

The above relations are illustrated in Fig. 3 for r,=1.1X107" cm and #=5.0X 
10% cm-', We can see that the v(r), which may be regarded as the effective potential 
to the “single particle motion” in the nucleus, is much weaker than the real potential 
due to the separation of correlations between nucleons. This may be a reason why the 
independent particle model explains some properties of nuclei fairly well in spite of the 
strong interactions between nucleons. 

The result of the present calculation suggests that the system does not collapse into 
high density but is stable at about the density observed experimentally. The binding 
energy per nucleon obtained in this paper is smaller than the actual volume energy of 
~15 Mev. Although we shall be able to get a better agreement in the binding energy 
by taking a little deeper central potential in the spin triplet state, it does not seem 
worthwhile to discuss this problem in detail before we improve the approximation in both 
formulation and numerical calculation. Especially our formulation cannot take account of 
the effect of the tensor force. It is averaged to zero in the present calculation, but 
actually is not, although it is supposed not to be so important in the many-particle system 
as in the two-body system. It is also to be noted that the result may depend on the 
constants of the two-body forces rather sensitively, since the € is obtained after the large 
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Fig. 3. v(r)=f*V .f—(4*/m)f*7"f, which represents (1/12) (vp(r) —vx(r)) for ky=ko. 
V(r) should be read as v(r) in the figure. 


cancellation of the large potential and kinetic energies. Anyhow, it is very probable from 
the present calculation that the saturation phenomena can be explained by a two-body 
force only, which is compatible with the two-body data, although we cannot say it con- 
clusively if we consider the crudeness of our calculation and the ambiguities in our present 
knowledge of the two-body forces. This is the same answer as was found by Brueckner 
et al.? with their method. 

It is to be remarked that in the boson case the cluster development is just the ex- 
pansion in powers of the density N/, as is seen from (I-A4). If we calculate only 
the zeroth order term in N/Q, it gives no minimum of the energy expectation value 
with respect to density. If we further calculate up to first order, there may be a minimum 
point. However, at this point the contribution from the first order term is a half of 
that of the zeroth order term, Therefore, in this case the development is not expected 
to be so useful. On the other hand, there are many other dependences on &, in the 


fermion case, giving rise to the results described above. From these considerations we can 
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see that the Pauli principle also plays an important role in the saturation problem.* 

It is desirable to generalize the trial function so as to include many effects neglected 
in the present calculation, The general formulation will be given in a later issue of this 
series, On the other hand it will be interesting to construct the equations for @ and f 
just as the usual Hartree-Fock equation coming from the variational principle.” Such 


equations will give us a different point of view from that of the straight-forward calcula- 


tion with variational parameters. 


Appendix I. Details of calculation 


In this paper €’s are mainly calculated in the following way : k sums are taken inside 
the Fermi sphere, the resulting Bessel functions are expanded in the power of kpr, and 
then space integrations are performed. 

However, the expansions of the Bessel functions are not powerful for the terms 
involving e~” or f*(r) f(r), since they do not damp so rapidly at large r. (It is very 
useful for the terms including e’”, e~*"”, ---.) Therefore, the integrals for the e~*” 


terms in &, €,, and &, are rewritten as 


oo co D 
\ar= \ar- jar, 
D 0 0 


and the expansions are applied only to the domain (0, D), while the (0, ©) integra- 
tions are performed analytically. For &, and &,, the r,» integrations are carried out 
numerically. 

€y is calculated with the following approximation, Integrating €,, with respect to 


r, and r.,, it is expressed as 


at , 


: Sa 0(k,+k,, k,+k,) | driodrash (r5) {Ux (Tp) ef Fyriete) od, 


Eg=—_ 
* ANQ bio key keg 


Here, 0(k,+k,, kj, +k,) is 1 for kj +hk,=k,+k, and otherwise 0. The exact calcula- 


tion of &, is difficult to perform. Therefore, we employ the approximation 


1 <tr ere ee 
ew (4/N)3_. Shel dradrubGades(ra) f euriet) > 5, 
en 4NQ? w ( if ) ba, Ks k, 129134 34 X\Tj2 


where 


<hr 
w= S* A(k, thy, ky+h,) = (34/105) (N/4)?. 
k,, ko, ks, k, 


* It should be noted that the Pauli principle which is one of the central subject of the method of 
Bethe») and Brueckner is “the Pauli principle in the intermediate states” in their terms, and is not the 
same as “the Pauli principle” used more comprehensively in this paper. We have not yet set up the one- 


to-one correspondence between their theory and ours. 
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This approximation means that the average value is taken in the Fermi sphere without 
the restriction of k,+k,=k,-+-k,, and then multiplied by the volume of the region where 


eh tee oe 
Appendix TI. Explicit formulas 


We use the following abbreviations : 


n= (n—1) } [°?/a"— SID" fat 2 (a+) “+ (+24) “}/ (ni) 1], 
B(x) =x+2 tan? 2/x—x(3/2+%/4) In(1+4/x), 
B (x) =x(1—2/4) + (1/3 —5 x°/4) tan 2x 
—x(1/3—x°/2 —x'/16) In(1+4/x), 
p=pD, 
and j,(x)’s are the usual Bessel functions of half-integer order. 
i) EN = (HP kp /10 7m) {37+ (Skp/2H) (1+2p+2p") 
+ (kp'/6f") (3 + 6p + 6p’ + 4° + 2p’) 
— (kp /140/") (45 +90 p+ 90p?+ 60 p?+ 30 p'+12p°+4p*) +---} 
— (A/m) { (3699/4) B(a/kp) 
+ (e*” /a?—a,) kp + ake /10—3 a,k,'/350+---}. 
ii) Ex= (kp /367° )E,— (kp /300 7°) E,+---, 
iii) Ey=— (17k /3780 7° 2) E+: 
In ii) and iii) 
E,=(45+42p+18p'+4 p’) 
X[ Gke'/pm) {(1+2p+2p*) — (ke?/10/2) (514+54p+30p'+12p°+4') 
+ (3 ke'/350/4) (1935 +1950 p+990 p®+ 340 p? +90 p'+ 20 p+ 4 p®) —---} 
—4Aj{ (3 e%?/2) B(a/ky) —agke take /5—3 a,ke /1754+---}], 
E,= (945 +930 p+450 p+ 140 p* + 30 p'+4 p*) 
x [ (?kp?/pm) {(5+2p+2p’) 
— (kx'/315 2") (2319 +2478 p+ 1398p? + 572 p+ 196 pt) +---3 
—4A{ (96°? /2) BY (a/kp) —agky? +26 aske?/105—---}], 
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co 


iv) = (ke'/92*) [F(@) (GQ) +~-}rdr, 
where 


F(r) =3 f* (7) Vo(r) fF) {1— (3/ker) j, (ker) + (18/ke? 1?) 72 (ker) } 
— (26%/m) (F* O)PPF()) {4+ (3/ker) j, (ker) — (18/2?) j,? (ker)} 
— (60° /m) (f* (1) f’(7) /r) {GB ker/10) j, (ker) — js (ker) 

+ (12/krr) j; (ker) jo(ker) }, 

G)= |) boa) ba )rardrndrs 

|r —ros|<rar<rtros 
G'(r) —G""(r), D<r<2D 
“ype ae 1>2D 
with 

G' (1) = (2e-" /27/") {2(59+42p+9 p’) +37 (11+ 6p)} 
— (e**" /432*) {(77 +96 p+ 36") +37 (13 +12 )}, 

G’’ (r) = (1/484) {3 (137 +96 p+20 p’) — 8yr (45 +42 p+ 18 p+ 4 p*) 
+12? (7+6p+2p°) —2p'r't, 

GO 26 FF 2 3h) 423-12 pHs p—2p)i 6p arp’) 
sre ry 
+ (e248) { (219 —204 p+ 84 p’— 16 p*) + 6pr (13 —-12p+ 4p") 
— 62 7° — 44277} | 


v)  Ey= (6k,!/9 22m) \Ko emer Sere 
D 


where 


K(r) =f* (+) f@) {4+ G/ker) js (ker) — (18/ke 1°) js (Ret) 5 


| (r) — J te (fos) re (153) res Goer (r51) d toy 4 5p 
| r—1e3 |<rsi<r +723 
L/(), ID2 5 IAD, 
vi ee CRY 2D, 


L@)= [J] fle) f'n) ft Gad f' Oudridradrs 
| r—ro3 |<rai<r +723 
Lr) +1,"(7), D<r<2D 
Fs fs Gita ere 2D 


SIS: 
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with 

Ly ey 2, Ae ore) 

Ly!) = (1/472) (1-44 (142 p—pr) ete OP — (G4 pt opr) ee, 

Lr) =— (6/544) {2(26 +24 p+-9p*) +347 (11 +6p) +94" 7} 
+ (e7*#"/432") {2(19-+30p+18p") +327r(13+12p) +18f*r}, 

L,!"(r) = (1/8) (7+ 6p+2 6"), 

E(7) = — (CMB) (612 p+ 3p + 2p) —ser(2+ Pp) +3 rp ry 
Te ef PAE) (SO 06 fire AO Piarat hanger we E88 Pate EY 


+621? (3—2p) +4/2r}, 
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The partition function of the lattice model of liquid He! developed in the preceding papers!),2) 
is shown to be derived by determining the form of a universal function of one variable so far as one 
admits three assumptions previously made. Instead of determining the function by using Kikuchi’s 
approximation as before, the determination is made here by making use of the experimental values 
of heat capacity at various temperatures under saturated vapour pressure together with two other 
thermodynamical data at the j-point. Comparison of the values thus derived with experimental ones 
is made for various thermodynamical quantities of pure liquid He! and of mixtures of He+ and He’. 
The agreements are good, and a consistent explanation of various peculiar properties of this liquid is 
obtained. 


$1. Introduction 


Numerous investigations have been carried out to elucidate the peculiar equilibrium 
properties of liquid helium from the atomic theoretical point of view. They may be 
roughly divided into three classes according to the methods of approach. In the first 
class atoms in the liquid are assumed to be almost free.” The theory fails to include 
the effect of correlations between the positions of atoms sufficiently. In the second class 
each atom is assumed to be localized in a cell.*’ The theory cannot take full account 
of the quantum-statistical mechanical effect, accordingly of the cooperative character of 
Bose-Einstein condensation. 

Actual He atoms are neither completely localized nor free. Such an intermediary 
character of atoms in the assembly makes the usual approximation invalid, and yet this 
character is supposed to be the main origin of the peculiarities of this liquid. The third 
class, therefore, should be the one which takes account of these circumstances, 

Feynman” and Butler-Friedman’’ independently proposed with some success the 
theories which may be classified into the third class. Their theories directly start from 
the well-known exact hamiltonian of the assembly of He atoms and in this sense they 
are based on the first principles. In turn, however, they are rather complicated and the 
singular character of this liquid cannot be derived easily from them. 

At this stage we may turn our attention to the important roles of the model method 
in the theory of classical liquid. They served to explain both the equilibrium and non- 
equilibrium properties of liquids and have brought many a fruitful result. In quantum 
liquid, too, it would be desirable to have a model, which should belong to the third 
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class, simple but sufficient to understand the striking features of the liquid. 

Along this line of thought Matsubara and Matsuda’ have developed a lattice model 
of liquid helium modifying the model previously proposed by S. Koide.’ (These papers 
1) and 2) will hereafter be referred to as I and II respectively.) They carried out approxt- 
mate calculations taking into account the quantum mechanical and quantum-statistical 
effects and the effect due to the rigid core of an atom, and succeeded to explain qualita- 
tively some of the peculiar properties of pure He® liquid. 

In I the lattice model was discussed in terms of a spin system. In order to ac- 
complish the calculation, the molecular feld approximation was used. Then the negative 
thermal expansion coefficient inherent to the substance could not be obtained, while the 
correct /line was obtained by adopting for the mass of the model the true mass of He® 
atom. Further elaboration to the usual Bethe’s approximation does not seem to improve 


this situation, 
In II the partition function of the lattice model was directly calculated by counting 


the number of pertinent closed polygons drawn in the lattice space applying Kikuchi’s 
approximation besides several simplifying assumptions. In this case, although both the 
correct form of the /-line and the negative thermal expansion coefficient was obtained, it 
was necessary to use an effective mass equal to one seventh of the true mass of He’ atom, 
which is too small. Moreover, the calculated values of the specific heat are rather small. 
All these discrepancies are, as we have pointed out in II, supposed to be mainly due to 
the too rough application of Kikuchi’s approximation. Notwithstanding the fact that the 
restriction imposed on the types of fundamental graphs in II was too severe, the formidable 
complications will arise if one tries to remove this restriction. 

Now, one may notice the fact that in II although the number of fundamental graphs 
9 ({x:},{%$) involves as its arguments the set of a great many parameters {x,}, {y;} 
fixing the type of F.G.’s, only the value of g({x,;}, {y,}) which gives the maximum 
contribution to the partition function is of predominant importance. This maximum 
value depends on the independent variables specifying the thermodynamical state of the 
system (density, temperature and parameters determining hamiltonian of the system). If 
this dependence is characterized through only few variables which are the functions of the 
above-mentioned independent variables, we shall have relations between various thermo- 
dynamical quantities without knowing all the values of y({x;}, { yi}). Fortunately, in 
our case, we shall see in the next section that the partition function contains only one 
universal function of one variable besides the independent variables. It would be worth- 
while, then, to determine the universal function empirically and try to understand the 
relations between various thermodynamical quantities. This is the main technique taken 
in this paper. We shall see that all salient thermodynamical phenomena in liquid He?* 
and in the mixture of liquid He" and He’ are interrelated ones, explicable by a simple 
physical consideration. 

In I and II our discussion was restricted to pure He’. The basic physical idea was 
that as the density increases the assembly changes its state from nearly free state to 


nearly localized one, and the approximation in the first class becomes worse while that in 
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the second class becomes better. These circumstances, which is absent in the assembly of 
ideal particles, will be essential to understand the behavior of real He atoms. It will 
most significantly be reflected on the process involving a change of density. The waves 
with longer wave lengths essential to the /transition are then more and more quenched 
as the density increases, resulting in the correct density dependence of the “line and the 
possibility of the occurrence of negative thermal expansion coefficient. 

This idea will also be applicable when there are He*® atoms contained as a solute. 
The peculiar properties of He'—He* mixture, e.g. large deviation from Raoult’s law, 
have been discussed phenomenologically by many authors,” and yet the clear-cut explana- 
tion without any ad hoc assumptions does not seem to exist. Making use of analogous 
considerations as in the case of pure He‘, we shall be able to explain in the later sections 
the properties of the mixture within the frame of our theory when the concentration of 
He?® is low. 

In § 2 by the aid of three assumptions introduced in II, various thermodynamical 
quantities are expressed in terms of a universal function and independent thermodynamical 
variables. In § 3 the universal function is determined by using the experimental data of 
heat capacity under saturated vapour pressure and two other data at the “point. In § 4 
various thermcdynamical quantities are calculated by the expressions derived in § 2 and 
the universal function determined in § 3, and comparison is made between the theory and 


experiments. 


§ 2. Reduction of the various thermodynamical quantities 


First we discuss the case of pure He’ in the same model as in II. We shall here 
briefly review the considerations and notations in II necessary for discussions in this paper. 
For detailed accounts the reader is referred to II. 


The problem is to calculate the partition function 
Z=Trace|exp(—/H) |, (1) 


where 


HM —BS 4, 4. B=b'/2md". (2) 


ap 
a;* and a, are operators which respectively creates and annihilates an atom at the 7-th 


lattice point. We have seen that expanding Z as 
Z—Trace| 5) (—PH)"/n!], (3) 


there corresponds to each term of the right-hand side of (3) certain transfer of atoms 
forming as their trajectories a set of closed polygons in the lattice space. We have 
classified these sets of closed polygons defining a fundamental graph (F.G.). We have 
asked, then, in how many ways we can transfer atoms on a F.G. and return to the 
configuration identical with the initial one after 2n transfers. 

In order to settle the problem we have introduced three assumptions in II, Accord- 
ing to Assumption I there are approximately [2m % p,/" ways of arranging the 2m transfers, 
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if we disregard the fact that the final configuration of particles should be identical with 
the initial one, Here m is the number of lines connecting nearest neighbour lattice 
points in a skeleton, and py=(M—N)/M and »,=N/M. M is the total number 
of lattice points and N is the total number of particles. By Assumption II we have to 
multiply [2m 0,0," by [s!/{ (sp)! (s,)!}]7 in order to correct the number so that 
the final configuration is identical with the initial one. Here, s is the number of lattice 
points forming the skeleton. This corresponds to the assumption that complete randami- 
zation of particles has occurred in the F.G. after 2n transfers independent of the initial 
configuration. 

In order that a graph drawn by arranging 2n transfers according to Assumptions I 
and II belongs to the original F.G. with side length 2m, we have to put a further 
correction factor f(m, n), which is approximated according to Assumption III by 


fm, n) =| (2n) 1/20" | " ee ) (2m) (4) 


for n>m and n—m<m. 


Thus we have obtained 


a : m, n)|2mo, 0, P” (PB) ih. bie 5 
(M—N)! Nt ant » 2) 2m Por] (2n) ! ear — é ©) 


where S means the summation over all possible F. G.’s. 


Each F.G. has been classified by a set of parameters {x;} and {y,} specifying a type 
of F.G. Denoting by g({x;}, {y,;}) the number of F.G.’s belonging to the set of 


parameters {x;} and {y,}, we have 


M! 2 ‘ p 
eS 22 Xe} » t pr > 2m Py P|" 
(M—N) !N! leds iod 9 (Axi Ly, 1) di flm n)| ™ Oo i | 


(9B)*" s! ae 
(2n)! | (50%) ! (s,)! | : (6) 


We have seen in II that in the vicinity of the /-point we can approximate as 


$= 2m—=2n—= 2m. (7) 


Admitting (7), we obtain from (6) for the logarithm of the partition function per 
lattice point without making direct use of Kikuchi’s approximation 


SRL THICS salar WIG is I, 
BM ee ee | 


=Max| PU), {yas ”) ih (8) 
M 
where 
P=ln(%",8B), A=elno,+p,Inp,. (9) 
The values of {x;}, {y;} and n are to be determined so as to make P( {xi}, {ye}, 2) 
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maximum for given values-of /’ and A. Therefore, P can be written as 


Y =exp[4+1'], fee 


where (Y) is a universal function dependent solely through Y on the variables specifying 
the thermodynamical state of the system. 

When we deal with the mixtures of He’ and He, we note that (i) if the concentra- 
tion of He® is low the possibility that He® atoms exchange their positions is very small 
compared with that of He* atoms. Therefore, the most part of the contributions to the 
partition function comes from the graphs in which most He® atoms return after 2n 
transfers to their own initial points*; (ii) even when they happen to exchange their 
places, due to the Fermi statistics the contribution is negative if the permutation is odd. 
Both of these two facts will reduce the contribution from transfers of He® atoms to a 
considerable extent. 

Thus, it will be safe to regard He*® atoms as fixed, so far as the concentration of 
He® is not too high and the temperature is not too low. The 2nJ’ in (8) should now be 


written as 
2n[” =2n In (py 4/9B) 
Vie N,/M, 


(11) 


where N, is the number of He* atoms. Corresponding to Assumption II of II, the 
probability of returning to the initial configuration will here be approximated by the 
reciprocal number of ways that s7, He’ atoms and sf, holes can be distributed among 


5(M +s) lattice points, i.e. [ {5(M t+.) }!/{ (se) ! (sp) I} ]7** 
This requires that the 2nd appeared in (8) should be 
2nA=2n {4 Int 4 ln fry— (Po +4) In (+ Ps) } > (12) 


and the last term A in (8) should be replaced by 


A= Inyo +s lnpyt ps In fs, (3=N;/M (13) 


respectively, where N, is the number of He’ atoms. 
Summarizing the above we have for the Mgarithm of the partition function per 


lattice point 
P=9(Y) —A, (14) 


where 


* This consideration applies to the system of liquid He! containing as dilute solute any foreign atoms. 
It is then expected that these systems will show similar thermodynamical properties. 

** Strictly speaking the immobile He’ atoms will act as an obstacle to the transfer of He? atoms, con- 
tradictory to the fact that the s lattice points belong toa F.G. defined in II. Here, we may think we have 
roughly taken into account the possibility that He* atoms evade the He! atom and return afterwards to 


their initial positions. 
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Y=exp(44+l), [=In(/,8B), 
A= pry Ini +4 In ey— (Po + Ps) In G+ Ps)» 
A= Inyo + Inp, +0, Inyp,, 

B=) Ji. 


Here m, is the mass of a He‘ atom. 
Free energy F, internal energy E, entropy S, heat capacity at constant volume C, 


and pressure of the system p can easily be written down as 


F =—METP, (15) 
E=—M(0P/dY) (OY/08) =—M(d¢/AY) e4 1 /,B, (16) 
S=(E—F) /T=kM(P—Y-0¢/9Y), (17) 
C=kMY?.0°0/dY®, (18) 


p=kT/d*. (P+M-dP/0M) 
=—kive* [P+, Ino, +, In p;— a In % 
+09/dY- Y {0, Ino) — , Ine,— ps In (1 — ps) + 0,/P—-1}]. (19) 


At the /-point the heat capacity expressed in (18) should have a discontinuity. 
Since @(Y) is a universal function, the singularity should always occur at the same value 


of Y. The /-point is, therefore, determined by 


exp[4+T|=Y,, (20) 


where Y, is a constant. 

So far we have left the effect of attractive forces out of consideration. As the range 
of attractive force is larger than that of repulsive force we may take as a first approxi- 
mation that every atom experiences the constant field of attraction so long as it is in the 
liquid. The potential energy per atom due to attractive force being thus assumed constant, 
its inclusion does not change the matter in the process where the number of atoms is 
kept constant as above. In order to obtain the expression for chemical potential, let this 
mean attractive potential energy per atom be &. 

The chemical potential for He* in the liquid is then 


Ls (OF/ON,) v,= 1/M.- (OF /O0,) = 


=-ir(%¢ OY OA )+é 
OY On, ( 


3 
=—| Bt les pS — ~~) +106 


mym()}e an 


and for He*® 
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fa (OF /ON;) v= 1/M.- (OF /0() 04 


=—«r| 3% ce ; ee ee +6: (22) 


0 


If we assume the vapour of helium as an ideal gas, the chemical potential in the vapour 


for He’* and for He’ are 
py =kT (Infi,—2 Ind,), (23) 
Ps =KT (Infi,—# InJ,), (24) 
respectively, where 


A=Qrm kT) /P) A= (argh ih 


(’, and (, are the number density of He* and He® in the vapour, and m,, m, are the 
mass of a He’ and He’® atom respectively. 


From the equation 


Ms=f7, and ~,=fs, (25) 

we obtain 

= 33 D fe) il 1 0 

iol trp a0 

Pa=4q mn exp ae : Ph = 4h ms | > (26) 

6 git Lae [ --28-¥ EN (45%)! |. 27 

j= PL exp] — eli “seiee) (27) 
Hence, 


Cy/C; = fal Pa (m;/m,)°” exp |-2 x {=~ +In (4—)}| : (28) 
oY 4 


/ —_— 
3/ C4 105 


§ 3. Determination of the universal fuaction ¢ (Y) 


In II we have seen that if we set the lattice spacing d=3.1 A, the correct density 
dependence of T, is obtained. Here, we use the same value for d as before, but use the 
true mass 6.69X10~* gr for m,. From the fact that when ,=0.65, (/;=0, the density 
is about 0.147 gr/c.c. and the corresponding experimental /-temperature is about 2.16°K, 


we obtain 
Y= (ey fie B) = 0.0344. 


We can get the explicit form of g(Y) by numerical integration of eq. (18) making 
use of the experimental value of C at a fixed density. We employ for simplicity the 
data of C under saturated vapour pressure, the density of which approximately corresponds 
to (,=0.65, ~,=0. As eq. (18) is of the second order in the derivative of o(Y), 
we have to fix two integration constants from experiments. Using eqs. (17) and (28) 
and experimental values Cy/C;,—~10 and S=~ 0.36 cal/gr for ~,=0.65, ;=0, we obtain 


at the /-point 
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(0¢/0Y), ~ 64.9 
@(Y) = 2.06. 


The universal function g(Y ) thus deter- 
mined is illustrated in Fig. 1, together 
with its derivative dy/dY. 


§ 4. Comparison with 
experiments 


We 


entropy and C,/C,, for various tempera- 


can now obtain values for 


tures and concentrations using eqs. (17) 
and (28) 


determined in § 3. 


and the universal function 
These curves are 
shown in Fig. 2 and Fig. 3. To com- 
pare the values of pressure with experi- 
ments we have to correct (19) for the 
effect of attractive force. As the anomaly 
in isopycnals near the /-line is considered 
to be due to that of the kinetic energy, 
we have assumed for simplicity that the 


contribution to the pressure from the 
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Fig. 1. Universal Function @(Y) and ye versus 
x=Y/Y), Y,=0.0344. 


attractive potential is independent of temperature. 


Cal /gr. 
0.6 


0.4 


0.3 


0.2 


0.1 


5 2.0 2.9 


Fig. 2. Entropy versus Temperature of Liquid He! (Theoretical) 
Ci) =o; =0:75 


d) = p,;=0:65 (11): 9, =0:70 


(ID 


The isopycnals drawn in 
Fig. 4 are obtained by adjusting 
the additive constant due to the 


attractive potential which may 
(I) 


depend on density but is assumed 
(II) 


independent of temperature so 
that the correct value of pressure 
may be obtained at the /-line. 
These curves are generally in 
good with 


agreement experi- 
g 


ments. The too slow rise of 
isopycnals with temperature in 
the region of He I will be due 
to ignoring the temperature 
dependence of the effect of 
Si attractive potential. 

From eq. (20) 


centration dependence of the 


the con- 
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Fig. 3. The Distribution: Function versus Temperature (Theoretical) 
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properties of liquid He* and ,.y 


mixtures of He*—He* with 
small concentration of He’, 
although we are not free from 


using several assumptions made 


ine le 


Fig. 4. Isopycnals of liquid Het 
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20 


A-temperature is obtained. If 


we put 


Pion 
X= Ps/ 01 


we have 


—dT,/dX=Y,Bpo,p,e40, 41/0, 
+In,+In(1—p,)}. 
(29) 
In the limit of zero concentration 


of He®, we obtain 
=T)(1 + 4 In ?,) : 
(30) 
The result is tabulated in Table 
I and is compared with 
experiments, 
Thus we have obtained by 


use of the lattice model a 


consistent explanation of peculiar 
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Table I. Density o of He’, theoretical and experimental T,, and initial slope of the 
curve of T, versus X. 


ee 


| 0T> ; OT, wy 
0; | 0 (gr/c.c.) | T, (theor) T, (exp) ax ee ( Ox ee 
0.65 0.147 | 2.16 | 2.16 | See “43 
0.70 0.158 | 2.07 | 2.10 | 1.55 JZ 
0.75 0.169 | 1.94 1.97 | 1a = 
0.80 0.180 | 1.76 | 1.76 | —1.44 = 
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The exact eigenfrequency-distribution of the Poisson lattice containing few isotopic impurities at 
random positions was calculated by the matrix method developed by the author in a preceding paper 
(I) and by Kerner. Within the original band, this comes out to coincide with that obtained in I 
from the average eigenvalue equation (Trace HH) 4;=2. This justifies the use of the average eigenvalue 
equation for the Poisson lattice, at least within the kand. The distribution function obtained shows 
in addition that outside the band there appears a narrow “impurity band.” 

Secondly the exact average eigenvalue equation for non-Poisson lattice was calculated, which shows 
that, on the average, the eigenfrequency-distribution is the same as that of the regular lattice except 
that the limiting frequency is shifted corresponding to the average increase or decrease of the atomic 
mass. Finally the validity of the ergodic assumption was examined, with a negative answer. The 
actual lattices may, therefore, have the eigenfrequency-distribution which is markedly different from 


the average distribution. 


§ 1. Introduction 


In a preceding paper”, which hereafter will be referred to as I, we treated the 
problem of the vibration of linear disordered lattice by a method of transfer matrix and 
showed that it is particularly effective for investigating the problem of random lattice.* 
The argument given there as to the random lattice was however incomplete inasmuch as 
it was based on a rough argument about the ergodicity of the quantity Trace H, on the 
one hand, and it was restricted to a limiting case of few impurities (Poisson lattice), on 
the other. In this paper it is attempted to remove this incompleteness to some extent. 

In the first place, after giving some remarks about the moments of Trace H and 
the validity of the ergodic assumption, the exact probability distribution function of 
Trace H for the Poisson case is calculated by the method of Kerner”, from which the 
limiting eigenfrequency-distribution for a long lattice is obtained, Within the frequency- 
band of the regular lattice this proves to coincide with that obtained in I from the 
average eigenvalue equation, which shows that we may use here, at least within the band, 
the average eigenvalue equation to obtain the true distribution, though in this case the 
ergodic assumption is not valid for Trace H. In addition, our eigenfrequency-distribution 


tells us that there should appear an “‘ impurity band ”’ whose center lies at the impurity 


* Recently we have become aware of that H. Schmidt treated the problem of the impurity band by 


starting from a matrix formulation which is very similar to ours. His procedure of calculation is, however, 


mathematically different form and much more intricate than that used here and in I. 
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frequency of a long lattice containing only one impurity. 

In the second place we calculate the average eigenvalue equation for non-Poisson 
lattice, which shows that, on the average, the eigenfrequency-distribution is the same as 
that of the regular lattice except that we must replace the mass of the regular atoms by 
the average mass of the atoms in the random lattice, in the formula giving the eigen- 
frequency-distribution. Finally we examine the validity of the ergodic assumption for 
Trace H, which unfortunately leads to a negative answer. Though it does not necessarily 
mean that the assumption fails to be valid also for the eigenfrequency-distribution itself, 
we cannot prove the validity as in the case of Poisson lattice, and cannot therefore ex- 
clude the possibility that the actual lattice may have the eigenfrequency-distribution which 
is markedly different from the average distribution just obtained. 


We shall use throughout the paper the same notations as used in I, 


§ 2. Eigenfrequency-distribution of Poisson lattice 


Let us first consider the case in which q becomes infinitesimal as N—>co but Ng=a, 
the average number of impurities, remains constant, i.e., the case of the Poisson distribu- 
tion treated already in I. We follow the procedure of Kerner” to calculate the moments 


of Trace H: In the formula 


(Trace H)xy=Trace| (I+) +9 {Q'— I4+A)} "Trace J”, 


we regard q{Q/— (1+ A)} as the perturbation and neglect the non-diagonal elements of 
the matrix Q’/— (I+). (For simplicity, we restrict ourselves to the Case M, i.e. the 
case of isotopic impurities.) Then 


5 exp (2Ni/?) 0 i€ tan € 0 
et ) exp a ( 3 
\ ) exp (—2Ni/?) : 0 —i€ tan f 
and we have 
(Trace H) .y=2 cos(2N$+<@6 tan f). (2-1) 


This coincides with the result obtained in I, and justifies the argument in I about the 
nature of our approximation. In the limit N—>oo, the second term of the argument of 
the cosine function can be omitted, and the average eigenvalue equation becomes the same 
as that of the regular lattice. 


The second moment can be calculated by the same perturbation procedute : Starting 
from 


( (Trace H)*) .y =Trace | (I+) - +A) +4{Q’-Q’— (+4) -(I1+4)} ]", 
where A-B means the direct product of A and B,” we get 
(Trace H)®» .y =2exp (a@& tan?8) + exp (—a@& tan’) |(Trace H)-—2], (2-2) 


which means that there is a finite (central) second moment, which increases rapidly with /. 
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Since in the present case (finite average number of impurities) the ergodicity is 
evidently invalid, it is a matter of course that the finite second moment exists, This 
means that the eigenfrequency distribution of the actual lattice exhibits fortuitous fluctua- 
tions from the one obtained from the average eigenvalue equation (Trace H),y=2. It 
does not, however, necessarily mean that the actual lattice has usually an eigenfrequency 
distribution which is markedly different from that obtained from the average eigenvalue 
equation, e.g., the one in which exist a considerable number of impurity frequencies. It 
is possible that, even if the Trace H for some /3-value (say /9’) which satisfies (Trace H) .y 
=2 is very different from 2, there is always a -value which is very close to /%’ and for 
which Trace H=2. Then the overall eigenfrequency distribution will still be given 
approximately by (Trace H),y=2. This is highly probable, since Trace H will oscillate 
very rapidly with §, as might be expected from the formula for Trace H obtained in I 
for the case of a definite number of impurities (e.g. eq. (6-3) of I). 

To investigate whether this is true or not, we directly calculate the probability dis- 
tribution function of Trace H without using the moments. According to Kerner, the 


characteristic function of the distribution of Trace H is given by 
f@ =exp(—@) > exp (iuQy) aryl, (2-3) 


where Q,=Trace DE’, and 


p-( exp (2Ni/9) 0 ) 3 


( 1+7€ tan p 0 ) 
0 exp (—2Ni/?) 


0 1—i€ tan B 
in our case. Then the probability density for the event Trace H=2 is given by 
F (2) =SJexp(—a) a /»![ (22) “| exp iu (Q,—2) du] 
=>) exp(—a) a*/v1[0(Q,—2) ], (2-4) 
where O(x) is Dirac’s delta function. Q, can easily be calculated as 
Q,=exp(2Ni/) (1 +i€ tan 8)’ +exp(—2Nif) (1—i€ tan Bx 
=2(1+& tan?) *” cos(2NP +» tan’ (E tan f)). (2-5) 


It is seen that the -value which satisfies Q,=2 depends on v in a complicated way, 
and it is difficult to visualize F(2) as a function of 3. It is, however, easy to obtain 
its limiting form for N->co, Then the function cos(2Nf-++» tan7'(€ tan #)) oscillates 
infinitely within the interval (0 <P<7/2), and fills up the region almost continuously, 
as is shown in Fig. 1. Therefore the line representing the constant (1+ € tan?8) ~*? 
with any arbitrary value of 3, which is less than unity for all 9s, always intersects the 
curve at that value of 8. This means that for all. 9’s Trace H=2 with probability 
unity, i.e., every (9 necessarily becomes the eigenfrequency. This eigenfrequency distribu- 
tion coincides with that given by (Trace H),y=2 in the limit N—>0o, as is seen from 
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(1+ tan? ~)-” __, LI 


i 


Fig, 1: 


— cos(2NB+y tan71(E tan f)) 


(2-1), showing that in the present case there is a certain kind of ergodicity for the 
eigenfrequency distribution and we have only to calculate the average eigenvalue equation 
to obtain the limiting distribution of eigenfrequencies within the band (0, 7/2). 

The above result does not, however, exclude the possibility of appearance of impurity 


frequencies. In fact, if we put S=7/2+i7, Q, becomes 
Q, = + |exp(—2N7) (1—€ coth7)”+exp(2N7) (1+€ coth7)”]. (2-6) 
For »=1, for example, this gives 
Q,= +[2 cosh (2Ny) + 2€ coth 7 sinh(2N7) ]. (2-7) 


The equation Q,=2 is thus identical with the equation (I, (4-8)) for the impurity 
frequency of the lattice containing only one impurity. Hence the impurity frequency of 
the lattice containing one impurity becomes that of the random Poisson lattice with the 
probability a exp(—qa@), which is just the probability that there is one impurity. It is 
easily seen that also for other values of », Q, coincides with the expression of Trace H 
for the lattice containing the respective number of impurities, averaged over their relative 
configurations (see I, (7-3)). Thus we can generally conclude that the average impurity 
frequency of the lattice containing » impurities becomes that of random lattice just with 
the probability that there are » impurities, This is a natural result inasmuch as for 
N->co the value of Trace H for complex argument 7/2+i7 does not depend sensitively 
on the relative configuration of the impurities, as can be seen, for example, from (I, (6-3)). 
It can be seen that for N—>co the equation Q,=2 becomes 
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(1+€ cothy)*=0 for evety ». (2-8) 


The root of this equation just gives the impurity frequency 7, of the infinitely long 
lattice containing only one impurity (see I, (4-9)). It is thus seen that for sufficiently 
long lattices the impurity frequencies crowd around 7, almost certainly, and form a narrow 
“impurity band.” This result is just the same as that obtained by Schmidt®.* 

Such an information on the impurity frequencies cannot be obtained, as is easily seen, 
from the average eigenvalue equation. This is because of the essentially discrete character 
of the impurity frequency-distribution, and can be anticipated from the expression of Trace 
HT for definite number of impurities, since it does not exhibit such a rapid oscillation as 
mentioned above with the variation of /. 


§ 3. Non-Poisson lattice with isotopic impurities 


Next we consider the non-Poisson case, i.e., the case in which g remains constant 
even if N—>oo, so that the average number of impurities Nq is infinite. (Trace H),y 
is then given by Trace | p(I+A) +qQ’|\"=A1+2%, where 4, and 4, are the eigenvalues 
of the matrix p(I+A) +qQ’. Putting cos a=cos (2/2) —g€ tan f sin (2/), they turn out 
to be exp(+ia@). Hence we have 

(Trace H),y =2 cos| N {cos~' (cos (2/7) —gé tan 8 sin(2P))}]. (3-1) 
The average eigenvalue equation thus becomes 
cos’ {cos (2/7) —g€ tan f sin (28) } =2nz/N, 
Mas 12,002 2 , N/2 or (N—1) /2. (3-2) 


The roots of this equation can be obtained graphically, as shown in Fig, 2. If the ~ 
ergodic assumption be valid for Trace H, these roots would give the eigenfrequencies for 
the actual lattice: all the eigenfrequencies decrease when €> 0, and increase when € < 0, 
and in the latter case there appear several impurity frequencies. At first sight it seems 
that the density of eigenfrequencies is minimum at the top of the band (0, 7/2), and 
there appears an impurity band, That this is not the case can easily be seen if we 


transform the variable from § to w: From the relations 
d cos_' {cos (2/2) —g€ tan f sin (2/2) } = 
= —1/{1— (cos (2) —gé tan f sin (2/9) )*}'” 
X[—2 sin (28) —gé {2 tan 8 cos (2/9) +sin (2) (1 +tan’f) } | de? 


and 


d3 =du/(wr—a’)"”, 


* The fact that 7, is the v-fold root of (2-8) shows that there must appear in general y impurity 
frequencies if the lattice contains y impurities. For N->co it is almost certain that there are Ng impurities 


and consequently Ng impurity frequencies, crowding around 7. 
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x n/N: eigenvalues of regular lattice 


| O average eigenvalues of random lattice | 


Fige2 


where w= (44/m)'”, we obtain the density distribution on w-axis : 


f(e) do =2dw/7z(1—0?/0”)'Pa!l, a<a, 
(3-3) 
=0 5 OY SO 
where w/=w,/(1+q&)'?. Thus we obtain the physically reasonable result that the 
eigenfrequency distribution is just the same as that of regular lattice, except that we have 
to replace the limiting frequency , by a new limiting frequency w!= {4//m(1+q&)}1?, 
where m(1+g€&) is the average mass of the atoms. 

When & <0 all the eigenfrequencies increase, and there appear impurity eigenfrequencies 
outside the original band (0, @). It is however open to question whether we may 
consider them to be impurity frequencies in the true sense: In the present case we may 
freely interchange the roles of the regular and impurity atoms, i.e. interchange p and q. 
Then after interchange the “ impurities”? become heavier than the “ regular” atoms, and 
the eigenfrequencies in question now lie within the original band! This shows that, 
although it is evident that the modes corresponding to these frequencies have more ot 
less localized character (the complex values of /’s), the essential difference between the 


non-localized mode and the localized one now disappears and the transition between them 
becomes a continuous one. 
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In order to examine the validity of the ergodic assumption, we next calculate the 
second moment of Trace H. This is given by, after Kerner?’, 
< (Trace H)*) .y=[ p(I+4) - (F+4) +qQ’-Q'|". 


The characteristic equation of the matrix in the square bracket comes out to be 


— #14 cos’(23) +4 (4G? sin? (2) — 8G sin (28) cos (2/9) } | 
+#(8 cos’ (2?) +8qG sin (48) + 8q°G? sin? (22) —2] 
—A[4 cos? (2) —q {4G? sin? (2) + 8G sin (29) cos (2) 
+ 8q°G? sin’ (2) ]+1=0, 
where G=€&tan. Let the roots of this equation be /,’s (i=1, 2, 3 and 4). For 
lim ¢ (Trace H)®) v= lim > }* to be finite, all the four roots must be of modulus. 


unity, The above equation must, therefore, have the form 
(#7 —AA+1) (#—BA+1) 
=/*—# (A+B) +7(24 AB) —/4(A+B) +1=0, 


which evidently is not the case. Whence the result that there must always exist the 
roots whose moduli are not unity. Since, however, // /,=1, there must be at least one 
t 
root with modulus greater than unity; that is, lim ( (Trace H)*),y always diverges. 
N>o 

This is an unpleasant result and shows that either the ergodic assumption is not 
valid or there are lattices, though few, for which Trace H becomes infinite. To investigate 
which alternative corresponds to the truth, we next calculate (Trace Hy for the lattice 
containing non-isotopic impurities. In this case the exact calculation proves to be difficult, 
because at the position of impurity three successive transfer matrices have to be replaced 
by the impurity ones. As an approximation we assume that the impurity atoms can 


occupy, with a probability g, only every third position, Then 
(Trace H) .y=Trace| p(I+ 4)*+qQ]"". 
The characteristic equation of the matrix in the square bracket comes out to be 
#2 —22[cos (6?) —q {20 tan P sin (6/2?) —40” tan sin?? sin (4/9) } | 
+1—8pq0"sin’? tan 7 sin (2) =0, (3-4) 
if for simplicity we put €=0. Since the constant term is not unity, the moduli of the 


roots cannot be both unity, which means that in this case (Trace H),y becomes zero or 
infinity for N->co, and the eigenvalue equation has no roots. 

This difficulty originates from the fact that || p(I +A)*+qQ]| is not unity, Le., 
the fact that the “average lattice”’ whose transfer matrix is given by p(I+ A)’ + qQ has. 
no real significance. This clearly indicates that the ergodic assumption fails to be valid 
for Trace H, since otherwise (Trace H),y should be equal to Trace H of the individual 


lattices and should give a significant eigenvalue equation. 
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It has thus been shown that the ergodic assumption does not hold good for Trace H, 
contrary to the anticipation made in I. This does not necessarily mean, as is seen from 
the result obtained above for the Poisson lattice, that it fails to be valid also for the 
eigenfrequency-distribution itself. Considering the essentially continuous character of the 
average eigenfrequency-distribution obtained above, it is likely that the assumption is true 
for the eigenfrequency-distribution in the whole frequency domain. Inasmuch as we are 
not able to prove it, however, we cannot at present exclude the possibility that the 
contrary is true and the actual lattice may have the eigenfrequency-distribution markedly 
different from the average one, for example a distribution in which appears an impurity 
band well separated from the main band. 

The author wishes to express his sincere thanks to Prof. T. Tanaka who kindly read 
the manuscript and gave him several helpful comments, and to Dr. Kerner who criticized 
the previous work and stimulated the author to write the present paper. He also wishes 
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According to the theory of d’Espagnat and Prentki the anomalous magnetic moments of hyperons 
are calculated in the lowest order perturbation approximation. It is further shown that their charge- 
independent interaction Hamiltonian leads to the mirror theorem for the anomalous magnetic moments 
of baryons (and of K mesons) without use of perturbation approximation. Finally the anomalous 
magnetic moments of Y hyperons determined from the mass differences of Y and the mirror theorem 
are compared. with the perturbation results. 


§ 1. The lowest order perturbation calculation 


To estimate the unknown anomalous magnetic moments of A, * and = hyperons 


> seems to be interesting. So far, however, 


using the d’Espagnat and Prentki interaction,’ 
there is no reliable method to carry this out. Any method which neglects the recoil of 
baryons would give a poor approximation in view of the relatively large rest mass of a 
K meson. Although the perturbation treatment takes account of the recoil effect, it would 
not be considered as an acceptable method for this problem, when the interactions are 
fairly strong. Now one could pay attention to the facts that (i) even the lowest order 
perturbation contribution from the (NN7z) interaction has given the correct signs for the 
anomalous magnetic moments of a proton and a neutron (but with the wrong proportion) , 
(ii) the recent analyses of the K—WN scattering experiment and of the binding energy of 
hyperfragments seem to give somewhat smaller coupling constants of ('NK) and (ANR) 
interactions, that is g?<1,”” and moreover (iit) Schwinger’s theory” suggests that 
C(2NKRe (ANK), g? (SEK), and g?(AEK) are ~1/10 to 1, and g? (ASz); 9? (227) 
and g?(=2=7) either vanish or are much smaller than g?(NNz) in order to explain the 
observed mass levels of baryons. Thus the lowest order perturbation calculation for the 
anomalous magnetic moments of the hyperons is carried out in the present report in the 
hope that at least some qualitative features of them might be obtained. The validity of 
the perturbation approximation for this problem could be examined in the comparison of 
the calculated values with those of future experiments. 

With omission of the ordinary spin operators the d’Espagnat and Prentki interaction. 


Hamiltonians are written as 


* Now at the Osaka Gakugei University, Osaka. 
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H, (NNt) =f(NN7) GX! 7x9 as \ 
H, (AS'2) =f(AS7) hiy* Pxebac tH.C., | Es 
H, (33m) =f(Z27) PE La bras | 

H, (Zn) =f (257) G2" 7, beban } 

H,(ANK) =f(ANK) x* 6%" yw +H.C., | 

H,(2'NK) =f(2'NK) G$,0% tiv +H.C., | me 


H, (ASK) =f(AEK) $ * bx" 29x + H.C., 

H, (2 EK) =f (2 EK) Gk, be" t2t: be +H.C. / 
where t’s and I’s are 2X2 and 33 matrices in the isobaric spin space respectively, and 
the other notations are the same as in reference 1. 


According to these interaction Hamiltonians, the anomalous magnetic moments of 


baryons in the g’-approximation are, in units of nuclear magnetons, 
ce il 2 ie 
(p*) = {g° (Na) [B, (Na) +2B,(NNo) | 
SG ee (NIK) +B, (NK) |+9? (NAR) B,(NAK)}, 


(3) 
(a!) = —— {¢* NNz) (2B, (NN=) —2B,(NNF) | 


+9 (N2K)[—2B,(N2K) +2B, (NK) }}, 


My 


CAL) = 
uM) ae 


—— {9 (AEK)[B, AZK) —B,(AEK)] 


+9? (ANK) [B,(ANK) — B,(ANK) ]}, (4) 


My 
Ms % 


+9 ress [B,(X 27) +B, (227) s +9°(SAr) B(SAn)},° | 


(2) = 1 {gt NK) 2B, (ENR) +$9°(2EK)2B(LEK) | 


w(s)= 


—9?(S5K)2B (SEK) | 
(5) 
g veto [B, (2272) +B, (222) ]— 92 (2 Az) B,(NAz)}, 
M, 
Pan 
—9 (SEK) |B, (22K) —B (LEK) }}, / 


p(s") = — {9 (2NK)[B, (NK) —B,(S'NK) | 


aK _ My 1 ar) Toa | 2 -s SVS 
pe» = Moo td (FFB EE) +2B,(5=7) | 


= 
o 


—9 (22K) [2B, (22K) +.B, (ZK) ]—92 (EAR) BEAR}, (6) 
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SHI 
Sih My gh 9 =< == = — | 
HCE eee 28. (SE 2) 28 (E82) | | 


+9? (22K) (2B, (23K) —2B,(S2K)]} } 


where 9? =f?/47bc, and My, M,, My, and Mz are the rest masses of the N, A, Y 


and = respectively. B, and B, denote the contributions from the baryon and boson 


Assuming all the baryons are Dirac particles and the K meson is a spin 0 
particle, one has the expressions for B, and B, in cases of ps and s couplings as follows.” 


(Here ps or s coupling means that in (22K), for example, the Z and 3 have the same 


(opposite) parities and the K is a pseudoscalar (scalar) or a scalar (pseudoscalar) particle.) 


currents, 


ps coupling : 


1 3 - es . i 
B= Seep {1+2(A+K—x*) +[ A+K«—x*) (1+4—?) —A]log (&?/A) 


+[ (A+«—«)[ (1 +4—#*)?—27]—4(1 44-2) |/ V 44— 4-14-28)? 
lite ine THY — x2 | 
V4i—(1+4—«)? V4h— (1 -4—08)2/)" 


x (tan 


; : Fe es yc (7) 
B= j1—20 +e) +[ (A+K—k?*) (K?—/) +/]log («?/A) 


+[G+e—1) V4i— (A+4—12)? 
+ (1-242) [1 44-02) (Ate?) —24)/V 44 (144-22)? ] 


z ee 2 14i-12 
x (tan , —— aa | tan” - I. 
Vapetigiey.- Yala ti—e)! 


s coupling : 


(k—>—« in eq. (7), since the matrix elements for the two couplings are obtained 
from each other by “mass reversal” about the mass of a baryon in the inter- 


mediate state.) : (8) 


Here 2=(m/M)? and «=M’'/M, where M’ and m denote the masses of a baryon and 
a boson in the intermediate state and M is the baryon mass in question. It should be 
=e B TA— 

1 aan 7 +tan Taree RTE 
1>0 (i.e. (NK), (NAK), (NNz), (AEX), (SEK), (LhSn), Get) andi 7,2 

Ge Pe 0 (tee (AN), CONN), (2 An), (EZR); (ZAR)). 
Using the observed masses, Mz=2580 m,, My=2335m,, M,=2182m,, My= 


remembered that tan™ 


<7/2ofor ASK — 


1837 m,, mp=967 m,, m,=270 m,, one has the numerical values of B, and B, for every 


case’as shown in Table* 1. 
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Table 1 
SSS 
ps coupling s coupling 

Baryon Interaction - —— 7 = + 1 a 

B, By B, Bs 
(NS K) yy 0.090 0.264 =Or247, 
N (NAK) —0.165 0.092 0.291 —0.269 

(NNz) 20237 0.174 = = 
(AEK) —0.172 0.101 0.308 —0.310 
mu (ANK) —0.235 0.105 0.571 =0575 
(INR) =0.260 | 0.110 0.716 —0.761 

| 
(J EK) —0.186 | 0.107 0.356 — 0.368 
Dy 

(3 J 7) —0.240 | 0.187 = = 
(SA x) ~0271. | 0.216 0.862 | 2.125 
(FER) 0.232 0.119 0.548 —0.610 
= (ZAK) —0.250 0.120 0.648 —0.733 

(287) | —0.242 0.191 _ = 


Tables 2 to 4 list the anomalous magnetic moments of A, 3 and = hyperons given 


from eqs. (3) to (6) and Table 1, when all the g°’s are assumed to be unity. 


Table 2. y(A) 
a ee ee 
Case I | I 1 IV 
(AEK) ps ps Ss 5 
(ANK) ps s ps s 
u(A’) —0.018 0.379 = 6257. 0.141 
Table 3. y(5) 
a _—_—_———_—————————————_ eee 
Case I II III IV V VI | Vii | Vill 
(JNK) ps ps ps ps 5 s s s 
(2 8K) ps ps 5 5 5 5 ps ps 
(227) ps ps ps ps ps ps ps ps 
(J An) ps s ps 5 ps 5 ps s 
ACS) —0.036 — 0.622 —0.274 — 0.860 0.215 —0.371 0.453 —O.1 35 
Om) — 0.003 0.583 —0.274 0.312 0.162 0.748 0.433 1.020 
u(3°) | —0.019 | —0.019 | —0.274 | —0.274 0.189 0.189 0.443 0.443 
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Table 4. »(#) 


Case I II TMA IV 
(22K) | ps ps 5 5 
(ZAK) ps s ps 5 
(£87) | ps | ps ps ps 
u(S7) 0.019 0.212 —0,169 0.024 
BS") 0.037 0.037 0.719 0.719 


§ 2. The perturbation-independent mirror theorem 


(3) to (6) show that #(p*) +(n°), C1’), w(2*) +4 (27>) =24 (5%), and 
f-(S-) +4#(5°) have no, contribution from the z, A, and 3 currents. The fact that 
this is true without regard to the perturbation approximation is discussed in the following. 


The current operators for mesons and baryons are 
je =0, (9) 
ju =F (0,) (O27 59.) , 


me Gaia, (Third components of isovectors) (10) 
Ju Ys Jp 3Y5 > 


“OR gp L-+T. 
iM? = 0,)( oe 2 x); 


(Linear combinations of isoscalars 


1M) = GRP > 3 hy 11 
fe PN Mp me and third components of isovectors) hy 
(2 = lie 

(oe y*T , 3 
inet —$s Vu ape ean Px > 


where F(9,) and G(0,) denote certain linear functionals of the differential operator 9, 
in the ordinary space, the explicit forms of which are not needed here, and 7,= ¢ _) 
1 0 0 
and [;,=|0 0 | : 
0 (O) sede 
The expectation value of the current operator in the state which contains one baryon 


(or one meson) and no other particles is 
Gia) yo ewe SH Gish if fib ‘dX, CPly Cx) (ERED 
n=0 (S}nj=n) pag 
j 
A, EAE Haw: 2 hege) Hy (%) |)1,0> C12) 


where H,, H, --, H, are the charge-independent Hamiltonians shown in (1) and (2). 
According to an argument similar to that of Takahashi,” who treated the pion current 


around nucleons, the expectation value of an isoboson or isofermion (anti-isofermion for 
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the =) current around any baryon or meson is proportional to the matrix element of 


the isospin operators given in Table 5. 


Table 5 
Isoscalar Tsospinor | Isovector 
Current around particle (A) particles (K, N, 2) | particles (z, 2) 
1 = 3 Al = = =" i <= Peel 
ee 2 : : i 
{Isoboson (7, S) current);,9 % | 0 T3 | Is 
(Isofermion (K, N, 2) current);,9 © 1 1+art3 | 1+ 41 


Here a, 6 are certain (positive or negative) scalar constants independent of isospin operators. 
These results could be expected from the consideration of transférmation properties of the 
current operators (9) to (11) in the isospin space. 

From the results in Table 5, the mirror theorem for the anomalous magnetic moments 
of the baryons (and of the K meson, if the K meson is not a spin 0 particle) is readily 
obtained : 


LCA), BC p*) +H), BCS) FH(S*), (H(K*) +H(K*)) and 
L(S*) +h (27) =22 (2°) (13)* 


get a zero contribution from the isoboson (A, =, S) currents and depend on the isofermion 
and anti-isofermion (K, N, and =) currents only, 

It should be noted that this theorem comes from the charge-independent interactions 
which satisfy the Nishijima and Gell-Mann rule, and no use is made of any approximation 
like weak coupling or any specification of the parities of either mesons or baryons. 

As to the anomalous magnetic moments of nucleons, the above mirror theorem shows 
that, even if the recoil of baryons in the intermediate states is neglected, a nonvanishing 
value of “(p') +p(n°) can be expected from the K current. 

The relation (13) on #(2*), #(2~) and w(2°) is useful for the argument on 
the mass differences of the + hyperons.” This will be discussed in the next section. 


§ 3. The anomalous magnetic moments of >] hyperons 


Combining the perturbation-independent relation (13) for 4(2)’s and their hyperbolic 
relations” obtained from the observed mass differences of  ’s, one may determine a set 
of values of 4(2*), #(S~) and u(¥°). Table 6 shows how these values depend upon 
the cutoff momentum k and the observed 3'°— 3'* mass difference. (The three different 
cases, "i.e. M(2°)—M(2 “) =i@)is5ign,, Gi) (On and e(ii)is Sane were examined auuren 


9, because of an inaccuracy of the experimental mass of 3°.) 


* After this note was prepared, the author noticed that Marshak and others have independently 
obtained the same relation as (13) on the (¥)/s. (Phys. Rev. 106 (1957), 599). 
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Table 6 
SSS a a ee 
Cutoff k/Ms 1.0% 15 2.0 

Choice of (3) (i) Gy | 69} (ii) Gi) aie) Gi) | (iti) 
Cy 136 1.86 | 0.68 0.51 0.44 0.42 0.31 | 0.19 

B(S*) + 4(3-) >0 44 (37) 0.36 PBI 0.03 039. | 406 .|=0.03 O13 |) 03 
PONY) 0.86 2.19 0.35 0.45 0.75 0.19 0.22 0.26 

p(3*) | —3.08 | =358— | —2.43."|'—2.27 2.19 | 2.19 | 2.08 | 1.96 

OD ea Oke Kae TK OX) 1.36 | —0.79 1.73 137, 0.70 1.80 1.64 1.44 
u(S°) | —-0.86 | —2.19 W035) 0.4558 01755 |r 0.19 — 0:22 0126 


* The case (iii) for k/My=1.0 has no real solution. 


Comparing the #(+)’s in Table 6 with those in Table 3, one may clearly observe 
that both the orders of magnitude and the signs agree for the cases of II, IV (solution 
L(S*)+4#(2-) <0) and V, VII (solution 4(2'*) +4(2) >0). For example, if one 
takes values of g? shown in Table 7 in accordance with the cases II, IV, V, and VII 
in Table 3, one obtains the #4(2)’s for k/My=1.5 and (ii) in Table 6. 


Table 7 
Solution | w(S*) + (2-) <0 | w(3*) + p(37) >0 
Case | II IV | V VIl 
g2(2NK) | 5.5 1.6 2.4 1.0 
9g? (SEK) 0.8 1.6 2.4 1.0 
g?(2 27) | 2.9 3.2 2.4 2.0 
g?(2 Anz) | 2.9 32 2.4 2.0 


A similar agreement can be attained for the other choices of k and M (2°). The other 
combinations of coupling types in Table 3, i.e., I, II, VI, and VIII, however, require an 
unreasonably large coupling constant or an imaginary coupling constant. As is seen from 
the above result, one cannot exclude the solution 4(*'*) +4(2~) <0, which was omitted in 
Sudershan and Marshak’s discussion.” 

The author wishes to thank Professors B. C. Carlson and H. M. Mahmoud (Iowa 
State College), and Professor H. Umezawa and Dr. Y. Takahashi (State University 
of Iowa) for their critical reading of the manuscript. He also wishes to express his 
appreciation to Professor Gerald W. Fox, Head of the Physics Department of Iowa State 


College, for his kind hospitality. 
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A non-linear static medel is constructed from the relativistic ystheory, by approaching the static 
limit after a canonical trarsfermation is applied to the original y;-Hamiltonian, with no perturbation 
expansion used. It is then proven that the same analysis as due to Chew and Drell et al. of P- and 
S-wave pion-nucleon scattering can be applied even for the general non-linear static model obtained, 
as far as the one-meson approximation is done. In our medel, however, varicus renormalized coupling 
constants are uniquely defined in terms of the unrenormalized ps—ps coupling constant. Furthermore, 
their numerical values depend in general on the types of the process concerned ; the renormalized P- 
wave coupling constant effective in pion-nucleon scattering is different from one determining threshold 
gamma-pion production. Rough numerical estimations of these renormalized coupling constants are 
done for two transformations found by Dyson and by Foldy. The results seem qualitatively satisfactory, 
including a strong meson-pair term damping, though a definite statement is not permitted yet. 


$1. Introduction 


A static model seems to have been established successfully regarding low energy 
Pion-nucleon phenomena, employing the Chew-Low-Wick formalism”, including the S-wave 
pion-nucleon interaction”. This success suggests that the static approximation might be 
a valid approximation for the low energy phenomena in the relativistic 7,-theory, as far 
as it can describe these phenomena correctly. However, the inter-relation between the 
7stheory and the static model proposed has not yet been clarified ; especially the S-wave 
static model is a purely phenomenological assumption. 

The purpose of the present investigation is to show how we can construct a static 
model from the relativistic 7,-theory, without recourse to the perturbation expansion and 
furthermore how the resulting non-linear model is equivalent to the static model proposed 
previously”. The recipe is the following: Firstly we apply a suitable canonical trans- 
formation to the original 7;-Hamiltonian and then approach the static limit for nucleons, 
without employing the perturbation expansion, thns leading in general to a non-linear 
interaction Hamiltonian. 

We can, however, show that the Chew-Low-Wick” formalism is applied to such a 
general type of Hamiltonian and, as far as the one-meson approximation is made, exactly 
the same analysis is permitted of pion-nucleon ,scattering as was done by Chew-Low” and 
Drell-Friedman-Zachariasen”, in terms of various renormalized coupling constants. While 
they are in these models adjustable independent parameters to be determined to fit data, 


they are, according to our model, uniquely related to the unrenormalized ps— ps coupling 
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constant. It is, therefore, possible in principle to evaluate the numerical values of these 
renormalized parameters in terms of the unrenormalized ps— ps coupling constant. In 
section 2, the general nature of the requisite canonical transformation is discussed; the 
Dyson and the Foldy transformations belong to our category. The Chew-Low- Wick” 
formalism is then applied to the transformed (non-linear) Hamiltonian in section 3. 

We apply the same procedure to the case where the electromagnetic field exists 
(section 4). The electromagnetic interaction is introduced before or after the canonical 
transformation is performed, both giving the same result. It is then shown that the 
renormalized coupling constant 7, which determines threshold 7-pion production is different 
in general from the corresponding coupling constant y which is effective in pion-nucleon 
scattering. 

No approximation has thus far been made except the static approximation when 
constructing our static model. In order to estimate the numerical values of various 
renormalized coupling constants (section 5), the intermediate coupling meson theory is 
used. Rough estimations are made for two transformations by Dyson and by Foldy. 
The result seems qualitatively satisfactory ; especially a strong damping of the meson-pair 
term is reproduced for the Dyson transformation and gy, is somewhat smaller than 4. 
However, the definite conclusion is certainly premature, since the interrelation betwee 
renormalized and unrenormalized coupling constants concerns essentially the self-meson 
cloud around the physical nucleon, which we solved here only crudely. As a general 
conclusion, it is suggested that a successful static model may be constructed by choosing 
a suitable canonical transformation, which proves that the relativistic 7,-theory may 
well be consistent with the low energy pion-nucleon data, including both P- and S-wave 
pion-nucleon interactions. Numerical results are summarized at the end of section 5. In 


the final section the physical contents of our non-linear model are discussed. 


§ 2. Canonical transformation 


The relativistic 7,-Hamiltonian is given in the Schrédinger representation by 
ieee 1 5 5 : — 
H= | ¢(Grpt m) ¢dx al (z'+ 9 (— d)o) du +if | Pr stogde, (1) 


where the notations are those commonly used. To construct a static model that reproduces. 
particular features of the above Hamiltonian in the low energy region, we apply to (1) 
a canonical transformation exp (iS), for which we demand the following requirements : 

(i) It is am invariant scalar in the charge space, because the charge independence 
is known to be valid especially in the low energy region. 

(ii) It is invariant against the space rotation and also the space inversion, since 
the angular momentum and parity are conserved in strong interactions. 

(iii) It is not always an invariant, quantity against the Lorentz transformation 
changing the time axis, because the static approximation for nucleons necessarily violates 


the invariance against the full Lorentz group. 


(iv) It creates or annihilates odd number of S-wave mesons, since static interaction 
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can create or annihilate only even number of S-wave mesons at the same time. 

In addition to these requirements which are definitely necessary, we impose the 
following requirement which seems to be reasonable : 

(v) It is a function of ¢ only, excluding its derivatives and its canonical momentum 
7. Our motivation for this is the following: Because of the characteristic 7,-interaction 
in (1), one should take due accounts of the higher order corrections with respect to S- 
wave pions accompanying virtual nucleon pair processes, before we approach the static limit, , 
while the interaction may well be linear as regards P-wave mesons in the static limit. 
We furthermore presume that ¢ plays a much more important role than 2 as far as a 
static model is concerned. Since S must be dimensionless, it is finally a function of 
dimensionless combination (f/2m) td. 

It is evident that the most general unitary transformotion satisfying above requirements 
is given by 


eS =/ | Pliv(y +7. (—O l7,t6¢dx, (2) 
Mm J 


where u(x) and w(x) are real even functions of x, being (f/2m) V@?. 
After having applied to (1) the canonical transformation (2), we make the static 
approximation for nucleons, neglecting all terms containing nucleon momenta and odd 


Dirac matrices. Thus we get our static model with the following interaction Hamiltonian : 
FA! =f ( (G7) tO) f(x) + ( f/2m)* (rh) ((GV) th) (tO) 7 (x) + 
m 


+ 2mh (x) + ( f/2m)* {dt-@ Xx k(x) +4k(x) t-OX zh. (3) 
The functions f(x), 7(x), (x) and k(x) are all related to v(x) and w(x) and are also 


real even functions of x. We easily see that the interaction (3) is the most general one 
under the five requirements mentioned above. Some features of (3) are being linear with 
respect to P-wave mesons, while highly nonlinear regarding S-wave mesons and invariant 
against rotations in spin and charge space including space inversion. 

We add a remark here that the part containing v(x) in (2) commutes with the 
y,-interaction term in (1) and, therefore, w(x) would be much more important than 
u(x) in reproducing a successful static model. Furthermore, it is shown that w(x) gives 
rise to non-Hermitian terms after the static approximation is made, This difficulty could 
naturally be avoided by treating the nucleon motion more properly when approaching the 
static limit. However, we shall in the following neglect v(x) for reasons mentioned 


above. Thus, using a menthod by Berger, Foldy and Osborn’, we get 


sin (2xw (x dw (x sin (2xw 
je) SOO) 1 feb 4 gg) sam}, 
1 pee) Aw (x) i AAO 


gq (x) es Sa y 


(4) 
h(x) => {cos (2xw (x) ) —1+2x sin (2xm (x))}, 
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ye) = 711 —cos (2xm (x))}, 


which also agree with the results obtained by Akiba and Sawada”. We have simply - 
dropped in (4) those contributions which are due to the terms biquadratic in ¢* and 
¢’, since they contain 0(0) and therefore may be eliminated by mass renormalization. 
If we finally require that the canonical transformation (2) assures the equivalence of 
ps—ps and ps—pv couplings for sufficiently small f, it follows that 
u(x) >0, w(x) —>1, (5) 


in the weak coupling limit or as x goes to zero, This is another reason why we put 
v(x) equal to zero. The transformations proposed by Dyson" and Foldy* are two special 
cases of our transformation, satisfying all the requirements mentioned above, including (5). 


Indeed, the former is characterized by 
ae =O eee (x) = 1 (6) 
and the latter by 
W(X) O58 r(x) (tani 2s) a3 (7) 


In section 5, we treat these two cases in detail in discussing some numerical results. 


We get from (4) and (6), for the Dyson transformation, 
f(x) = (2x+sin 2x) /4x, 9 (x) = (2x—sin 2x) /4x°, 


h(x) =4[cos 2x—1-+ 2x sin 2x], (8) 
Rx) = sai! cos 2x |. 


The Foldy transformation (7) leads to 

FS (1+ 9) 280g @) = 2/81 +8), 
- Rare 2) 
BQ) =3E-1), (a) =2/8 +0), Ge 


where €= V1+42 5 
§ 3. Pion-nucleon scattering 


According to Drell, Friedman and Zachariasen,» S-matrix element S yi for pion-nucleon 
scattering is given by 


where 


Ta CO\(a, it Paliiss ere may. ->} Dalen as SHS ny |, 
O; nzi \E,— wie E, +0, 
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* 
TR Lf Sex + a Sn Lf 
may Oe 16 | OP, 


1 = 
Se=(SullaLH, a4] Ifo) + (Té5u—T2Sy) — SH} = 
“ay 


n=1 


}, a1) 
and 


To =<(¢ol [es aj ||\Po)> Soi = (Pol LHe 4; | | Po): (12) 


’) describing a physical nucleon whose energy eigenvalue is now chosen to be zero, 4d; 
and a; being creation and annihilation operators of a meson specified by i with energy 
w; and n representing all possible intermediate states with energy E,, except the physical 
nucleon states, 

As far as we assume the one-meson approximation by dropping all but the one-meson 
states in the sum over n in (11), equations (11) constitute closed integral equations by 
themselves. We shall now prove that these integral equations with our non-linear 
Hamiltonian (3) become identical with those obtained by Chew-Low” and Drell et al.” 
The difference is that various renormalized coupling constants are all related to the un- 
renormalized ps—ps coupling constant f, thus permitting us to evaluate them in terms of 
f and the cut-off energy @,,,, which should inevitably be introduced so that the static 
approximation may be consistent. 

In order to prove the above statement, we need only to evaluate the inhomogeneous 


terms in (11). First we note the following expansions valid for meson fields in (3) : 


a UK — 5 Te 
= -: i Se 5A ? Ty a UK we OK Bia > 
« 
(13) 


(op) to i: ow 2 as (0K ) TaBire ? 


Ka V w K 


with 


i 


Aye — 
Ka / 2 


1 Hae 
(dive se aKa) ? Bica “Ey? ae (dieu FA aKa) ? 


(14) 


“S Ny 
[Anca Byrar |= 1 oat > 
where the cut-off function v7, is explicitly introduced. Then, employing following com- 


mutation relations 


en B; a a> 
[g*, BJ=2i 79 


[(o7) tp, A;] =i Fe (0K,) 7; , (13) 


U; 
[t-oxXz, Bilis LEX) Sp ’ 


a 
[z-9xz, A4]=—i(tX$) iY %, 


with abbreviations 4,=A,, and B,==B,;, we can easily calculate the commutators of 
ae az 
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H’ with A, and B,;. For example, one gets 


[Hy Ag= ss 


O; 


| (oK;) {r, Z_ F(x) si 


Saw? 


+ (9) ea(28) (f/2m)*4 (0) | exe). (F/2m)*~) |. (18) 


The last term on the right-hand side of (16) is odd with respect to S-wave mesons 
and therefore does not contribute to the physical nucleon expectation value, as was shown 
by Drell et al.” in Appendix 1 of their original paper. We easily see that all terms 
in [H’, B,| are also odd as regards the S-wave mesons. Thus we get 


CHILE", Alito) =4S% (f/2m) Co] (BK) {ee f(0) + 


+ (79) z(t) (f/2m)?9 (x) } |fo?, (17) 
CPolLH’, B,]|%) =0. 
We can now define a real scalar y with the same dimension as f by 


tel oalt) =F ,\0, fz, F(x) + (2d) x, (46) (f/2m)?29 (x) } |), (18) 


where u, is a bare spinor corresponding to 4. This definition is consistent with the 
transformation properties of the quantities involved and is nothing but the relation which 
connects the renormalized P-wave coupling constant y effective in pion-nucleon scattering 
to the unrenormalized ps-ps coupling constant f. Thus we may rewrite (17) as, dropping 
bare spinors, 


(lL, Alta =H F (OK) re, 


oO; 
: (19) 
(PHILA, B:]| Poo =0, 
or equivalently from (12) 
Ty =Se= ee OK, TE 20 
oF VY 20 ee on 


which is exactly the same as was obtained in the linear P-wave static model”. 

The first terms in (11) can be evaluated in a similar way. In constructing the 
physical nucleon expectation value we use the following theorem, besides one mentioned 
above. Let D,, be an arbitrary Hermitian function of 6, Tt, @ and 7, which is a symme- 


tric tensor (with respect to @ and ) in the charge space and a scalar in the ordinary 
spin space. Then it follows 


(Hol Pas 


Py) = Suk >So) Peal Po), (21) 


since the only Hermitian symmetric tensor in the charge space is TyTs+7T,T, or Og5 
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Using these two theorems, one gets after a straightforward calculation, dropping bare 
spinors again, 


(fo (A, H’, A,]| gi) =0, 


(Lo [A,H’, B,]] dy) a CP |L BLA’, A,)] a) ef eee OF Ciesla » 


O,0; (22) 
= a S UU 
CY BLA! B; | hy) = Ye ee > 
VO; — 
where €,3; is equal to +1 or —1 for even or odd permutations of its indices, respectively, 


and we have defined two real scalars 4 and /, by 


bo), 


/ 


AC Ug|T | 4) =(£)(44 44h (x) bee ae) 
|S dh (x). 1 arb (x) 
BE dx 6 dx 


+. 


A,X ug | Uo) — J C 
m 


=f tap) ep) (UO, PEPE) 1.55 
wo Ane (3x dx as gx med a 
(23) 


1 dg (x) eel d°g (x) 


Faperi lye eae 


is ' : 
+ Geo cons | 
ne a ee LLC me Sd) 
(2m)* 5 xm fe =F 6 dx 1+ 
fe [4 dk), VEE) Ly gals 
eee dx + 6 dx ine sx). 


These definitions are also consistent with the transformation properties of various 
factors in (23) and specify the relations between the renormalized S-wave coupling con- 
stants 7 and 4, effective in pion-nucleon scattering and the unrenormalized ps-ps coupling 
constant f. The equations (22) show that the first terms in (11) contribute only to 
S-wave pion-nucléon scattering and are just what comes out in an S-wave static model 
by Drell et al.” We have, therefore, shown that, as far as the one-meson approximation 
is made, exactly the same analyses as were developed by Chew and others” of P- and 
S-wave pion-nucleon scattering in terms of three renormalized coupling constants y, 4 and 
4, are allowed also in our non-linear static model (3). In our model, however, three 
coupling constants //, A and 4,, which are determined by scattering data, are now uniquely 
related to the unrenormalized ps-ps coupling constant f by relations (18) and (23). It 
is therefore possible in principle to evaluate the theoretical values of these coupling 
constants and to compare them with the empirical values determined by Chew and 
others”), Although ¢, has not yet been solved satisfactorily, some estimation of g, 4 


and /, wiil be given in section 5 for the transformations (6) and (7). 
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§ 4. Gamma-pion production 


We would like to stress another particular feature of our non-linear model (3): 
The renormalized coupling constant depends in general on the process concerned. For 
example, the renormalized P-wave coupling constant y defined by (18) is effective only 
in pion-nucleon scattering and may be different from renormalized P-wave coupling constant 
g, which determines the threshold 7-pion production cross section. In the linear P-wave 
model by Chew”, on the other hand, ¥ is rigorously equal to g,'’ It is easily seen that 
g and g, cannot be the same in our model because of the non-linearity of the interaction 
(3). It is the effective interaction and not the true or basic interaction that is concerned 
in the static model. It is, therefore, physically reasonable to expect that a non-linear 
static interaction thus permit various renormalized coupling constants to depend on the type 
of the process concerned, 

The introduction of the electromagnetic field can be accomplished in two alternative 
ways ; by introducing it into (1) before the canonical transformation is applied, followed 
by the same procedure as was explained before or by simply replacing V by V —ieA in our 
static Hamiltonian, A being the vector potential of the electromagnetic field. It is shown 


that the results are the same and the additional interaction Hamiltonian is 


Hy =—<L (GA) (2x $)s{F) #9(@)} —e| AW P6,—970,)dx. (24) 
m : 

It is known” that (24) is not gauge-invariant. However, we will not concern ourselves 
with this point, since the above two procedures give the same interaction Hamiltonian 
(24) and the static model is just an approximation and not the rigorous theory. We 
recall here that Drell et al.” have shown that the correction terms to (24) which make 
their model gauge-invariant give only small contributions to the low energy 7-pion produc- 
‘tion, 

The transition amplitude m,(p) is now defined as the amplitude, to the first order 
in A, from a state of a free photon &, specifying its momentum k and polarization e, 
together with a physical nucleon, to a one-meson final state specified by p. Using the 
‘same notations as in (11) and (12), m,(p) satisfies the integral equation” 


me(P) = Soll na] fo) +> (Lime (0) +m (0) 5,9) = 


Dp 


_ BS | Tim, (n) _m,* (n) sal 
E > 


net (a W,—té E,, +o, 


(25) 
‘with 


m, (0) = (|i oo); (26) 
‘where the vector potential A in H’', is now to be replaced by e/V 2k. 


Using the procedure similar to the one in the previous section, especially the theorem 
proven there, one gets, as the contribution of the first term in (24) to the first term 
ine (258 
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\ 


by) 


(sh 


eh ety oath. fi | a x d : ye 
2m v 4ko,, (| (Ge) {o( += 2 )(FG) —x*g(x)) — 


| on SF ex $),{ Fe) —F9) | 


—(f/2m)* (29) F979) > (f) — 890) } fo) (27) 


where 7330, 73,7. and t3,=—vt, We can now define another real scalar 7, with the 
same dimension as g or f by 


— (f/2m)*(28) 2.(6) 2 © (f(8) x29 (0)) | gn) (28) 


oie(1+ 22 CFG) 20) — 


Bilal oe, 
L 


Thus the first term in (25) takes the same expression as in the previous model’, with 
the renormalized P-wave coupling constant replaced by g,, which is different from 
defined by (18). Since the second term in (25) contributes only to P-wave production, 
as is seen from (20), the analysis due to Drell et al.” of threshold 7-pion production 
need not be modified at all. 

Thus we see that the renormalized P-wave coupling constant determined by Drell et. 
al) to fit threshold 7-pion production is not g defined by (18), which is effective only 
in pion-nucleon scattering, but g, defined by (28), according to our non-linear model. 
The theoretical estimates of g, will be given in the next section together with its com- 


parison with the empirical value. 


§5. Estimation of renormalized coupling constants 
and comparison with empirical values 


Let us now turn over to the theoretical estimation of four renormalized coupling 
constants g, 4, 4, and g, defined by (18), (23) and (28), respectively. We shall, 
however, be satisfied with rather rough estimates, since we have no powerful technique to 
evaluate the physical nucleon expectation values of highly non-linear quantities. 

Our main interest is how much would be the difference between g and g, and 
whether an extremely strong pair damping (small /,) would be realized in our static 
model which contains only one coupling constant f. For this purpose, we expand |¢',), 


according to the intermediate coupling theory, as 
o> =c|Moy + lone meson ) + “4 (29) 


Since |one meson) consists only of creation operators of P-wave mesons, which are 
commutable with any functions of x, we easily get, as the contributions up to the one- 


meson amplitude, 


392 M. Sugawara 


me Nk a 1 2 / ae 2 ae 
“| 2m (« epee K fe 3 #9 (@) ) + : 


o£ (arte Jf@ —#9@)) ++ 
at ‘(a+ f@) —¢ : 


A= (f/2m): "(< ~— ai (+ aye 


=F] etre (A S+ +1 2 Nie) + (30) 


3x dx 


ra ee Carer 6 dx’ geht) ~5 #9))) [t~ 


where ¢ ), means the meson vacuum expectation value and 


a are | ' | Pak, (31) 


- (2m)?V zrJw wo 


for the bound P-wave configuration proportional to k*/(w¥w). The values of fV/ V Am 


are given in Table 1 for various values of f?/47 and @ya.. 


Table 1. The values of fV|V 4x 


f?/4x=20 0.171 | 0.275 | 0.411 
30 0.209 0.337 | 0.504 
40 0.242 | 0.389 | 0.582 
50 0.270 | 0.435 | 0.651 


According to (30), the renormalized coupling constants depend on the amplitudes 
¢ and c, and the meson vacuum expectation values of five functions of x, which we shall 
denote R,, Ri» Ri Ri. and Rj, the latter two being those appearing in /,, respectively. 
They are given, for the Dyson transformation (6), by 


Re (+ Cakes ENR ie =(4 (cos 2x1. Sin abi) 
0 /0 


x x 


R=(= (nt + smze)) Ry. =(c0s 2x sin 2x) 3 (32) 
0 3 - 


9 2 sin 2x 
Rro sak ( ) : 
9x 0 


while they are, for the Foldy transformation (7), 


— /1+2é oe Tere 
aoa je Ae ta ee 
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spe SA wag et —(4G—9)64)) Pe 


92(4-4-£)- A 9&6 


These vacuum expectation values are evaluated according to a method due to Glauber.” 
For an arbitrary function V(x) of x, we have 


V(x) o= (2/2) 87) med, (34) 
with 4 


X= 44x). (35) 


For the functions in (32), analytic integrations were done, but the numerical method was 
used for (33). All R’s as functions of x,” which is in turn a function of f and Max 
are shown in Fig. 1. 


Fig. 1. Plot of R-functions defined by (32) and (33) against xo? given by (35). 


Foldy 


0) 


0 0.1 0.2 0.3 sot = 1 (2g 
Let us now summarize the empirical values of these renormalized coupling constants : 
g?/4 =0.087”, 0.082+0.015 or 0.107+0.015", 
97/47 =0.064 + 0.006”, 0.067 + 0.003”, (36) 
1=0.4/922,  h=0.4/p”. 


The simple perturbation expansion or putting q=1, «=0 and all R’s equal to one in 
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(30) gives 
GP fan 92/40 Aes AHL 1 40: 40 (2m/p) =1 2 1912.6% 169. (37) 


It is, therefore, interesting to examine first whether R,, and Rj, or its combination 
in (30) would really be vanishingly small, thus explaining the strong meson-pair term 
damping. From Table 1, the coefficient of Ri, in (30) or 2c¢,fV/~42 would be at 
most about 0.5. We thus see that the strong damping is actually the case for the 
Dyson transformation, while it seems unlikely for the Foldy transformation, as far as the 
higher meson amplitudes neglected in (30) would not dominate. It seems that x,,=0.1 is 
roughly the right place where the correct /, is reproduced. It would, however, be premature 
to discuss the right value of x,7 and/or to conclude that the correct damping of /, would 
hardly be attained for the Foldy transformation, since the approximation in (30) is crude. 

Let us then observe how much would be the difference between y and y,. The 


ratio 9/9, depends only on R, and R, and is given as follows ; 


hr Oal xX, =0.2 
7/9 ~=1.54, Zee (Dyson trans.) (38) 
9 / Ie =1.08, 1.18. (Foldy trans.) 


These figures are not inconsistent with the present data (36). It is interesting that both 
transformations predict 7, smaller than g, though the difference seems somewhat too large 
for the Dyson, while somewhat too small for the Foldy transformation. 

Finally, to estimate /, we need to fix cq, and c,. Let us, for example, put c,=0.7 
and ¢,"=0.3 arbitrarily, since any other reasonable assignments do not modify the follow- 
ing figures appreciably. Let us also fix f so that g, takes its value in (36). Thus we 
get the values: 


x) =0.1 O12 


Ay2=1.51, 2.69, 


(Dyson trans. 
1/4%- ( ft/2m)? =0.237, 0.493, é Dy ) 


4y2=1.13, 1.24) Sad 
1/47: ( fut/2m)?=0.317, 0.498, pre 
They are in general too large by factors 3 or 4 compared with the empirical value in 
(36), for both transformations. The’ discrepancy may perhaps consist in too small R, 
and R,. compared with R,. 

We now summarize these numerical results : g°/4% is somewhat larger than 97/472 
for both transformations as given by (38), which seems consistent with the available data 
(36) ; A is, however, too large compared with the empirical one (36), as is seen from 
(39), again for both transformations: The strong meson-pair term damping is well 
reproduced in the case of the Dyson transformation, while it seems unlikely for the Foldy 
transformation. However, we should stress that our numerical estimates are rough. Thus 
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a definite conclusion is not. given, while the qualitative aspect of our non-linear model 
seems to be satisfactory. 


§ 6. Concluding remarks 


As was summarized at the end of the previous section, our non-linear static model 
seems qualitatively consistent with the available data concerning low energy pion-nucleon 
scattering and threshold j7-pion production. However, the definite statement about the 
quantitative agreement is not given, since we cannot evaluate exactly the physical nucleon 
expectation values and also because we have no unique criterion which suffices to determine 
the form of the canonical transformation in the very beginning. The important point is 
that the present investigation suggests that a suitable canonical transformation exists which 
connects the relativistic 7,-meson theory to a static model that describes low-energy pion- 
nucleon scattering and threshold 7-pion production correctly. 

If this expectation turns out to be true, the static meson-nucleon interaction should 
be regarded as highly non-linear with respect to S-wave mesons, while may well be linear 
regarding P-wave mesons. Therefore, the renormalized coupling constants depend in general 
on the type of the process concerned, For example, the renormalized P-wave coupling 
constant is different in pion-nucleon scattering and in threshold 7-pion production. 

Our non-linear model would also explain why S-wave mesons interact only weakly 
with nucleons in low energy pion-nucleon scattering, though virtual nucleon pair creation ' 
and annihilation accompanied by an emission or absorption of an S-wave meson takes place 
strongly. However, it is not known from the beginning whether this is also the case in 
other processes than low energy pion-nucleon scattering. It is, therefore, very interesting 
to see what would be the predictions of our non-linear model concerning, for example, 
meson production in pion-nucleon collision. 

The author would like to appreciate valuable discussions with Dr. H. Tanaka, Mr. 


A. Kanazawa and many other staff members in our institute. 
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The quantum mechanical description of a two dimensional rotating system of particles is studied 
for the purpose to elucidate the meaning of the effective moments of inertia of nuclei. We employ 


> 


the method of canonical transformations and obtain the rotational kinetic energy of a “canonical form’ 
by introducing an internal angular momentum Lin. The Coriolis force arising from the coupling of 
Li», with the rotational angular velocity is found to be responsible for the deviation of the moment 
of inertia from its hydrodynamical value. The explicit form of Lin is given as a function of the 
positions and momenta of individual particles. This form of Lin should be used for deriving the 
effective moment of inertia. Comparison with the cranking model of Inglis is discussed. 


S$ 1. Introduction 


The existence of the rotational states in heavy nuclei was considered as a strong 
support for the collective model of the nucleus.’? Empirically the rotational states are 


identified by a sequence of energy levels represented by 
E=¢,4P1(1+1)/2f (1-1) 


where €) is a constant energy for a particular band concerned and I the angular momenta 
of such states. This relation gives one the empirical values of the moments of inertia 
2a for various nuclei. These values are, however, found to deviate systematically from 
those which are predicted on the basis of the irrotational collective flow,” a starting 
point of the collective model in their original work of Bohr and Mottelson.” 

A number of attempts have been put forward to elucidate the above situation?—” 
Among them the “cranking model” of Inglis” is often referred to understand the qualita- 
tive reason why the moment of inertia is larger than the irrotational value. However, 
the validity of this model is questioned by Lipkin, de-Shalit and Talmi,’ since the 
rotation of the nucleus in Inglis’ model is externally forced rotation imposed by “ cranking ” 
the external potential, while the collective rotation in the actual nucleus is the free rotation 
resulting from the mutual interaction of the nucleons. As one sees from their critical 
work," it is necessary to reconsider this problem. on the basis of an orthodox approach 
to the many body problem. 

The main purpose of our paper is to make clear the theoretical foundation of the crank- 
ing model of Inglis by using the method of the quantum mechanical description of the 
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collective motion. The outcome of our present work throws light on the method of 
calculating the moment of inertia. It has not been clear what is responsible for the devia- 
tion of the moment of inertia from its irrotational value, as critically investigated by 
Lipkin et al.” In our method the responsible interaction can be introduced rather un- 
ambiguously ; hence the relation between the moment of inertia and the internal structure 
becomes clear. 

In course of performing our work, it has come to our notice that Villars” has 
published his work, with the same purpose as ours. Using the method of the coordinate 
transformation, he has succeeded in obtaining a canonical form of the kinetic energy of a 
many-particle system, in which the dependences on the total and the intrinsic angular 
momenta are explicitly given; the latter is a function only of those intrinsic variables 
which are complicated functions of particle coordinates. Although our method is different 
from that of Villars, the essential idea is very similar. In this paper, we shall compare 
our results with those of Villars. 

Our method is based on that used by Miyazima and Tamura’ and by the present 
authors’ in which some auxiliary variables describing the collective motions are introduced 
together with appropriate subsidiary conditions, and canonical transformations are employed. 
This method seems superior to that of the coordinate transformation in the sense that 
the derivation is simple and the particle coordinates can be explicitly expressed in the 
transformed state without knowing the functional form of the intrinsic variables. 

The application of this method to the collective rotational mode was already made 


™) Keeping a close contact with his work, we shall develop our method. 


by Tamura. 

In the present paper, however, we do not discuss quantitative problems but emphasize 
the physical implication of our method. In order to avoid unnecessary complication, we 
restrict ourselves to the rotational motion of a two dimensional system of particles that 
is subject to elliptic deformation. 

The extension to the three dimensional case does not involve any fundamental 
difficulty. Such extension as well as the application to actual nuclei are left over in a 
subsequent paper. 

In § 2 the method of the quantum mechanical description of the rotational motion 


» The recapitulation is made for completeness. 


is discussed along the line of Tamura’s.”’ 

In §3 is performed a reduction of the Hamiltonian obtained in § 2 to that similar 
to the usual canonical form, and the meaning of the “internal angular momentum”’ is 
discussed. The comparison with the cranking model of Inglis is made in § 4. The 


prescription to obtain the effective moment of inertia is also given. 


§ 2. Quantum mechanical description of the rotational motion 


Let us consider a two dimensional system of particles, which we may call the nucleus. 
The positions of the particles are designated by (x;, ¥).* Following Tamura!” we 


* Here we are not concerned with the separation of the center-of-mass motion; hence (x;, y;) may be 


regarded as the coordinates relative to the center of mass. 
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introduce a couple of functions of positions, 


F= S10) /2, Fo= SGM. (271) 


v 


By use of €, and €, an angular coordinate 


g= (1/2) tan™ (F2/S,) (2-2) 
is defined. The total angular momentum of the system, 
Ly =>) (Py —yePe 2)» (2-3) 


where (p%”, p\) are the momenta of the particles, is proved to satisfy the commutation 


relation 
Le, L,|=ib. (2-4) 


Of course, L,, commutes with the original Hamiltonian 


H,= (1/2m) > (pi? + pO") +V a, y7Kas Ya)- (2-5) 


a 


Here we introduce an auxiliary variable 4, and regard the original eigenfunction 9%, 


as a function of 0, imposing on %, the subsidiary condition 
ODs=0,, (2-6) 


Otherwise Y, behaves as usual; for example, it satisfies 


(ae) ®,=0. (2-7) 
The first canonical transformation 
0,=U,' %,; U,=exp|iL,¢/é], (2-8) 


where L, is the canonical conjugate momentum to @ satisfying 


[¢, L,|=ib, (2-9) 


changes the subsidiary condition (2-6) into 


(0—¢) 9,=0. (2-10) 
The second transformation 
Y =U;z' D,; U,=exp(—iL ,0/b) (C2589) 
changes the subsidiary condition further into 
PY =0, (2-12) 
Taking account of 
[SOM ye)’, Lel=0, [MOM g) -p, L,J=0, (2-13) 


where Y stands for x and y, and also of 
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the Hamiltonian in this tepresentation is expressed as 
AH=U; UU," H,U,U,; 


=H + (1/2m) >) PP 9)? (Lo—Le)? + (1/m) 3} Vg) pO (La—Ly). (2-14) 


av 


As discussed by Tamura,” the physical meaning of the canonical transformation, 
F—=U;"U,"*@,, 


can be interpreted as follows. The introduction of a pair of the auxiliary variables 4 and 
L, means that of an imaginary rotor. The canonical transformation U, superposes the 
imaginary rotor on the elliptic nucleus with a constant density particle distribution, as one 
sees from (2-10). 

The second transformation U, means that in the representation Y the rotational 
motion of the elliptic nucleus is described by that of the imaginary rotor, and the particle 
motions are confined in a body fixed frame. This body fixed frame is characterized by 
(2-12) which may be of the same meaning as 


Dixy: F =0, (2-12/) 


as one easily sees from the definition of g in (2:2). The condition (2-12’) indicates 
that the body fixed system has its axis on the principal axis of the nucleus. The above 
picture is also supported by the fact that Ly is nothing but the total angular momentum 


in this representation, as readily seen from 
L,= Had ted en OA ORs (2-15) 


It should be noted that the Hamiltonian (2-14) contains neither @ nor L,.: that 
is, it satisfies 


[H, g]=[H, L,]=0, (2-16) 


as easily verified by taking account both of the subsidiary condition (2-12) and of the 
relation (2-13). This implies that we have displayed the dependence of the Hamiltonian 
(2-5) on the total angular momentum without making explicit use of the intrinsic 
coordinates which should be complicated functions of particle coordinates. On the other 
hand, using the method of the coordinate transformation, Villars’’ has derived the nuclear 
Hamiltonian written in a canonical form which displays the dependence on the total 
angular momentum. According to the above discussion, therefore, it is clear that our 
Hamiltonian (2-14) is equivalent to that of Villars. Detailed discussion on this point 


will be given in the next section. 


§ 3. Reduction of Hamiltonian and “ internal angular momentum ” 


Now we try to rewrite the Hamiltonian (2-14) to that similar to the usual 


canonical form. Following Tamura," we introduce quantities # and t through 
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MCP ¢gyVr=1/Pr, (3*1) 
where 


paver ter/s, t= Di (ety). 


L 


1/fc is the coefficient of (Ly—L,)* in (2-14) and satisfies the commutation relations 
(oe Pl (Leet | Oe (3-2) 


Since both § and z can be proved to commute with the coefficient of (L,—L,) in 


(2-14), 33 (7$°g) +p$?, with the aid of 


> Gg) (VS 2) >) VS a) v7) ie (3-3) 


as. 


the following relation is found to hold : 
[SO e)?, 2 PS ¢) -p|=0. (3-4) 


Thus we are able to rewrite the Hamiltonian (2-14) to that similar to the usual 


canonical form : 
Ghia Solel. 
He = (1/2mh'r) (Les)? (3-5) 
Fy, = (1/2m) 31 Cpe" + py) +V Cyr eazy) — (r/2m) {D1 PP ep), 
where 


Lin=L et (3) Ve) - p). (3-6) 


Hj, is the Hamiltonian for the internal motion, while H,,, expresses the rotational part 


‘ 9 


written as the ‘ canonical form 


L, is the total angular momentum and L;,, is an 
* internal angular momentum This form completes the comparision with the formalism of 
Villars; Hamiltonian (13) with (22) in his paper” is identical with our (3-5). 

L;, must be a function only of the intrinsic coordinates and their canonical conjugate 
momenta. This fact is guaranteed by 


> 


Dns g|=|Lin, Ee | 0 : 


L,, in (3-6) is written explicitly as 
ae Soe {(1—2€,/T) p + (2¢,/7) po} 
— Diy (1 +281/2) pO + (282/z) pi}. 


Remarking the subsidiary condition (2:12) and remembering the definition of €, and c,. 
we have 
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= 2 2 > (x,") 
Lx; Ly] = —ib =I A een © Vee, 
> (x? + yz”) 


C77) 


2 (yx") 
k x, 0, 


Lye» Li, |Z =1b - ——___ x, 
Da (xe 19%") 


which are identical with eq. (31) of Villars." 
Here the following should be noted. If the approximation based on the large number 
theorem is applied, as was employed by Tomonaga’ in his theory of the collective motion,* 


Li, has the usual property of the angular momentum with respect to the particle coordi- 
nates. 


§ 4. The cranking model of Inglis and the effective moment of inertia 


It is apparent from H,,, in (3-5) that the zeroth order moment of inertia arises. 
from mt. Explicitly this is defined as 


Pr= (mir). (4-1) 
Here the expectation value is taken in the eigenstate %. Remembering the subsidiary 
condition (2-12’) and the definition of $ and t in (3-1), we have 


Ar=m {> Pye) 1°73 (x? +e) )- (4-1) 


This is nothing but the hydrodynamical value of the moment of inertia for the irrotational 
flow. 
By introducing of, the Hamiltonian for the rotational motion, H,,,, in (3-5) isi 


decomposed as 
Je Oe aaitee + Ayo. 3 , 
0) 2 - 
HS = (1/240) Loalin)?, (4-2) 
ie he (1/2m2r—1/ A) (Lae Lid | 


Hereafter we neglect Hy, although its effect needs examination. Then the angular 


velocity of the rotational motion is given by 


w= (i/6)[H, 8]=(Lo—Lin) /Fo- 


In order to show the relation of the Hamiltonian (3-5) with the cranking model of 


Inglis,” we define the corresponding classical angular velocity as 


* Tomonaga employed the approximation in which the quantity 2) (x? +927) is replaced by its mean 
a i 
value 3} ((x;2)+¢y:2>). This approximation is good if the number of particles, A, is so large that 1/V A 


v . 
can be neglected against unity. See reference 15, Appendix IL 
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w= (1/4) bI-(Lin)), (4-3) 


where 


L,v =bI¥ (4-4) 


is taken into account. Lj) will be determined in (4-15) and (4-16). 
With this definition of (4°3), we can decompose the Hamiltonian (3-5) in the 


form : 
A= Fat + Trot 5 | 
Ton = (1/2H) { 6I— (Lin)? +2 I— (Lin) (Lin) + (Lin — (Ln)? $F (4*5) 
H. 


i in 


part — aa oLin 5) 
where Hj, is given in (3-5). In this expression we have replaced L, by #1 on account 
of (4-4). 

It is to be noted that the expectation value of L;,,, used in (4-3) and (4-5), 
should be taken by employing the eigenfunction of Hy... which is solved self-consistently. 


The Schrodinger equation, 
fe bee == (Ai, — oL,) ~ = Ed, (4 2 6) 


with the subsidiary condition gf/=O0, represents the particle motion in the body fixed 
frame, and the term —woL,, expresses the interaction arising from the Coriolis force. 

Now it is clear that eq. (4:6) is just the basic equation in the cranking model of 
Inglis. The only fundamental difference lies in that the rotational motion in Inglis’ 
model is externally forced rotation, while in our case this rotation is a free rotation 
resulting from the particle system itself. Further, in Inglis’ model, Hj, in (4-6) is 
approximated by the Hamiltonian for the particle motion in an averaged, deformed 
potential, and also L;,, is replaced by the apparent total angular momentum of particles, 
L,, in the body fixed system. 

If w is small compared with the internal frequencies arising from H;,,, the Coriolis 
term, —wL;,, may be treated as a perturbation. In this case the Schrodinger equation 
can be solved by using the states of H,,,, unperturbed by rotation and the corresponding 
unperturbed energies ; namely 


Hy |m)=€q|m), 
Then the eigenfunction of eq. (4-6) is represented as 
$= |0)—0D (6— 6) |m) <n | Ld), (4-7) 
and the eigenvalue of Hay is given by 


€=€,—w(0|Lin|0)— ff ?/2, (4-8) 


where 


P/=2% (Em 6) | (0 | Lin |) | (4-9) 
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2! has a similar form to. the moment of inertia obtained by the cranking model of 
Inglis,” except that L, is replaced by L;,,. If only the particles outside a core contribute 
to the matrix elements (0|L;,,|m), our result is reduced to the one obtained by Villars." 
The expectation value of Ty, in is 


(Trot) = (1/24) { GI—(Lin))?2 +2 (6I— (Lin) (Lin )} 
+ (1/2f)< (Lin—(Lin))®). (4-10) 


Therefore, if we can neglect the last term of (4:10), the eigenvalue of the total 
Hamiltonian (4-5) is given by 


E=€,—{0|Lin| 0-3 W4i AZ.w' +L). (4-11) 
Here we note that, by using (4-7), the expectation value of L;,, is represented as 


(Lin) =(0 | Lin | 0) +203) Cee cy) “<0 | Li,|m)|? 


=O) Lind 0 >! w., (4-12) 
Substituting (4-12) in (4-11), we have 
E=e4+h(Z+Af) ov. (4-13) 


From this form we can presume the effective moment of inertia is given by 


Pin (A+). (4-14) 
A slight difference of the expression for Dew obtained by Liiders” is due merely to the 


difference in the choice of (Li,). 
With the definition of w in (4-3) and eq. (4-12) the self-consistent solution of 


(Lin) is obtained from the equation, 
{Liny =€0 [Lin |0) + (F'/ A.) GI—{hn))- (4-15) 
If we adopt the relation* 
(0|Lin|0>=0, 
as in the cranking model of Inglis, the solution of (4-15) is given by 
| (Ln y= p'/(At fF): (4-16) 
and w is expressed as 
wo=bl/ (A+ 2’). (4°17) 
Substituting (4-17) in (4-13), we have 
E=6482/2(f.42). (4-18) 


By comparing (4-18) with the expression (1-1), the effective moment of inertia given 
by (4-14) is just the one deduced from the experimental rotational spectrum. 


* On this point, see references 3, 8 and 9. 
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The effective moment of inertia given by (4-14) with the definition of BA in (4+9) 
allows us to anticipate how the moments of inertia deduced from the rotational spectra 
deviate from the hydrodynamical values. The deviation is greater, according as the excited 
single particle levels are more closely spaced and the matrix elements of Ly, .are, latger: 
Therefore, considerable deviation is expected for the nuclei far from the closed shell and 
those of large deformation, . A quantitative study of this problem. will. be made in a 
subsequent paper. 

The authors wish to acknowledge with gratitude the advices and encouragements of 
Professor M. Kobayasi and also express their thanks to Mr. Y. Wada for his valuable 
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The ground level splitting and g-factor of Mn*+ and Fe+++ in nearly cubic crystalline field, 
with a small axially symmetric field superposed on it, are studied by higher-order perturbation calcu- 
lations. ‘It is shown that the electronic energy levels arising from the configuration half-filled with 
electrons are unsplit under the linear effect of crystalline potentials, but can be split by. the: effects of 
even powers of them. Various higher-order processes involving crystalline potential, spin-orbit coupling 
and magnetic spin-spin interaction within an ion that are supposed to be dominant in the ground 
level splitting and the g-factor deviation, are formulated and order of magnitude discussions. are given 
for them. 


§ 1. Introduction 


During the past few years the paramagnetic resonance method has been applied-to 
study the splitting of the ground energy level of Mn** and of Fe'**, in paramagnetic 
crystals, such as manganese Tutton salts and iron alums,’ in MgO” and in zincblende 
crystals.” These energy levels can be described in a simple way by a ‘spin Hamiltonian * 
which is expressed in terms of the spin operators. The coefficients of a spin Hamiltonian 
depend in a complicated way upon the symmetry and strength of the crystalline field, 
the spin-orbit coupling (W zs), the magnetic spin-spin interaction between pairs of electrons 
within the ion (Ws) and so on.” The order of magnitude of their splittings is smaller 
than that of the other iron-group ions, since both Mn** and Fe*** are in 3d° °S state 
which has no orbital angular momentum. 

On the other hand, these ground level splittings correspond to the part of the 
magnetic anisotropy energy of these ions which is produced by a combined effect of the 
crystalline field, Wz and Ws”. And this anisotropy energy is expected to be dominant 
in paramagnetic crystals and in anti- and ferrimagnetics in which the spin arrangement is 
of cubic symmetry, since in this case the ordinary magnetic dipole-dipole interaction between 
ions contributes nothing to the anisotropy energy. Recently, Yosida and Tachiki” suggested 
that the origin of the cubic anisotropy of Mn- and Ni-ferrites might be attributed to the 
magnetic anisotropy of Fe*** ions situated on the 16c and 8f sites of these ferrites, and 
somewhat to a less extent to Mn** ions on the 8f site in the case of Mn-ferrite. The 
reason is that the observed anisotropy energies per ion are comparable with those of Fei? 
in ferric alums and that their temperature dependence appears to be similar to those of 
one-ion cubic anisotropy. In Ni-ferrite, the anisotropic exchange interaction is small and 
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the combined effect of the spin-orbit coupling and crystalline potential for Ni*~ is isotropic. 
It seems, therefore, desirable to clarify the electronic processes which contribute mostly 
to the anisotropy energies of Mn** and Fe*** in a cubic or nearly cubic crystalline field, 
There appeared two papers which devoted themselves to theoretical discussion of these 
ground level splittings. One is due to Van Vleck and Penney,” who proposed several 
mechanisms and estimated the corresponding order of magnitude to explain the anisotropic 
magnetic susceptibility of paramagnetic crystals containing manganese ions, such as Mn 
(NH,).(SO,).6H,O. And the other is due to Pryce,’? who showed that Van Vleck and 
Penney’s mechanisms are inadequate to give the observed magnitude of the magnetic 
anisotropy, or of the splitting, and proposed other mechanisms. THe attributed the quadratic 
part (DS,*) of the spin Hamiltonian to a process which involves the first powers of Ws. 
and the axially symmetric crystalline potential via an intermediate state 3d‘4s °D, and 
calculated the coefficient D. This process may be dominant but comparable with another 
process which will be proposed in this paper. The process he proposed for the quartic 
part of the spin Hamiltonian (4/6) (S,/+5,'+S,") is a fifth-order one, quartic in W s 
and linear in cubic crystalline potential, through intermediate states formed from 3d°, but 
this process gives nothing since all the matrix elements of any crystalline potential within 
the same multiplet arising from 3d” identically vanish, as will be shown in section 2. 
The purpose of this paper is to discuss the mechanisms of the ground level splitting, 


or of the magnetic anisotropy, of Mn** and Fe’ ** 


ions, placed in a cubic crystalline 
field superimposed by a less amount of an axial field. Section 2 is devoted to the discus- 
sion of the effect of cubic crystalline potential on the excited quartets formed from 3d’. 
In section 3 the ground level splitting and the g-value deviation are studied by various 
higher-order processes through excited multiplets and configurations, involving crystalline 
potential, W,. and Wss. These are then followed in section 4 by discussion of the 


order of magnitude of the coefficients of the spin Hamiltonian and of the g-value deviation. 


S$ 2. The energy level splitting of excited quartet multiplets 
in cubic crystalline electric field 


The ground multiplet of Mn** and Fe*** is 3d° °S, Therefore, any crystalline 
field does not directly affect this state. To explain the ground level splitting, it is 
necessary to consider an admixing to "S of higher multiplets and configurations which ate 
split under the action of the crystalline field, as was pointed out by Van Vleck and Penney, 
and Pryce. Any multiplet formed from 34° or, more generally, from a configuration with 
half a number of electrons of a closed shell, is unsplit and unshifted by any crystalline 
field, provided that the matrix elements of the crystalline potential among different 
multiplets are neglected and that the potential satisfies Laplace’s equation, since we know 
that the matrix elements of the crystalline potential within the same multiplet identically 
vanish, This was already pointed out by Kynch® but can easily be understood from the 
following consideration. Two ions ate said to be complementary when their incomplete 


shells add up to a closed shell when they are united to a single atom. For example, 
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Ti*** and Cu** are complementary, the former having one electron and the latter one 
hole in the 3d shell. As is well known, such two complementary ions show splitting 
patterns inverted with respect to each other when placed in the same crystalline field. 
On the other hand, an ion with 3d? is complementary to itself, and if its multiplet were 
split into sublevels of different symmetry properties by a crystalline potential, two inverted 
splitting patterns would have to be obtained simultaneously. This is obviously contradictory 
to the fact that one multiplet gives only one pattern. Thus, any multiplet formed from 
3d° is unsplit under the linear action of the crystalline potential, though it can be split 
by the even-order effects through non-diagonal matrix elements of the potential among 
different multiplets. 

In this section, the splitting patterns of the quartets arising from 3d° (‘G, *F, ‘D, 
“P and *S) are treated when the ion is subject to a cubic crystalline field. The energy 
diagram will be given only for Mn**, since in this ion the energy levels of quartets 


9) 


except “S are spectroscopically known. Those for Fe*** are less accurately known.” 


The energy levels for the doublets in Mn** are unknown and will not be taken into 
consideration, but the matrix elements of the crystalline potential between quartets and 
doublets vanish. Moreover, we shall treat in this paper the case in which the crystalline 
field is so weak as to conserve the spin quantum number of 5/2 for the ground state 
of the ion, not as in the case of iron cyanides in which Fe*** ions have spin 1/2. 
The cubic electrostatic potential aroutid’ a Mn** ion can be developed in spherical 


harmonics as 


V(r) cyt Ye (Og) + (5/14) (Yi OG) + Yr" (G9) ) I. (1) 


The energy matrix elements of this potential with respect to the quartets under conside- 


ration are: 
CGP | VST) =0, 
CGT V\ Dra =0,. 1, j=1, 2 
CGT APT. =— COT NV [PPP ECCT eV PT gy — 4G)" Dy, 
CGE VEL) = CGT ol VF 2) = — CGI | Vt Flag = — 26)? Dy, 
CGM AVEDE 20, 1, f=1, 2°3, (2) 
OGT.,| V|FP'q.) = CGT sol V| SFP s2) = — CGD sgl V|FD'sg) = — 10 (3/7)'? Dg, 
CGE AVERT 7-305 sts JH 1, 2, 3 
CFT’,,| V|*DPs = — CFL x9] VAD so) = CFL 


VDT gl 20) 7)" Dy, 


where Dg=c,<r*)/14(z)'”, (r*) being the average of r* with respect to the radial part 
of the 3d-orbital. The sign of these matrix elements is necessary for the calculation of 
the splitting parameter in the next section. |/';) are wave functions for the irreducible 
representations of the octahedral group. The first index i is that of Bethe’s notation’” 


and the second j is introduced to indicate the degenerate wave functions of the same 
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i atrix elements (2) are 
representation. The wave functions used to calculate these m ( 


eigenfunctions in the cubic field, i. e., 

‘GL = 7/12)" gat (5/24 Cat als 
4GT y= (5/12)? oy (7/24)? [GF Gx); 
*GP'y) = (1/2)"" [G+ 9-2]; 

‘GP = (1/2)’? [Gi + ea], 

"GT's) = (1/8) 9 4)” Gil, 
‘GI'g) = (1/8)? |e + (7) 9), 
‘GI's = (1/2)'" | G2— -2]; 

‘GT. = (1/8)? L (7) G2 il, 
"GIg) = (1/8)"" (7)? 5-9-1]; 

‘FI,) = (1/2)'"[9,—- 9-2], 


ta == Vis 
FL gt Crys) 2 Geek, Sige 
Fig) = 1/8) | Sie ea Gas. (3) 


FIs) = (1/2)'" [Got G-2]; 

TA = (1/8) 5) G3) Gas 
FI) = (ly 8)" G)? eB) ea), 
"DI'3)=%p> 

*DI') = (1/2)'" [G+ 9-2], 

"DI's:) = (1/2)? [G2—¢-2], 


"DI'3) =, 
"DI's3) = 9-1; 
PL) =Pos 
PL) =), 
PE els 
"Sd wis Deg 


In these wave functions (3), ¢’s for ‘G multiplet, for example, are normalized spherical 
harmonics of degree four, and so on. Since the electrostatic potential V is given by a 
function of the coordinates of a single electron, straightforward calculation of the matrix 


elements (2) are worked out with the use of the spherical harmonics of (3) rewritten 


4F 
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Fig. 1. Energy diagram for quartet multiplets from 
5d° of Mn** 


by the antisymmetrized product of 
For the 


brevity, these detailed functions are 


one-electron functions. 


omitted. 
The energy levels for these 


quartets are calculated by solving 
the secular matrices (4), where plus 
and minus signs to be attached to 
the off-diagonal matrix elements are 
omitted since only squared quantities 
are needed, and 0,, 0, and 0; are 
multiplet separations between ‘F and 
4G, 4P and ‘G, and *D and ‘G, 
respectively. As can easily be seen, 
energy levels for “G/’,, SGT yg lees 
‘DI’, and ‘SI’, are unaffected, since 
they have no matrix element within 
themselves and between other multi- 
plets and themselves. 
The level of ‘PJ’, is unsplit but 
shifted. The three multiplets 1G, 
4F and ‘D are split by the cubic 
crystalline potential into three, three 
and two levels, respectively. The 
results are shown in Fig. 1, where 
the ‘S-level is not plotted, being 
unknown from spectroscopic data.” 
A similar energy diagram was 
reported by Tanabe and Sugano,” 
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with the use of another method of calculation, but they did not show explicitly the 
behaviors of “F, 4D and ‘P levels. The absence of the linear effect of the crystalline field 


is seen from the vanishing slope of these curves at the vanishing field strength.* 


§ 3. Combined effects of V, W,, and W,,; mechanisms for 
the g-value deviation 


Bethe’s theoretical study shows that the state °S;. is split by a cubic field into a 
twofold (/’.) and a fourfold level (/',). Important mechanisms for this splitting are to 
be attributed to an admixture of higher multiplets arising from 3d° and from other con- 
figurations, due to combined actions of V, W 1s and Ws;. Let us introduce the perturbing 


Hamiltonian : 


H—= V crran ai pa (7) l, 8; 


i (7 ER) [ (s; s,) ta 3 (8; r;4) (s; ri5) | : 


t>j 


As is well known, the ground level splitting can be written in the form of a spin Hamil- 


tonian when V,,,,.;, is a cubic potential superimposed by an axial potential : 
Hs= (4/6) (S,A+5,'+5S,*) + DS, (5) 


where the first term corresponds to the cubic deformation of the charge cloud of the 
ground state and the second one to the axial deformation whose axis we suppose to lie 
generally not along one of the principal axes of the cubic field. This is indicated by a 
sufix 1. Ws and Ws have matrix elements between different multiplets formed from 
3d° configuration, and these are already calculated by Racah’’) and Trees,’ respectively. 
There are, on the other hand, matrix elements of W ,; and Ws between the multiplets 
from 3d° and those of other configurations whose contributions to the ground level 
splitting may be expected to be less than those within 3d° because of their higher excita- 
tion energies, Many processes are responsible for the ground level splitting, but the 
followings may give dominant contributions to the quartic part of the spin Hamiltonian 
KS: 


(1) Four sixth-order processes quartic in W,s and quadratic in V,,,, : 


(1) (S—*P—*D—*F —*G—*P—*S), being doubled 
WisWisWis V op retin Wis 


since there is another process reverted with respect to the order of sequences, 
QQ). (SP =D FG P-="S) beingucedbled 
WisWisVou Wi sSVowW is 


similarly as above, 


* This was pointed out by Tanabe and Sugano in a privated communication to the author. 
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G) (CS—*P—*G—‘*P-‘G—‘*P—*5), 
WisVouwWisWisVou,W rs 
GP ASP DF tp = plas. 
WisWisVouwVowWisW rs 
There are two other sixth-order processes : 
(°S—*P—*D—*P—*G—*P—°S) and 
WisWisWiVouVowW rs 
(°S—4P—°§ _*p_- 4G 4p_sg) 
Wi sWisW pV eur Vou W rs 


These two processes contribute nothing in splitting but only in shifting the ground level. 
(II) Five fifth-order processes involving the second powers of W,5 and V,.,, and first 
power of Ws: 


Gas = GP _s) bane doublet, 
WEN VAVAWE 

Ge)” beine doubled, 
ee AV i 

(3) Pe CI—2D =F = GP 249), being doubled: 
WssVowWisVeuwW is 

(4) (S—P—'G—'G—P_*5), 
awe We 

SyeC§—3D =D — IP") being doubled. 
Wee WW cx 


Two other processes, similar to those above, contribute nothing to the splitting of the 


ground level, i.e., 

(°S—4*D—*P—*G—*P—°S) and 
WssWiV onVoiwW is 

(°S—4*P—‘*P—*G—*P—'S) 
Wi sWssVounVeww W 1s 

(III) A fourth-order process involving the second powers OE Wg. atic ny 

(°S—*D—*F —*D—°S) . 

WssVou, VouwWss 


(IV) Two sixth-order processes quadratic in Ws and quartic in V.,,,: 
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(1). @S—*D—*F —*D=*F —*D—*S) “and 
Wsl oan cae) cup oupl’ 88 
(22) (S—*D—'F—*G—‘F—*D—'S). 
Waal aul oietecnel oan we 
Each of these processes contributes to the splitting parameter a, which is equal to 


one third of the energy difference between /’, and /';, The contribution from (I) (1), 
for example, is formulated as follows : 


5/2 3 5/2 
dasy= (2/3) Si Dis D1 
Je=—5/2 i=1 fz=—5/2 
[(Psm| Wrs|*P 5/2 J.) CP 5/2 Je|Wis|*D 5/2 J.) 
ED'SI2YA WGA F Oy 2 Ne D2 Ie V es 21 aed (6) 
CGT S.| Venw| *P 5/2 Jo’) CP 5/2 Je"| Wis|P sm) 
— (the same for J’,,) |/P°DFG, 


where P, D, F and G in the denominator are energy separations between the excited 
quartets and °S state in the case of free ion, The wave functions |***’L/’S.) are those 
of Eqs. (3), multiplied with spin functions. The wave functions |/’,,) and |/’,,,) are 
eigenfunctions of °S;j. in the cubic field : 


P= (1/6)? G5 (5)? G_s,2], 

Pr) = (1/6)? |@_sp— (5) Psp] 

P)=¢1p5 (7) 
D9) =p 

P's) = (1/6)'?[(5)'" G52 + 9-5/2] 

Ps) = (1/6)'?[ (5)’? G_s2+Gs/2]. 


The formulation of the other processes is worked out in the same way and, for the 


brevity, omitted. A detailed calculation shows that the processes give contributions to the 
splitting parameter a as follows: 


(I) (ID) 
(i) 320g) /P DEG (1) 12-320(Dgq)*t?(M,—8M,) /PDFG 
(2) 12-320 (Dq)*t?(M,— (11/2) M,) /P-FG 
(2) 80(Dq)*¢*/P*°DFG (3) 12-80(Dq)*C?(M,—8M.,) /PDFG 
(3) —10(Dg)2¢*/P°FG? (4) 2880 (Dq)*¢?(M,—13M,) /P°G? (8) 


(4) —160(Dq)*t'/P-DF = (5) —24-160(Dq)2¢?(M,—8M,) /PD*F 
(III) —144-160 (Dg)?(M,—8M,)?/D°F 
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(IV) 
(1) — (8/35) -576-10*(Dq) 4(M,—8M,) 2/D®F? 
(2) — (8/35) -432-10*(Dq)‘*(M,—8M,)?/D°F°G 


e = . . . - 
where € is the one-electron parameter of the spin-orbit coupling in 3d° configuration, M, 


and M, are the radial parameters relating the spin-spin interaction within an ion: 


M,= (8°/2) (1/7) || (1/7) Pre (11) Psa (Te) 11°19" dr dre, 
— 
F (9) 
M,= (§?/2) (1/49) \| (72, /1%) hs (11) a3 (ro) 72722 dr, dry. 
0 


0 


There may be other processes which contribute to the quartic part of the spin 
Hamiltonian (5), such as: 


(°S—*P—2D—*F —°D—*P—S), 
WisWisVouVeuwWisW rs 
(°S —*P—*D—*F —*D—°S), 
WisWisVowVewW ss 
(°S —*D—*F —*D—'S). 
WssV eur VeunW ss 
These processes are restricted to 3d°, but there may be other processes which involve. 
excited configurations, e. g., 


(°S—®P (3d4 4d) —"D(3d‘ 4d) —*D(3d‘ 4d) —°P(3d‘ 4d) —°S), 


W is Wis Views W is W is 
(°S—®D (3d4 4s) —°D(3d* 4s) —°S). 
W SS V cub W SS 


These processes might contribute to the splitting parameter a less amounts than one tenth 
of those from the processes discussed above because of their larger excitation energies to 
the intermediate multiplets even though the energy levels of *D and *F are not known 
from spectroscopic data in case of Mn**. The spin-other-orbit couplings are not taken 
into consideration assuming the smallness of their coupling parameters. If not so, their 
contributions to the splitting parameter a must be taken into account. It is known that 
the configuration interactions mix excited °S’ to the ground "S state and contribute nothing 
to the anisotropic deformation of the charge cloud of the ground state, 

Now, let us turn to the discussion of the processes for the axial term D, One 
important mechanism has been proposed by Pryce, but here will be given another fourth- 


order process quadratic both in Ws and Vi, ¢y7°? Yo’ (Ag) : 
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(5 — Pp *p—*P—55) ; 
WisVacVaxW is 
The contribution of this process is formulated as follows : 
D,= (1/4) [|C°S 5/2 J.=3/2|Wrs|*P 5/2 Je=3/2) 
CP5/2 J,=3) 21V gl Dig=15,— 2) 
—|<°S 5/2 J-=5/2|Wrs|*P 5/2 J-=5/2) 
CP'S /2 J = 3/2 | Vag | DE = S37 2), ye . 
Calculation shows 
D,=— (6/35) CAD (10) 
where 4J= (1/4) (5/7)1?c)r?), <r?) being the average with respect to the radial 3 d- 
orbital, The process discussed by Pryce gives contribution to D through 
(°S—®D(3d*45s) —®S) : 
Wss Vax 
D,= (24/25) 4! M'/E (11) 
Whererd! =(5/7)*"c,(r'™), 


co 


Cr?) a \ Psa (r) 4s (r) dr ? 


0 


M’=8"[3 \ (1/1) baa (2) bus (0) tar (v!) dr’ dr 
0 0 


oo 


—2 | (1/1*) Ba (7) are (1!) hag (1!) dr! dr] 
0 


0 


and E is the energy difference between 3d*4s°D and 3d° °S. These two terms should 
be added to give the dominant part of the total D-value. There may be other processes 
which contribute to some extent to the D-value, e.g., 


(°S—®P (3d*4d) —®P(3d*4d) —°S), 


Wis em W rs 
(°S—®D (3d*4d) —°S). 
W ss : Va 


These processes, however, may play less important role in the contribution to D than 
stated above, because of greater excitation energies to the intermediate states. 

It is known experimentally that the deviation of the spectroscopic splitting factor 
from the free spin value is very small and the g-factor.is almost isotropic. As seen from 
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the above discussions of the ground level splitting, however, there must be an admixture 
of the excited multiplets and this must result in a deviation of the g-value. The most 
important processes for this deviation will be third-order ones, quadratic in W,, and linear 
in the Zeeman term > 8 (l;+2s,)H via the intermediate multiplet “P arising from 3d”, 
(°S—*P—*P—°S) and 
Wis Wi Wis 
CaP 65 ty) 
WisWisW x 


As a perturbing Hamiltonian we introduce : 
H= >} (i) 1,s;,+ D8 (G+2s,) H=Wi3+W x, (12) 


where W, stands for the Zeeman term. The deviation of the g-value when a magnetic 
field is applied along the zaxis is given by 


49=G(J.)—G(J,—1), (13) 


where 
G (Jz) =[|CS 5/2 J.|Was|*P 5/2 J.>|? 
{PS / 24.) >» (1; + 2s;) |*P 5/2 J.) 
—|C0S5/2 J. |Was|*P 5/2 Je)? 
Get ON M) > (l,+2s,) |°5 5/2 J |/P°. 
Calculation yields : 
Ag=—2¢?/P?. (14) 


These processes give definitely the minus sign to the deviation of the g-value, being 
independent upon crystalline potential. These are only third-order processes involving spin- 
orbit coupling, so far as 3d” is assumed. Third-order processes through excited configu- 
rations, e.g., 3d°4d °P (172600 cm™ above °S for Mn**), will make less contributions 


to the g-value deviation than (14) because of higher excitation energies. 


§ 4. Discussion 


We shall now examine the order of the magnitude of the various processes proposed 
1),2).8) 


in section 3 and compare them with experimental data. 
The contribution to the splitting parameter a from (8) is calculated to be 
a= (Dgq)*[2.015 + 15.94 M,— 149.5 M, 
— 5.037 (M,— 8M,)*— 0.388 (M,— 8M.) * (Dq)*?-10~*] 


10 Nica? for -Mn**, (15) 
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using the values of energy separations between excited quartets and °S, i.e., P=29250 
cm-', D=32390cm™', F=43600cm7' and G=26850cm™'” and spin-orbit coupling 
constant £=400cm7'*, but leaving the crystalline field parameter Dq and the radial 
parameters of spin-spin interaction within the ion, M, and M,, undetermined. The 
crystalline field parameter Dq depends upon the charge distributions of the environment 
ions in crystal around the ion to be considered. The spin-spin interaction parameters, 
M, and M,, are determined by analyzing the fine structures of the excited levels from 
spectroscopic data of the free ion, Mn’*’, while one has no data of Fe’** available. M, 
and M, are calculated by the method of the least square, with the analysis of the fine 
structures of “G and ‘F arising from 3d’, which are supposed to be explained by the 
second-order perturbation of the spin-orbit coupling and the first-order perturbation of the 
spin-spin interaction, while the first-order effect of the spin-orbit coupling vanishes. Using 
the value £=400cm™", M, and M, are calculated to be 0.642cm™' and 0.016 cm™' 


respectively, being considered to be reasonable order of magnitudes. It is, on the other 


> 


hand, desirable to calculate directly these parameters with the use of radial wave function. 
Making use of the Slater type wave function, the ratio M, to M, being 12, M, and M, 
are calculated to be 0.0745 cm™ and 0,00621cm™', respectively, being much less than 
those obtained above. It may, however, be conceivable that these parameters depend 
strongly upon the feature of the radial extension of the wave function and, in this respect 
it might not be appropriate to use the Slater type function. To evaluate the splitting 
parameter a, therefore, it may be preferable to use the values of M, and M, obtained 


from spectroscopic data. Then (15) becomes 
a= (Dgq)*(8.526—0.102 (Dq)?-10-*) -10-* cm™. 


The behavior of the splitting parameter a is plotted against the crystalline field parameter 


30 a in 10-4 em-? 


eed —1L0 0 1.0 2.0 
Dg in 10° cm-* 


Fig. 2. Calculated splitting parameter a vs. Dq for Mn**. 
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Table I 
errr, SD ER Te 
Ton Crystal a in cm7! D in cm7! g Reference 
Mn*+ (NH,)2Zn(SO,)26HO +0.0095+1 | +0.0243+45 |. 2.00045 a 
ZnSiF, 6H.O +0.0007+1 | —0.0179+3 | 2.00045 a 
Mg:Bi2 (NOs) ,224H,O +0.0010+1 | —0.0211+1 | 1.99743 | b 
MgSiF, 6H:O (+) 0.0007 (—) 0.0274 | c 
MgO +0.00186 2.00145 d 
ZnS — 0.00076 2.000 e 
Fe+++ KAI (SeO,) 12H.O | —0.012742 | —0.0103+1 2.00343 f 
(NH;CH3) Al(SO,)012HsO =| (—)0.010-4 | (—)0.188+14 f 
RbAI(SO,) 12H,O —0.013442 | +40.0022+2 2.0033 f 
NH, AI (SO,)212H2O (—)0.0128+4| +0.016+1 | g 
MgO +0.0205 | 2.00377 h 


a) B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) A205, (1951), 336. 
b) R. S. Trenam, Proc. Phys. Soc. (London) A66 (1953), 118. 

c) T. Arakawa, J. Phys. Soc. Japan 9 (1954), 790. 

d) W. Low, Phys. Rev. 105 (1957), 792. 

e) L. M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids, 1 (1956), 117. 

f) B. Bleaney and R. S. Trenam, Proc. Roy. Soc. (London) A223 (1954), 1. 

g) J. Ubbink, J. A Poulis and C. J. Gorter, Physica 18 (1951), 361. 

h) W. Low, Bull. Am. Phys. Soc. Ser. II, 1 (1956), 283. 


Dg in Fig. 2, while experimental data of the values a, D, and ¢ are listed in Table I. 

From the analysis of optical absorption spectrum of the complex MnCl,6H,O, the 
crystalline field parameter Dq is obtained to be 1230 cm™ by Tanabe and Sugano." This 
order of magnitude for Dq is expected to be observed in cases where Mn** ion is 
surrounded octahedrally by six water molecules. As shown in Fig. 2, the curve of a vs. 
Dgq may be considered to represent the correct behavior of the ground state of Mn** in 
cubic crystalline field and the sign of the splitting parameter a may be definitely positive 
in the region where Dg is sufficiently small that perturbation procedure is permitted. It 
may, therefore, be concluded that both the spin-orbit coupling and the spin-spin interac- 
tion within the ion give an important contribution to the cubic part of the ground level 
splitting. 

The negative sign of the splitting parameter a, for Mn** in zincblende crystal, 
reported by Matarrese and Kikuchi’ does not seem to be conclusive since they noted that 
the sign was determined from the dependence of the hfs pattern upon the magnetic 
quantum number of the nuclear spin though it is necessary to observe the variation of 
the relative intensity of lines at lower temperatures for the determination of the absolute 
sign of the splitting parameter a. The sign of the cubic crystalline potential at the 
position of cation in zincblende crystal and in MgO crystal are inverted with respect to 
each other, on the basis of the contribution from the nearest neighbor anions. At first 
sight, the sign of the splitting parameter a might depend upon the sign of the cubic 
crystalline potential at the position of the Mn** ion. It is, however, unexpected that 
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such a difference of the sign of the crystalline potential appears in the splitting parameter, 
since for any configuration just half-filled with electrons there exists no effect of odd powers 
with regard to the various physical quantities of electron, e. g., charge, magnetic moment, 
etc. It is, therefore, highly desirable to determine the absolute sign of the splitting 
parameter a in zincblende crystal at lower temperatures. 

For the case of Fe*** ion in the cubic crystalline potential, it might be expected 
that those processes formulated in (8) would be responsible for the splitting of the ground 
level. It is not possible to calculate the splitting parameter a on the basis similar to the 


** jon, available 


case of Mn** since there is no detailed spectroscopic data of free Fe™ 
for the evaluation of the parameters M, and M,. If there were no essential difference between 
Mn** and Fe*** ions, as might be expected, regarding the magnitude of the spin-orbit 
coupling constant ¢, the spin-spin interaction parameters M, and M, and the crystalline 
field parameter Dg, the same order of magnitude of the splitting parameter a for both 
ions might be observed in similar crystals containing Mn~* or Fe’ ~~ ions, e.g., in MgO. 
On the other hand, it is reported that the splitting parameter a for Fe*** in several 
crystals are about ten times larger than those for Mn°*, as seen in Table I and the 
negative signs of the splitting parameter a, except in the case of MgO, are reported. To 
make the situation clearer, it may be necessary to have more complete spectroscopic data 
for free Fe*** ion. 

D, and D, are estimated by inserting the values of €, and of the energy separation 
in the denominators of (10) and (11) (E=62850cm™” for Mn** being used), leaving 
4, 4’ and M’ as parameters. J! differs from J only in the averaging of r°. It is shown 
that <r?) =2.375(r*), using the Slater type wave functions, and 4’/=2.3754. There 
might be no appropriate means to obtain the value of M’ from experimental data, how- 
ever, the calculation of M’ is not reliable since it strongly depends upon the overlap of 
the 3d and 4s wave functions and one has no exact wave functions. Using the ap- 


proximate relation between J’ and J, one tentatively obtains : 
D,+D,=—9.90 47-107" +3.62M'd-10~ cm for Mn**, (16) 


4 is an axial field parameter and is, for example, equal to 8/7 of the overall separation 
of the orbital levels for one 3d-electron placed in an axial crystalline field. The first 
term of (16) contributes definitely negative value to D, regardless of the sign of the 
crystalline potential. Assuming several reasonable values of M’ the behaviors of the D- 
values are plotted in Fig. 3 against the axial field parameter 4. On account of the 
ambiguity of the value of M’, it is not possible to give a definite result on D, but the 
order of magnitude may be correct. 
The g-value calculated by the use of (14) are: 


J=2.0019, i.e., dg=—0.0004 for Mn**, 
9 =2.0020, i.e., dg=—0.0003 for Fe***, 
where the one-electron spin-orbit coupling constants 


€=400cm™ for Mn** and €=440 cm™ for Fet**™ 
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M’=0.3 cm-! 


—5 —4 —3 -2 —1 


Bg ©) 


A in 103 em-! 


M’'=0.2 cm-! 


—5 M’=0.1 cm-? 
Fig. 3. Calculated D vs. 4 curve of Mn**, for several M’ values assumed. 
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are used, and energy separation P=3.51-10*cm™” is used for Fe These values are 
in agreement with the observations, though in some cases the observed deviations are 
slightly greater. As noted above, the processes leading to (14) definitely give a negative 
deviation from the free spin value (2.0023). On the other hand, there seems to be no 
observation of a definitely positive deviation which is outside the experimental errors except 
in one case of Fe*** in MgO crystal (2.0037+0.0007). This was reported by Low” 
who considered this positive deviation to be attributable to the crystalline potential and 
not to the spin-orbit coupling. On the other hand, Low observed the g-value of Mn** 
in MgO crystal to be 2.0014+0.0005. However, the cubic crystalline potential may 
not essentially differ for Mn** and Fe*** in MgO, and it seems difficult to explain 
these contradictory results. There may not be a third-order process, quadratic in cubic 
crystalline potential and linear in Zeeman energy. The third-order process, proposed. in 
section 3, would also give reasonable g-values for the rare-earth ions, such as Eu** and 
Gd***, which are in °S state, since in these rare-earth ions the spin-orbit coupling is 
stronger and the crystalline potential weaker than in the iron group ions. 

In section 2, the overlap of charge clouds and the formation of a partial covalency 


among the ions were neglected. These effects must be taken in consideration when 


further detailed treatment are made. 
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The general problem of configuration interactions for the excited states in ideal insulators is in- 
vestigated by solving a difference equation which is derived in the same way as in the scattering 
problem. It is shown that the general picture of exciton falls into three categories: deep case, shallow 
case, and hydrogenic case, according to different conditions under which the difference equation is 
to be solved approximately. The structures of the bands of both the singlet and triplet excitons are 


investigated in these three cases, with particular emphasis on the deep case. The solution derived is 


‘ ’ 


intermediate between the “ atomic” and “continuum” models hitherto proposed. 


Introduction 


As is well known, the optical absorption without photocurrent observed in many 
insulating crystals has been ascribed to excitation of a certain discrete state, the exciton 
state. The first theoretical work on this subject was done by Frenkel and Peierls’ and 
later works by Slater and Shockley”, Wannier®, etc. The theoretical study of the exciton 
is of great importance because, firstly, the exciton problem is regarded as a typical problem 
of the correlation effect in solids, which cannot .be handled within the scheme of one- 
electron approximation but can be handled only with configuration interactions of the 
many electron system, and second, the exciton has so far been understood in terms of 
rough models, i.e., the atomic model”, the classical model and the continuum model”, 
and even the inter-relation between these has not yet been well established. Wannier 
made an attempt to make this interrelation clear ; he, however, confined himself to the 
continuum model (or the so-called effective mass theory) by replacing the difference 
equation by a differential equation and got a hydrogenic solution for the exciton, which 
of course has limited applications to actual crystals. In many cases, it will not be justified 
to replace the difference equation by a differential equation; by making such an approxima- 
tion one will often arrive at results that are not only quantitatively erroneous but also 
qualitatively inacceptable, especially for the lowest exciton state. Slater and Koster have 
extended Wannier’s theory to the case of perturbed periodic lattice” using a difference 
equation. However, they did not solve the difference equation for the exciton problem ; 
after deriving the difference equation, Slater merely gave qualitative discussions of the 
exciton, It is our purpose to make a basic calculation for this problem and to give a 


semi-quantitative discussion of it. 
. . . . 7) 
Recently, an interesting work on exciton band was published by Heller and Marcus”. 
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They considered the exciton as an atomic excitation wave proposed by Frenkel” in his 
early work. According to their result, the structure of the exciton band is determined 
merely by the dipole-dipole terms of the electron-hole interaction. In Wannier’s theory, 
it was determined solely by the structure of the valence and conduction bands. In actuality, 
both of them should be effective for the exciton band. In the present paper we shall 
obtain terms of these two types and show that there are cases where either is dominant 
or both are effective in determining the structure of the exciton band. We shall con- 
sider the spin state but ignore the spin-orbit coupling, so that we shall deal with singlet 


and triplet excitons separately. 


§ 1. Wave functions and energy matrix 


In this study we confine ourselves to the problem in simple insulating crystals with 
a single filled valence band and a single empty conduction band in the ground state. 
We suppose N atoms and 2N electrons. Let u(r) be a Bloch function in the valence 
band and, u{,(r) that in the conduction band. We designate the ground state wave 


function by %,. Then we construct the zeroth order excited wave functions in the form: 


M ea See! day Pipl) (7. : 

Y,(k—K, k) YOQNyi +! rar? (k= Kok) Py; Gea) 
where 

O (eK, Wy =uy, (ry) s(t) +g ) (1-2) 


Up, Tavs) UK Tes) * Ee (Foy) 


and P means the permutation of order (2N)!. The wave function “!,(k—K, k) is 
defined by vectors k—K, k representing respectively the Bloch function of the valence 
band from which an electron is missing and the Bloch function of the conduction band 
to which an electron has been raised. M represents the spin multiplicity, ie, M=1 
for the singlet and M=3 for the triplet. Thus, for each spin state, we have N® wave 
functions of the zeroth order, from which we get, by a unitary transformation, N? new 


‘wave functions : 
1 
“PK, R) = ae SS exp —ikR] (kK, k). (1-3) 


Each of these represents a so-called excitation wave which corresponds to an electron-hole 
complex separated by R in space and moving with a wave vector K. This statement 
can easily be verified if one express (1-3) in terms of Wannier functions, which are 
telated to Bloch functions by 
1 é 
a(r—R) et > exp| —ikR]u,(r), 
s (1-4) 
a’ (r—R) eave > exp| —ikR] uj, (r). 
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Our program is to solve the configuration interaction problem expanding the perturbed 
wave function, “Y% (K), in basic set of either “Z, or “Z,, as follows: 


sel (K) oe "Pic (k) ie. (k = K, k) 
(12>) 
=>) "U, (R) "8K, R), 
R 


where, from (1-3) and (1-5), 


*U;, (R) = = SS exp[ikR] “fic (k), 


(1-6) 
“fc (K) = S Shexp [—ikR] "Ure (R). 


We shall seek the enery eigenvalue “E(K) and the coefficients “fy (k) or “U; (CR), 
but before doing this, we shall set up the energy matrix of the 2N electron system, 
The calculation is not essentially different from that which was performed by Slater” in 
his theory of ferromagnetism. To bring out the geneneral picture of the electron-hole 
model, we shall write it down explicitly, using the method of vector model”. 

Let the energy operater of the 2N electron system be 


H= SHO + y=, (1-7) 


(é,9) 55 


where H,(r;) is the Bloch Hamiltonian for the i-th electron, of which the energy and 
wave function are W;, and u,(r;) for the valence band, Wf and uj,(r;) for the conduc- 


tion band. Then we have the diagonal term of the energy matrix in the form : 
(“PT ,(k—K, k) |H\"E ,(k—K, k)) =Eaing 
=Wy_n t+Wi+Jh-nne— bKi-w1+-4 (8-8) | 
tS Mer (2W hen + Scr x) * >a» rk! (4 Jn. bei 2K yr 411) 


(Kk) >=k—I) ki <kt! ki kk 
+ Soe (2 Fk K+ 2Jin) — wat Kar a Rr Niet te > (1-8) 
© Tel x) 
(F || Po) =E, 
=) (2W pen + Ser te) > Mer > ter (4S pet to — 2K yer pert)» (1-9) 
ki (kel <kI1) 


where 


2 

2 
Uper (Ty) Up. (Tr) dv,dvy > 

12 


Turn | mis (rd wb 3) 


2 
e 

4; Ket c= \) uj (r,) uj (T.) —— ups (11) Uhe (T2) du,dvy ? 
Yio 


Z 1:10 
Kura= ff uk, (1) uf (1s) —— te (Fa) tne (Fs) rye» 5 (1-10) 


Yio 


424 Y. Takeuti 


Kinn=| \ ux, (1) us (Fo) —— Ups (Pe) Whe (Px) Crd 


Th 
Fiome Cha yeande (ies) weand 
E ting =Ey t+ Wi—W ex) 
—Ji_xnt4Ki_xxl1—4 (8-8) | 
+ 33 (2Tien te — Kio a) (1-11) 


= Pe (Zeer hk-K Ki sk Kk) : 
cl 


It is worth while looking a little into the expression (1-11), which reveals the picture 
of the excited electron and hole. (Wf—W),_%) in the first line of (1-11) measures 
the energy of the excited electron as given simply by the band theory, i.e., that which 
is necessary to take out an electron from state k—K in the valence band and bring it 
into state k in the conduction pand. The terms of the second line can be regarded as 
the energy of the interaction between the excited electron and the hole, a hole being 
defined to have opposite charge and opposite spin to those of an electron. One of the 
last two lines is the energy of interactions of the excited electron with all the electrons 
in the filled valence band, and the other the corresponding one for the hole. We can 


eliminate the last additive terms in the following way. We construct combinations, 
Wp + 2 (2a 10 — Kir, e—) =W (k— KK), 
vt 
Wier ps (2h — Kin) =W* (k), 


and renormalize the energy bands by taking W(k), W°(k) as energies of the valence 
and conduction bands. Alternatively, we might start with a Bloch Hamiltonian which 
includes the self-consistent potential of the valence electrons and then set up the energy 
matrix after subtracting this potential from 57 (e?/r;;). In either case, we arrive at the 
same electron-hole problem. The ae many electron problem to electron-hole 
problem will be possible in a more general case, in which we consider the perturbations 
of higher orders as virtual processes; the renormalized bands in this case are the electronic 
polaron bands”. The reducing procedure, however, does not merely affect the band form 
but it also changes the interaction in the second line of (1-11), ie., it changes the 
coulomb potential between electron and hole from e?/r to something like e*/«r through 
these virtual processes. 

Next we set up the non-diagonal elements. These contain the only interaction terms 


similar to the second line of (1-11). We can summarize both the diagonal and non- 
diagonal elements in one formula, 


(M, k—K, k|H| M, k/—K’, k’) 


= Bc.1c| Oe “(E,+W*(k) —W (k—K)) 
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aa 


a | \ * on (rus (rp) 


2 
; Up —K (Ty) Ujey (To) dv,dv» 
12 


9 
e 


a 2\{ uh xc (11) wi (rs) 
tf 


Uje— HK (To) Ufey (Ty) dude | > (1p12) 


12 


N —— ke < Xd == . . 
where 0,=1 for M=1 and 0,—=0 for M=3. From this expression we can also derive 


the matrix elements in the “Z,, system, Thus, making use of (1-3) and (1-4), we 
obtain 


(M, K, R|H|M, K’, R’) 


= 95,1] Brey Ey +7. > explik R—R’) |W (k) —W (k—K)) 


+> exp[ —iKp] 
P 


2 


x{—[| ere ep —R) © (rp) ¢ (RB) dodo 
“ T 45 
(Conlon a} 


2 
$0y-2{ a(n) ep —R)—a(r,—p) ¢ (7, —R) ded} |. 
"19 


(Exchange) (1-13) 


§ 2. Derivation of difference equation 


In the preceding section we have found the matrix elements of the energy in each 
of the two systems. Before going over to the perturbation problem, we shall make an 
approximation for the coulomb and exchange integrals given by (1-13). Let us assume 
the following: (1). both integrals are negligible unless R=R’, compared with the re- 
maining terms in (1-13); (2). the exchange term is negligible unless R=R’=0, 
whereas the coulomb term is considerable even for R*< 0, R’*<0; (3). the coulomb 
term is negligible unless @=0, whereas the exchange term is considerable even for 9*<0. 
With these simplifications, we can write down the total Hamiltonian in the form : 


H=H,+H,+Hint+E,, (2-1) 
(M, k—K, k\|H,+H,|M, k'—K’, k’) 
= Ox 11 Orn Wk) —W(k-K)), (2-2) 
(M, K, R\H,+H,|M, K’, R’) 


=O x,x > explik (RR) |W) —W (kK), (2-3) 


(M, k=, k| Ain. |, k'—K’, k’) 
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=91.11| —* Sexpli(h’—B) Q]| |a(r) | ry @) Pode, 


Y19 


» 1 > i . 
T Ome >> exp| —iKp| 


Pp 


x 2|{ a* (r,) a° (1) org (r,—) 4(T,—p) dvd | > (2-4) 
Tie 
(M, K, R\H,,,|M, K’, R’) 
= 9-40] — One {fia i E |a’ (r,— R) |*dv,dv, 


The 


ae Ox: OR,0 : One = a exp[ — iKo| 
Pp 
2 
SED \| a (r,) a (7) gt (r,— p) a(r>— p) dv,dv.| ; (2-5) 
% 9 


In these expressions we find that H,+H,, is diagonal with respect to AY and Hopes 
diagonal with respect to “/,. Further we shall refer all the energies to the energy of 
the ground state E,, and hence put E,=0. 


Now, to go over to the perturbation problem, we rewrite our eigenvalue problem, 
H."P (K) =E-"¥ (K), (2-6) 

in the form, 
we (BK) = (E— (H+ iy) ) Hi FR), (2-7) 


and expand “/(K) in a series of “Y,(K, R) as given by (1-5). Then we have at 


once 
"Ux (Ri) = 31M, K, R.| E—H,—H,) "Hyx|M, K, R;) “Uj (R;) 
J 


=> 31M, K, R,| E—H,—H,)™|M, K, R,) 
) 


Z 
x (M, K, R,|Hi.|M, K, R,) "UK (R;) 
=e K, R;| (E—H,—H,)"|M, K, R,) 
4} 
x (M, K, R,\ Ain.|M, K, R,) "UK (R,). 


Making use of (1-3) and (2-3), this equation can be rewritten in the form 


M A exp|ik (R;—R,) | a a 
Ux (R,) NPE (W* (kt) —W (k—K)) £058 R;)"UxK(R;), (2-8) 


where 


"Vx (Ry Rj) = (M, K, Rj|H.|M, K,R). (2-9) 
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This is the difference equation describing the excited states of insulators and is very 
similar to that which was derived by Slater and Koster”:™ to determine impurity levels 
§ 3. Solution of difference equation 
Let us assume further the following simplification 

W*(k) =9,--+ak, 
W (k) =9,+ 8k 


then we have at once 


W*(k) —W (k—K) 


=(a-P)(k+— K) —~ oer SE Kt tem, 


—p 


Using this relation and making the substitution 


ms OF (R;) —= exp [i P "UK (R;) . (ex 1) 
~ 
eq. (2-8) reduces to the form 
uM E? sip lt sprees, TR) uy, R,, R. HOARY, (3-2) 
Ck (R;) = FINE €—(a—f)k? <( ) A J 
where 
E=E— (w.—,) + ze K’. (3-3) 
a—p 


Before discussing the nature of the solution of eq. (3-2), we shall calculate the sum 


in eq. (3-2). We can convert it into an integral, obtaining 


_ x explikR] 
EE ae €—7yk 
Reema Geen |Rl) 2. 16 < 0,750: (3-4) 
On (27) 27 |R| 
e exp[ 4i(€/7)'”: [RI] for) <p> 0, 72-05 (3-5) 
|R| 


1(0.) =; 


E— oe 
mee AE (Ex Sa xtan =), for Gaur ew Vee lel; 6) 
(2m)* 7 
[~ Ce ocean thee for. €.<0,°77 20) |r =< E| 5 (3-7) 
(258) 7 — x 
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whete x=(-6/7)2, ;=a—/, Veis’the volume of the crystal and 5 the a of the 
sphere having the same volume as the Brillouion zone, i.e., ¢= (677) 98 (N/T)? fortthe 
Giccmattices 

Now we can see from (3-4) and (3-5) that eq. (3-2) reduces to either of two essen- 
tially different forms depending on whether we are dealing with the case of € <0 or the case 
of €>0. In the first case, the sum falls off as exp|— (—€/y7)'*?|R,—R,|]/|R,—R,| 
with increasing |R,—MR,| and |€|; so does also I(R,—R,) /1(0). We show the Bo 
of I(R,)/I(0) in Fig. 1 as a function of energy for R, equal to the primitive translation. 


Therefore, to the first approximation, eq. (3-2) reduces to 


HORE) Se Re Ry) Geta) (3-8) 


pa 


N Te E —7k 
and € is obtained by solving 


1 
1 is 


HV, IRs, ta) — 0. (s29) 
Ne& &—7k? «A 


We denote the solution as “&;(K). The corresponding wave function is obtained to be 


1 \exp[ik (R;— R,) hg © Me 
Mp (K) = Ax ds ee op] 12 KR, | T ,(K, R,). (3-10) 

This tells us that the main part of the wave function for the state of energy “€;(K) is 
0.4 the excitation wave “V,.(K,R;) and the 
rest is a superposition of “/,(K, R,) 

(j*=1) with coefficients falling off as 
7(Ro) /1 (0) exp[ —( —"E(K)/7y?|R,—R,|] UR Reale 
is In the second case, € >0, it is clear 
from (3-5) that the sum in eq. (3-2) 
reduces to a form which is very similar to 
the Green function in the scattering 
problem. Thus eq. (3-2) corresponds to 
0.2 the relation between incident and scattering 
waves. It is well-known that there is no 
bound state in this case, and the states 
may be called “‘ionization continuum ”’. 
0.1 The boundary between the states of exciton 


and the ionization continuum is given by 
€=0, (3-11) 


hes 
=0.9 €/(d.+ d,) Ae 
Fig. 1. Plot of I(Ry)/I(O) as a function of Ev, — 


energy for Ry equal to the primitive B 
translation. 


(3-12) 


Since our main interest is in discrete 
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states, we shall confine ourselves to them and examine our approximate solution in more 


detail. We find from (3-6), (3-7), (3:9) and V/N=672/é that 


é 22 
tan}*-—1= i , for x/E>1; 3-13 
3"V,(R,, R,) eine ve 
x T Sie ‘ ne? = 
—| — — tan — = ee =, for x/* <1. 3-14 
ae e) = 57, (R, RD i ie 


=] 


We put 7° =at*?— Se? =d.+d, where d,, d, are the widths of the conduction and valence 
bands (Fig. 3 (a)), and find €/(d,+d,) from eq. (3-13) and eq. (3-14) as a 
function of “V3 (R;, R;) /(d.+d,) only if we have the condition 


PV CR, R,) | >4(d.+4,). (3-15) 
If this is not satisfied, no solution exists. The behaviour of the solution is shown in 


Fig. 2, where “V;(R;, R;) is simplified as “V. For sufficiently large |“V|, & is linear 


in “V, ie., we have 
#8 (K) =3 (44) 4+, (3-16) 
i.e., by virtue of eq. (3-3), 


Me (K) =1(d,+4d,) Ve Wye G17) 
a—} 
For |*V| slightly greater than 4(d,+d,), € is roughly proportional to CV +4(d.+4,) )? 


(“V is negative in all cases), and 


Me(K)y= (©) G44) 900 +3 +4)" 


+7,—9,— sage (3-18) 
a—fp 
We shall later (in § 4) come to discussing these solutions and show that our results give 
a useful information for the actual problems, as far as we are dealing with the lowest 
exciton band, either singlet or triplet. 
The energy of the lowest exciton band is obtained by substituting “VY, (="Vx (0, 0) ) 
for “V where “V. is assumed to have the largest absolute value of all the “V. From 


0 
(2-5), we have 


= —(| a (rae a (Hf (ra deide 


19 


he 2| a* (r,) a°(r,) ale d* (r,) a(r,) dvd v» 


Tio 


* This approximation is not so useful as (3-17), because [(R)/I(0) falls off very slowly with |R| for 
such an energy as expressed by (3-18). 
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oe exp[ —iK]| \| a*(r,) a°(r,) sat (r,—p)a(r,—p)dvidv,, (3-20) 
(p30) 


J Y19 


Thegs al | a* (rn, a(r,) a (1) d (1) dvdr» (3-21) 


12 
When we are dealing with the lowest exciton with deep energy expressed by (3-16) 
or (3-17) (we call such an exciton “‘deep exciton”), in the singlet case the band 
structure is determined by the sum of two parts: one is 
#2 


— k= K?, a=b'/2m,, B= —b?/2m, 3-22 
ee aie) ( /2m B / my) ( ) 


af 


which is equivalent to the result obtained by Wannier’s continuum theory,” and the 
other is 


ve 
2 exp| —iKo]}| | Q* (r,) QO (r,—p) dvdr ; (3123) 
(p>0) 12 


r 


(Q(r) =a’* (r) a(r)) 


0.5 


continuum 


4 ges “46 Hs 


Fig. 2. Energy € as a function of ™V. 
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which is almost equivalent to the dipole-dipole terms presented by Heller and Marcus”. 
In the triplet case, on the other hand, the structure is determined only by (G222)2 
The separation between the singlet and triplet exciton bands is given by (3-23) plus 
twice the exchange integral between the two Wannier functions on the same unit cell. 
This separation can in many cases (for a general K) be taken as positive, so that the 
triplet exciton band lies below the singlet band. In some other cases (and for some K), 
however, we anticipate that it is not so. (see § 4) 

When the energy of the lowest exciton is shallow (we call this “shallow exciton ”), 
the modification of the straight line as indicated in Fig. 2 affects qualitatively the situa- 
tion mentioned above. The first part, (3-22), remains unchanged, but the effect of the 
second part and the singlet-triplet separation diminish by this modification. 


conduction band 
continuum 


singlet 


ak? exciton band 


electron : 


triplet 
exciton band 


a 


hole :8(k—K)? 


valence band ground state 


(a) One electron model (b) exciton model 


Fig. 3. Schematic representation of the electronic excitation in ideal insulators. 


* Te is worth while looking a little into the meaning of (3-23), from which the difference in the 
nature of the singlet and triplet excitons comes. Consider the special case of d,=0 (m,=©©), which actually 
corresponds to the case of X-ray exciton'® (the exciton due to X-ray absorption). Then (3-22) vanishes, so 
that the triplet exciton behaves as a localized exciton,” Although the hole has an infinite effective mass, 
the singlet exciton can still propagate through the lattice, as it has a band expressed by (3-23). The physical 
picture of this propagation is this: an excitation created in one unit cell is annihilated accompanied by the 
simultanious creation of an excitation in another unit cell. Such a process is forbidden in the triplet case 


but is allowed in the singlet case. 
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§ 4. Discussion and remarks 


We have found the solution of our difference equation to the first approximation, 
under the condition of inequality (3-15). We shall discuss this solution, At first “V 
will be assumed as 

HY 3 Ope) ee ae On (4-1) 


Then our eigen-value problem (3-2) will exactly be replaced by 


ae \ F il 


; ie (4-2) 
N & €-—7K 


We have only one solution of this equation, €,(K), only if the condition 
P"V.| > 4 (Ge +4,) CBed 


is satisfied. This means that the discrete level, or the exciton level, does not begin to 
emerge from the continuum unless |“V,| reaches a critical value, 4(d.+d,)*; in other 
words, if either of the effective masses of the electron and hole is small, or both are 
small (and of the same sign), there is no exciton state so far as the interaction energy 
between the electron and hole is not sufficiently large. This statement is typical of the 
correlation effects in three dimensional space. We have one singlet and one triplet exciton 


state under the condition of (4-3), and the corresponding wave functions are of the form 


MU (R,) =A,:exp| — ie So jaa 


The assumption of (4-1) may not correspond to actual situations for most solids, except 
perhaps in metals where it is likely that 


> PV Pals. 


Next, we concern ourselves with the following cases : 


"V1 >4(d.+4,) eS Matar Vals (4-5) 
4(d,4d,) >|"V,|, lit Beco (4-6) 
[PV glo>-|7 Fal >4(d,+d,) 2 PV alae bs (4-7) 


These can occur more likely for the exciton in insulators. In the case of (4-5), we can 
start by taking only “V,, then replace our difference equation approximately by eq. (3-8) 
putting R;=0; we again find eq. (4-2). Thus, we have, as in the Previous case, the 
exciton state expressed by (4-4), which certainly is the lowest exciton state. It must be 
noted, however, that we arrive at eq. (4-2) by considering the behaviour of I(R,) /I(0) 
-"V,/™V., i.e., that the falling off of exp| — (—&/y)*”|R,|]/|R,| is intensified by the 
falling off of “V,/"V, so far as we are dealing with the lowest exciton state. On the 
other hand, if we start with any one of “V,, MV, ,---, we have no solution of eq. (3-8). 


* If 8>0, the critical value must be replaced by 4(d.-—d,). 
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We cannot, however, conclude, contrary to the previous case of (4-1), the non-existence 
of exciton states other than the lowest one. In this case, we cannot replace our difference 
equation (3-2) by eq. (3-8), but we must solve the difference equation (3-2) con- 
sidering all of “V,, “V,, “V,,---. Then we may expect that some or many members of 
the higher exciton states, of which the wave functions are much more spread out than 
(4-4), will arise above the lowest one. These states may roughly be described by the 
continuum theory. 

In the case of (4-6), no solution like (4-4) exists, and the whole spectrum of 
the exciton is more like that given by the continuum theory (we call this “ hydro- 
genic exciton’’). In this case, we may expect that the separation between the singlet 
and triplet exciton bands is almost zero and both bands are determined only by (3-22). 
In the case of (4-7), the situation will be somewhat like that of (4-5), although 
actually we must take up all the “V,,---"V,, and solve the secular equation which is at 
present beyond our scope. We may expect that if |”V,| is sufficiently large, our simple 
approximation (4-2) is again useful for the lowest state. This is because our approxi- 
mation gives the state of s-like symmetry (for “Uj,), and in many cases such a state 
may actually be the lowest state. 

Experimental values of the lowest exciton states (singlet, K—=0) for alkali halide 
crystals, given in terms of the optical dissociation energy are —1.9e.v. (NaCl), —1.8 
e.v. (KCI), —1.5 e.v. (RbCl), etc.’”* The situation in these cases will certainly cor- 
respond to that of our deep exciton expressed by (3-16) and the condition |”V,| > 
4(d,+d,).** It has generally been believed that the atomic model which consciously 
disregards excitations from one cell to another can give reasonable explanation of the 
excitons in alkali halides. To understand why it is so, we have only to notice that our 
solution ((3-16) and (4-4)) for sufficiently deep exciton much resembles the atomic 
model. For cuprous oxide, the experimental value is —0.14 e.v. (in yellow series) and 
—0.17 e.v. (in green series)", and the situation will be that of our shallow exciton 
(\“V,|=4(d.+d,)), or more like that of the hydrogenic exciton (\“V,|<4(d,+d,)). 
It is interesting that Gross’” observed almost complete hydrogenic energy spectra in Cu,O.*** 


Finally, we shall make remarks regarding the nature of the exciton bands in our deep 


* These values are somewhat uncertain, as it is not precisely known at which point in the absorption 
spectrum excitons cease and the states of continuum start. 

** A rough estimate of the magnitude of “V for NaCl will be #Vo~— (e*/r) =—5.1 ev., VV, 
~ (—e2/Ko/ 2 1) =—1.6 ev. where ro is the Na—Cl distance and fo is the optical dielectric constant. It 
is assumed that, for such a small distance r, “Vo is close to —e*/ro rather than to —e®/kor9 as is commonly 
supposed. We substitute —é(0)~1.9 ev. and “Vy~—5.1 ev. in our relation €=3(do+d,)+"Vy and 
find d,td,~6.4 ev. Thus, |”V|~5.1>4(d.+d;) ~2.1>|"V,|~1.6, which conforms to our case (4:5). 

*&* We have made these two assumptions in our argument: the simple energy expression for a valence 
and a conduction band, and the diagonal form of Hin with respect to “Vy. The former does not seem to be 
a strong restriction for our discussion, i.e., replacing W(k) and W¢(k) by a more complicated form will 
perhaps modify the condition (4-3) a little quantitatively, though this may affect the structure of exciton 
band. However, it might be possible that if the latter is not satisfied our discussion stated in § 4 is influenced 
qualitatively. The rigorous justification for this assumption in actual problems is at present beyond our scope. 
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case. We consider the dyhamical nature of excitons: the creation of excitons by photons, 
the scattering with lattice vibrations, and mechanism for the nonradiative decay. We have 
already mentioned that the structure of the singlet exciton band is expressed by (3-22) 
plus (3-23), both terms being of the same order of magnitude, while the triplet exciton 
band is expressed only by (3-22) ; the energy separation of two bands is twice the 
exchange terms in (3-20) plus (3-23). The term (3-23) is zero at K=0,* but it 


increases ot decreases with |K| depending on the direction of K.** Therefore, we can 


continuum 


Yip 


continuum 


l 


singlet 


exciton band 


triplet 
exciton band 


D 


TT 


gtound state / 


(b) 


L/T) 
ground state 


(a) 


Fig. 4. Schematic representation of the exciton bands for the deep exciton. 


* According to Heller and Marcus, the term (3-23) can be expanded in inverse power of lattice 
vectors, leading to 


9 3 2 5) =1 . 

Sige sy = Eos (ai SU Ps (Kp), (3-23/) 
Pp lel® 

where n=e\ rQ(r)dv. 


For a cubic lattice, we can replace the term cos?(, p) by cos*(s, p) =4 if K=O, so that (3-23) vanishes 
at K=0 regardless of the direction of dipole g. 

** Heller and Marcus have shown that the energy of perpendicularly polarized exciton (| K) in 
simple cubic lattice increases with |K| for prominent directions of propagation (e.g., (100), (110) and (111)) 
The effective mass of these excitons is therefore positive. They have further shown that for excitons poland 
parallel to the propagation vector (||) the converse is true, i.e, they have a negative mass. However, in 
the present theory 4 is determined by the Wannier functions of single valence and single conduction oon 
and hence has a fixed direction; therefore we have from (3.23) an energy that increases with |K| for 
directions perpendicular to 4 and decreases with |K| for the direction parallel to ». If we extend our theory 
to degenerate valence bands, we should have dipole moments of three types and hence find a family of 
ascending energy curves and a family of descending energy curves for all prominent directions of K. 
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distinguish between two cases (a) and (b) of Fig. 4 taking the exchange term in (3-20) 
to be positive ; for curve I, (3-23) is zero at point A (K=0) and is assumed to in- 
crease with |K| corresponding to a certain direction of propagation, and for curve II to 
decrease with |K| corresponding to another direction; in the case (b), (3-23) is assumed 
to vary more rapidly than in the case (a), so that it may happen in the case (b) that 
at point B curve II crosses with, or comes close to, the triplet band, which increases 
with |K| for any direction, as far as m.++m,>0. 

An exciton which is initially created by a photon is singlet with K=O, triplet states 
being forbidden if spin-orbit interactions are ignored. However, excitons accompanied by 
a simultaneous emission or absorption of lattice phonons are also created at points K=<0 
in the singlet band. They may presumably pick up momenta through interactions with 
lattice vibrations. Therefore, in case (b), they will move in the singlet band from A 
to B, and at or near point B they will convert to triplet excitons through spin-orbit 
interactions or some other effects. The triplet excitons thus created also will move down 
the triplet band and reach a point C. Some of them will decay through spin-orbit interac- 
tions from the neighbourhood of C to the ground state D, but others will be wandering 
in the triplet band for some time and decay with multiple phonon emissions (or through 
other effects), i.e., make nonradiative decays. If the spin-orbit interactions are weak, 
most of them will make nonradiative decays, while if the spin-orbit interactions are strong, 
luminescence corresponding to C->D will occur and the wandering time will be shorter. 

Various mechanisms’? by which excitons can decay without luminescence have been 
conceived. However, all but one proposed by Overhauser” postulate the existence of 
lattice imperfections, while the above explanation does require no lattice imperfections. 
The exciton created at point A will have a lifetime of about 107° sec. before emitting a 
photon. Therefore, for the usual mechanisms, the exciton must encounter a lattice im- 
perfection in a time shorter than 10~* sec. to decay without luminescence. In our mechanism 
the exciton must move out from a certain neighbourhood of A in a time shorter than 
10~* sec, but the decay time can be much longer than 107" sec. We have yet no ex- 
periment as to the triplet exciton. It might be interesting to observe the triplet exciton 


by the method of para-magnetic resonance. 


In conclusion the author would like to express his sincere thanks to Professor T. 


Nagamiya, Professor K. Husimi and Mr. Y. Kitano for their valuable discussions. 
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Ionization loss of negaton-positon pair is calculated as a function of their distance. This result 
will be useful to measure the energy of a y-ray above 10!9 eV from the reduction of ionization near 
the origin of the created pair. The reduction is due to the interference between the electro-magnetic 
field of negaton and that of positon. We adopted a similar method to that of Fermi who had 
treated the energy loss of single electron taking into account the polarizability of the medium. Our 
result is not so different from Cudakov’s) so far as the distance between negaton and positon is 


small. 


§ 1. Introduction 


Recent experiments are directed towards the exploitation of higher and higher energy 
regions, This fact stimulated us to investigate the new techniques to measure the energy 
in these regions. Let us consider, for example, the method of measuring the energy of 
y-ray. One of them consists in observing the magnitude of cascade shower with a 
specially designed emulsion chamber.» For the development of the cascade shower, reliable 
theories have already been established. Another method, which is expected to take a 
complementary tole to the above mentioned one, is to measure the angle of divergence 
of the negaton-positon pair produced by the 7-ray in question, The probability distribu- 
tion of the angle of divergence was studied by A. Borsellino.” Rougly Speaking, the 
most probable angle is ~4 mc’/E, m and E being the rest mass of electron and the energy of 
y-ray, respectively. 

Although we cannot discriminate between two tracks whose angle is smaller than, 
say, 10~* radian (which corresponds to 50 Gev jy-ray), we can, with the aid of some 
appropriate theories, infer the magnitude of this angle from the reduction of ionization 
observed as the function of path-length from the origin of the pair (reduction from the 
case of two independent particles), since this reduction depends on the distance between 


negaton and positon. 
D. H. Perkins» made the ionization measurement on a number of electron-pair tracks- 
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He has shown that with pairs of the energy ~10" eV the reduction is measurable’ rs 
the path-length S100. A. E. Cudakov” obtained a formula for the Paoleo of pe 
zation, based on a simple and classical argument. Recently, W. Wolter and M. Miesowicz 
have reported that the energy measurement based on the A. E. Cudakov’s formula does 
not contradict with the results from the energy development of cascade. As a measure 
of ionization, they took the coefficient of the exponential distribution of gap lengths. 
Their result (cf. Fig. 6) seems to show that the statistical error does not prevent us at 
least from knowing the order of magnitude of the energy. 

Now, after the suggestion of M. Koshiba, we tried to examine the reduction effect 
iboreaclerailachan int thet werk. ofeA lee (oudaleay eau project is to treat this problem 
on a level with the theory of ionization of a single particle, i.e. to treat it not classically, 
and to take into account the polarizability of the medium. Our result coincides with 
that of Cudakov, if the distance between negaton and positon is small, i.e, in the region 


where Cudakov’s formula has its validity. 


§ 2. Formulation of the problem 


(i) Many theoretical works have been given by various authors aiming at the 


description of the averaged energy loss of a single ionizing particle. The work of Stern- 


h 5 6) 
eimer, 


based on the original idea of Fermi,” is in satisfactory agreement with the 
experimental results. But recently, P. Budini and L. Taffara”’ pointed out that difficulties 
arise when this theory of energy loss is invoked to explain the phenomena such as the 
formation of tracks in nuclear emulsions, since the above theory does not tell, for example, 
what part of the total loss contributes to the ionization. 

Though we are not blind to this fact, here we will not enter into the discussion of 
such a detailed behavior of ionization processes. We follow the idea of Fermi and assume 
that the ionization of negaton-positon pair is proportional to (or may be adjusted to) 
the average energy loss by the proper choice of a parameter: the average ionization energy. 

(ii) Consider a negaton-positon pair created by a high energy j-ray, the paths of 
two particles* forming a small angle 6. When we limit our attention to a small portion 
of the paths, we may safely regard them as the segments of two parallel lines separated 
by a distance d=x0, x being the path-length from the origin of the pair to this part. 
We consider only the region of paths, in which the multiple scattering of electrons 
does not essentially effect on the separation of electrons. (See § 5 (ii)). For the calculation 
of the grain density due to the ionization, this model will be sufficient. 

(iti) Now, we consider the case in which the distance d is somewhat larger than 
the atomic size 6,~10~* cm. 

Following Fermi, we devide the whole medium into two regions, I and II. 


The region I consists of the inner part of two cylinders (radius 6,) whose axes 


* Taking the Lorentz contraction of the time into account, it is easily shown that the spread of an 


electron-wave packet in flight (with the velocity nearly equal to c) is so small that a classical idea such as 
“path of particle” holds with sufficient accuracy. 
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coincide with the paths of electrons (Fig. 1). 


paths 


of electrons 


Fig. 1 


Since in this region the atomic structure of the medium must be taken into account, 
Fermi used the theory of Bethe-Bloch, neglecting the effect of polarizability. Instead, we 
will use the method of Weizsacker-Williams,"” which is easily shown to reproduce the 
result of Bethe-Bloch if applied to the problem of a single electron.* 

The region II is the outside part of the cylinders, which may be regarded as a 
continuum of the medium represented by a dispersion formula. For the problem of electron 
pair, it is anticipated that the polarization effect is not so important because the electric 
field is, roughly speaking, dipolar and of short range. Thus, it will be sufficient to use 


the dispersion formula in the approximation of a single oscillator. 


§ 3. The region I 


(i) Let us calculate the energy loss of the negaton-positon pair per unit path-length 
—4,E/4x which is caused by their interaction with the atoms in the region I, Another 
part —4,E/dx caused by the interaction with the region II will be calculated in the 
next section. 

We neglect here the polarization effect, especially the reaction of the region II. 
Since the energy loss is small compared with the kinetic energy, we may, for a time, 
assume the velocity of electrons to be constant.** Adopting the Weizsacker-Williams 
method, we should at first find the intensity distribution of the equivalent photons  sur- 
rounding the electrons. (See Fig. 2). Fourier components of the field can immediately 


be written down (in the limit vc; v being the common velocity of two electrons), 


E,= (2e/m7) pv {K, (yr,/c7) i,—K, (Yro/c7) i,} 


Gs) 
H,= (2e/me7) YiK, (v ty/ C7) p— Ky (vr./c7) Jo} > 


* For the precise reproduction, we have to take by =V 4/3.17 V me/Emax(b/mc), where Emax is the 


maximum transferable energy. See § 3, for the meaning of by. 
** In addition, we may assume the velocity of the two electrons to be equal since |v+—v—|~c(mc"/E)?. 
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where e is the charge of positon, » the frequency, and i 
nee 1/V1— (v/c)*. We have neglected the component j 
of the electric field vertical to the paper in Fig. 2, 
since this has no contribution to the average flow of 
photons. 

The electro-magnetic field in an extreme Lorentz- 
contraction may be compared to that of the plane waves 
of light* propagating with electrons, energy flow of 
which, if integrated over a long time interval, is given 
by 
| Sde= (c/4) | (E, x H,) dv 


—o 0 


foe} 
AvP LK? (vry/c7) + Ky (Yre/c7) 


0 


ee G4 2 8 mp2 
(ean ] 


~2K,(v7,/e7)K, rey) cose} (3-2) 


Sere 


Thus the effect of the electromagnetic field of the 


rapid electron pair, accumulated over a long time 
: P Wwe es ; " Pat s : Fig. 2. The section of the cylinders 
interval, 1s equivalent to the sweep o ight waves with Ae Fig. 1, electrons moving cowards 


the intensity distribution I[(v) given by (3-2). the reader. 

The light waves will excite or ionize the atoms. 
The amount of energy —4,E, transferred in this way to the atoms in the interval dx 
(and also in the region I) of the medium, is 


Qa Dy 
aot 4; E/ dx = 2 \ dé) \ Y dr, N> (47°/3) (e*/bc) v,,| P.O I(»,) ? 


0 bo 


9 


where the factor “‘2” in front corresponds to two cylinders. Or in terms of the oscillator 


strength f, ; 


Qa im 
shige Rindietag {4o| r,dr,27°N (e/me) SYf,1(,), (3-3) 
0 bo - 


where n symbolizes the excited state, N is the number density of atoms in the medium, 
and b,~b/mc is the cut-off length characteristic of the Weizsacker-Williams method. 


* The component of electric field vertical to the paper in Fig. 2, i.e. the longitudinal component is 
smaller than the transversal one by a factor ~1/y. In addition, it is easily shown that E, and Hy in G- 
1), ie. the transverse fields are perpendicular to each other, and have almost the same magnitude. 
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Gi) Substituting (3-2) in (3-3), we obtain 


Qa bi 
—4,E/dx=2 (2Ne"/me) (cy) S1f,,%,2 | d | dr, 
Se SE, 


X71, {K? CAC 3 ead Oh OF 1,/c7) —2K,(», 7,/<7) Ky Cnt2/c7) cos Y} . 
(3-4) 


Taking into account that f, becomes very small if ionization to a state of high energy 
is concerned, we find for the terms important in the above summation* 


Yn / CT ~YnYo/ C7 ~Vnb, [C7 <Yeb,/c7~107° 
(for 10 Bev electron energy) 


where }»x is the ionization energy of the K-shell electrons. 


Then, using the approximate form K,(z)~1/z, we obtain for the first term in (3-4) 


{a0 
0 


b 


1 
dri, (c7/Yn) "17 = 27 (c7/Yn)* log (b,/bp) 


bo 


and for the second 


Qa dL 
| 40 | dr, dt, (e7/¥_)?(d? +-72—2dr, cos) * 
0 bo 


bi 
Pr 


7. | (c7/¥4)* 2a, dria.) * 


bo 
~ —2(c7/,)? log (i—b2/d2), (by <d). 


The third term is found to give a smaller contribution than the others by a factor 
(»,,b,/c7)*, and so is neglected. Thus, it can be stated that the reduction effect is not 
important for the region I. 


Since the v,2 has cancelled out in the S}---, we can use the Thomas-Reiche-Kuhn 
n 


sum-rule :'? 
be ta =Z 
n 


with atomic number Z of the atoms in question. 
Thus denoting the number density of electrons NZ by n, we arrive at the following 


expression : 


— A, E/dx=2 (27ne!/me) {2 log (b,/b,) —log (1 —b°/d")} (3-5) 


* When we make d—>co in §5, the terms, containing rp as arguments, themselves become unimportant. 
This situation is already reflected on the 1st term in the expansion. 
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§4. The region I 


(i) In the case of polarizable medium, Fermi 
calculates the energy overflowing into the region II, 
and identifies it with the energy loss of an electron 
which is caused by the interaction with atoms in 
the region II (including Cerenkov radiation). Let 


us proceed along the same line. 
Assume the dispersion law in the medium to 


be that of the single oscillator model,* 


E,=421"() P,, P'0) =(m/4rne?) (4408 —2ipy). 
(4-1) 
Then the electro-magnetic field of negaton-positon 


pair becomes’’ (see Fig. 3) 
E,=(e/tv) fives ’/a+Tl) —§) 
XK, (kr) —K,(kr,) } eel (4-2) 
(G0) finan 


X {K, (kr,) — K, (kr) cos o} etV(zlv-t) 


where x-axis is directed towards the reader, P==w/c Fig, 3 


and 
2==v?(1— 6) /v’—Y/2T(), Rek>o. (4-3) 


Forming the Poynting vector outwards and integrating it over the cylindrical surfaces, 
r,=6, and r,—b,, we obtain” 


— Ay E/dx=2 (4ne*/mav? (€—1)) Re {6,d0|{(1 =x —217n) / (C— x 25k) pen ak 
0 0 


x k* {K, (k* b,) — K, (k* 15) cos Y} {Ky (k b,) —K, (kr) } (4-4) 
where 


E==1+(,/%)*, ¥, = 4ane’/m: (plasma frequency) *. 
Y= p/%o, x==¥/%, == (6? +-d?—2b,d cos 0)'”. 


(ii) Now, 7 may be regarded as the ratio of the width of the absorption band to 
the absorption energy. Since 7 is of the order of 1/100 for AgBr,” for example, we 


* The many oscillator model is equivalent to the single oscillator model if the approximation Ky(z)~ 
2 log (4/3.17 2) is allowed. Then, logyy= >) (fn/Z) logy», Sternheimer® gave tvy=21.0 tyd. for emulsion 
n ; 
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may take the limiting value of 
(4-4) as 7-0. As 7-50, 
the pole of the integrand of 
(4-4) approaching the real axis, 
we should deform the path of 


integration as indicated in Fig. 4, 


x plane 
and then we have a contribution 
from the residue —iz Res(V€&). 
In the limit 70, k is given 
b 
y oO VE 
k= —igx{(—a)/(1—#)}'" 
Fig. 4. The path of the integration in (4-4). 
where 


a=(e—v&)/(e-Yv), 
P= (4? /v*) (1—F*) 
Re k>+0, 
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and is imaginary for O<x<1, real for 1 <x, since for extremely relativistic electrons 


u>c/ VE. Thus, noting that the modified Bessel functions for real argument are also 


real, we obtain for (4-4), 


—4,E/dx=A+B (4-6) 
A==2: (4ne*/mmv’) (E—1) ’ Jo di |dx{(a =) (C=) = 8} 


XReix(il) {K,(ilb,) —K, (ilr,) cosy} {Ky (—ilb,) —Ky(—ilr)}, 


2a 


B=2- (ane'/mo*) | ,d0 1K, (4b,) —K,(y47,)c08 9} 


0 


x {K, (146,) —K, (7) } , 
B being the contribution from the residue at x= VE, and 
pay, v E / v. 


(iii) Now, let us calculate the integrals. 
By using the expansion of Bessel functions” (cf. Fig. 5), 


Ky (12) =I[,(46,) K, (ud) +2 >In (46,) Ki (vd) cosm(), 


K, (p21) cos p= —K, (p21,) c08 (0-49) =— >) En 61) Kuss (Hed) cos (m+ 1) 0. 


(4-7) 
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we obtain for B, 
B=2 (2ne*/mv’) azpb,| {K, (116,) =F il, (1-6,) Ky (ud) } 
x {K,(4b,) —1,(-6,) K, (rd) } 
— DF (451) Ent (481) (Km (44) $"]- (4-8) 


For A, the integration over / is performed just in the same 


way as for B, and there comes in question, 
Re-27-ix(+il)| {K, (il6,) +1, (i1b,) K, (ld) } 
x {K,(—ilb,) —1,(—ilb,) Ky(—ild) } 


44 ST, (il6,) LA 1b) |K,, Gld) 7] 


=Re-2zxl[ (47/lb,) {J, (ld) —1} 
— {1 G1b,) I,(—ilb,) |K, Gla) |? 


+ S3Eu-1 (ilb,) In (—ilb,) Kn (itd) PF], (4-9) a 


m=1 


where we have used the Wronskian relations’ : 


Re {K, (iy) K, (—iy)} =3 (2/4) i§H® (y) -dH (y) /dy—H® (y) -dH® (y) /dy} 
=4(7°/4)i(—4i/zy) =7/2y, 
and 
Re (I, (éy) Ky (—ty) K, (iz) —Lo( — ty) K, Gy) Ky (iz) } 

=}{—I,(—iy) K, (iy) Ky (iz) =) K Gy) Ky (iz) 

— I, Gy) Ky Gy) Ky (12) — Ky (— iy) K, (— iy) Ky (iz) } 

= — (i 2y) {Ky (iz) —K,(~iz)} 

= — (7/2y) Jus) 2 Kol iz) Sh iH (2) 

=47i{J,(z) +iY(z)}. 


The second curly bracket in the square bracket in (4-9) is pure imaginary and so 
. gives us no contribution, since I,,(+iy) =e 9" 7, (Fy). 
Substituting (4-9) in A of (4-6) we obtain 


A=2 (4ne" mrv*) (€—1) 712773 


x [dx {1 =x') /(E—2*) —#} (-1 + (ld)} 


=2 (27ne*/mr*) | log {E/ (E—1) } 
~3{=P)/(E=1)} {14d Kady} 
42K, (id VE] E=1)) —2K,(id) (4-10) 
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Aig Olena (%/e) vor AV E/(E-1) =, for ~ uc. (4-11) 
In the calculation of (4-10), we have adopted the approximation for (4-5) : 
l==gx¥ (x —a)/(—#) 2 9xV (—a)/(—#), 


since for extremely relativistic electrons v>c/¥E&, —a is so large that x(0 << x1) may 
safely be neglected. _We have changed the variable of integration x to t=x/~1—x’, and 
then used the formula” : 


co x a | (ax) Fal als 
re ae K, (ak). 
J (x? +k?) HY ‘ 2h ( 4-1) nat) 


(iii) The sum of A and B, which is —4,,E/dx, (4-6), looks soméwhat complicated. 
We mention here some facts that simplify the situation. Firstly, if it is allowed to 
expand the last term in B*, (4-8), we obtain the following expression : 


pb, >In (v6,) | (b,) {Kn (ud) } 
by >) {G 26,)"/ml} {GB p6,)"/ (m—1) 9 Bm) Body")? 
=h>3 m (6,/d) Pa 
=~ 4log(1—6b,7/d*), (4°92) 


which has the counter-term to cancel in (3-5). 
Secondly, expanding also the functions in B whose argument is Vb,, we obtain 


pb, {K, (116;) a I, (16;) Ky (yd) } {K, (¥b,) i, I, (v6,) Ky (yd) } 
+= 4 log (4/3.17 4b”) —K, (4), (4-13) 
where the terms of order 6, are neglected compared with 1. 


Thirdly, in A (4-10), we may neglect the term froportional to QS 2)/ (=), 
since this factor is smaller thon 107’ for the electrons of energy above 10 Bev. in AgBr. 


§5. Resulis and discussions 


(i) Now, we have arrived at the goal. Using the equations (3'.5) 35> @-8), 
(4:12), (4-13) and (4-10) altogether, we get for the energy loss of the relativistic 
electron pair in a polarizable medium 

—dE/dx=— A, E/dx— dy, E/dx 
9 (2nne'/me2){ —2 log }1 -78 (1b) —2K, id) +log{é/(E-1)}] 
=2 (4zne'/mc’) | Blog (40°/3.17 vb?) —K, (4d, ¢) | (5-1) 


because, as is already mentioned, 


* ub) ~{B vo/ (€2/2ap) } {e*/be} {b,/2ao} ~21/137, ag: Bohr radius. 
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A= (»%,/c) ve 1 Sunes -= (¥,/c) VE (5 ; 2) 


The final result has a rather simple form, and in addition, it does not depend on Des 
i.e. on the division of the medium into the atomic and the continuum region, It is a 
very remarkable fact. The curves of (5-1) are given as a function of x(d=x() in 
Fig. 6. 

Let us examine the two limiting forms of our result (5-1). For the electron pair 


separated far away, d—> co, 
— dE/dx =2 (27ne*/mc*) - log (4° /3.17 »,° by”) (5-3) 


which is twice the energy loss of a single electron, as is expected. 


For small d, such that »,d/c<1, 
— dE/dx =2 (4mne*/mc) log (d/by) (5-4) 


which is in agreement with Cudakov’s result. Though he did not take the polarizability 
into account, this agreement for small d is not fortuitous, because the electro-magnetic field 
of such a dipolar source has a range so short that the polarization of the medium is not 
effective. 

(ii) Estimation of the Energy of a j-ray. 

As already pointed out by Wolter et al.,”” this reduction of ionization is useful to 
estimate the angle of divergence of an electron pair and then the energy of the parent 


y-tay. It is true that directly the reduction of ionization is determined by the separation 


(4E/4x) fe 
velue of g|5ou (ref. 3) 


distance from pair origin x. 


300 


Fig. 6. (5-1) is graphed in the case of emulsion (bv,=2.82 Ryd.) and cut off energy Eyax= 
5 KeV, so 6)=11.2 X (Compton wave length). The formula (5-1) reduces to — 4E| Ax= (8zne'/mc?) 
x [7.18— Kp (1.94 10° d)], where d=x@, and x is the path length in cm. f corresponds to the 
single relativistic electron. In the case @<10-', the curve can be approximated by (5-4). The 
experimental values are of Perkins,*) and of Wolter et. al.®) 
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d of the pair electrons, and according to Lohrmann,'” the separation d up to distance 
x~100/ from the origin of the pair is related with the angle of divergence 0 as d=x0. 
(whereas at distance x > 10004, the coulomb multiple scattering disturbs this relation.) 


As to the relation between the angle of divergence and the energy of the parent 7- 


ray, one may refer to Borsellino” and Lohrmann.”™ 


In fact, Wolter and Miesowicz estimated the energy of a 7-ray in this way, obtaining 
the result that does not contradict with the value estimated from the energy development 
of the cascade. Their result (Fig. 6) seems to show that the statistical error of grain 
count does not prevent us at least from knowing the order of magnitude of the energy. 
As a measure of ionization, they took the coefficient of the exponential distribution of 
gap lengths. 

The authors would like to express their sincere thanks to Professor H. Kanazawa, 
Professor K. Ono, and in particular to Professor M. Nogami for their valuable discussions. 
Their thanks are also due to Dr. M. Koshiba for suggesting this problem, and to the 
members of their institute for discussions. They are indebted to Dr. S. Endo who care- 


fully read the manuscript and gave us valuable criticisms. 
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On the Line Width in Ferromagnetic 
Resonance 


Shozo Takeno 


Department of Physics, Kyoto 
University, Kyoto 


August 2, 1957 


In spite of several suggestions, the 
mechanism of the line width in ferro- 
magnetic resonance is imperfectly understood. 
So far there have been many theories about 
it principally from the microscopic stand- 
points. But in view of the fact that the 
resonance condition depends critically on the 
demagnetization factors, and therefore on 
the geometry of the sample, it is likely that 
the resonance line width should be deter- 
mined also by the macroscopic property of 
the sample. In this Letter we propose a 
new mechanism which may contribute to 
the line width and the relaxation pheno- 
mena at low temperatures. 

In his microscopic theory for deriving 
the Kittel’s fundamental formula,’ van 
Vleck” has assumed that the demagnetization 
field is uniform in all portions of the 
sample. This means that the Zeeman fre- 
quency of each spin caused by the external 
field H which is set up along the z axis 
shifts equally by a factor corresponding to 
the uniform demagnetization field. The 


above presumption seems to be not always 


true, and the demagnetization field must 
be different for different portions of the 
specimen; it is .considered to be more 
intense in the edge than in the interior of 
the sample. Thus each spin precesses with 
different Lamor frequency, giving rise to the 
finite width of the resonance lines. Of 
course the distribution of the uniform 
value of the demagnetization field is con- 
sidered to be most frequent, and it might 
correspond to the peak of the resonance 
lines which is determined by the Kittel-van 
Vleck formula. The line width thus caused 
is evidently independent of temperature, 
and hence it seems to contribute to the 
explanation of the constant line width. 

Considering the non-uniformity of the 
demagnetization field, the resonance fre- 
quency «, for the j-th part of the sample 
is 


wop=y {H+ (Ny N;.) M} 
x {H+ (Nj, Nj.) Mf, (1) 


where M is the z component of the in- 
tensity of the magnetization, 7 the 
gyro-magnetic ratio and N; the demagneti- 
zation factor which depends on j in 
opposition to van Vleck’s assumption. If 


we write 
N=N,+4Nj, (2) 


the first term N is the average value of 
N; and equivalent to the one used by van 
Vleck. We have no actual knowledge of 
the distribution of Jd N; ot ©, which 
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might result from the inhomogeneities of 
the domain, the elastic Properties, etc., and 
not always from the presence of the 
impurity. So we cannot know the line 


width quantitatively. Here we shall assume 


4IN;=C,N, (3) 


where C; is some constant, and the above 
estimation seems to be reasonable except 
Then 


equation (1) may be written in the form 


the case of the saturation of JN;,’. 


oj=7 {Hy + (4N,,—4N;)M} 


j 
x {HY + (4N;,—4N;.)}M}, (4) 
where 
H/=H+(N,-N,)M, 
f= Ha (No=aN,)M. 


As have been done in many experi- 
ments, we shall hereafter denote H; in 
place of w, for describing the resonance 
condition for each part of the sample. In 
order to obtain the geometry dependency 
of the line width, we shall consider the 
case when a magnetic field is applied 
perpendicular and parallel to the plane of 
a disk and compare the line width. 

(I) H | plane of the specimen: 


N.SAT, AINE, =O; 
H’=Hs=H—47M; 
4H,=H,—H,=— (4Nj+4Np)M/2 
(5) 
where H, is the resonance field for the 
peak and it is given by ; 
H,=47M+o07", (6) 


and where 


dNy=4 Nya 4S Noes 
ANy=4Ny—4ANy. (7) 


(II) H // plane of the specimen : 
N,,= 47, Nua Nes 0, 
He ae Mee a7 M4 


4H,=— (4N,,+4N,,)M/2 


+ ¥ (GN, —IN,— 48) M4 


—V 4PM? +087 (8) 
where 
A= —27M+ V 47? M24 wy. (9) 


By considering the equation (3), in the 
case (1), 4N,>4N,, 4N, and in the 
case (11), 4N,>4N, AGN, “From ©) 
and (8) we see that the line width is 
broader in the case (I) than that in the 
case (II), and this seems to be verified 
in experiments owing to Bloembergen and 
Wang.” 


in the equation (2) is larger in ferrites 


Further as is easily imagined, C, 


than in metals, and it seems to be also 
verified by their experiments. For the 
absolute magnitude of the line width, we 
might say that line width is of the same 
order of magnitude as the shift by the 
demagnetization field or less than that. 

The shape dependence of the line 
width seems to be not explained by the 
microscopic point of view such as the 
spin wave picture. 

In conclusion the author wishes to 
express his cordial thanks to Prof. Tomita 
for his kind interest and _ illuminating 


discussions. 
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Some Considerations on the High-Energy Electron-Proton 


Scattering and the Nucleon Mass Difference 


Kichiro HIIDA and Makoto SAWAMURA 


Department of Physics, University of Hiroshima, Hiroshima 


(Received April 30, 1957) 


The recent high-energy electron-proton scattering experiments at Stanford are analysed in connection 
with the small mass difference of the nucleon. If nucleons are rigid bodies, then it is shown that a 
consistent interpretation is given when we ascribe to the electron a finite size of the same order as 
those of nucleons. Discussions of this result are extended to other related phenomena. 


§ 1. Tnatroduction 


The recent experiments on the scattering of high-energy electron by hydrogen at 
Stanford?” will be analysed in connection with the neutron-proton mass difference. For 
this purpose, we shall first consider the scattering of high-energy electron by the proton. 
The experimental scattering cross section does not agree with the theoretical value where 
the radiative corrections and the existence of the large anomalous magnetic moment 
(am.m.) of the proton are taken into account. For this discrepancy between the 
experimental and the theoretical differential cross sections, two alternative explanations are 
presented’? : 

(1) The proton is not a point, but has a finite extent. The Coulomb law itself 

holds even at small distances. 

(II) At small distances there is a break-down of the Coulomb law, but the particle 

retains the point character. 
Phenomenologically, these alternative interpretations cannot be distinguished from each 
other by the experiment Of the electron-proton scattering alone. We shall take the first 
possibility and talk in terms of the finite-extent in the following*). The theoretical 
scattering cross section for the electron and the proton with finite sizes, besides the 


: : : ? 4). 
radiative corrections (Schwinger correction”), can be given by the Rosenbluth’ formula” : 


cose —— 
Cd 


a cae 2, 1 
dQ 87E i wf Bscs: 


9 i 
sin— 1-+2——si1n°— 
D M 2 


* Of these two alternatives, (I) may be regarded as the wider standpoint. This will be seen if one- 
recalls the fact that the second picture can be reduced to the first one when the sizes of all the charged 


particles interacting with the photon are the same. 
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2 


2 ; 24 272 2 ) 
x {re [20F-+1,G)%ant 2 + 26%] be, (1-1)* 


where F, G and H are form factors introduced to take account of the diffuse distributions 
of the proton charge, the proton a.m.m. and the electron charge, respectively. 
As will be seen from (1-1), the scattering experiment cannot give any individual 


information about each form function F, G or H, but it tells only the behaviors of the 


products 
FH and GH. ee eo 2 


Thus as far as we investigate the electron-proton scattering alone, we cannot distinguish 


following two possible refinements from each other : 


(I-L) The nucleon, having strong interactions with other fields, has diffuse charge 
and diffuse a.m. On the contrary, the charge distribution of the electron, 
which has no strong interaction with other fields, is a point. 


(I-II) Both the nucleon and the electron have their finite sizes. 


Fortunately we can further find other phenomena appropriate for the detailed discussions 
about this problem. The small mass differences in the elementary particles will be helpful for 
this purpose. For the present we shall confine ourselves to the neutron-proton mass 
difference. 


In order to proceed our investigation we shall take two assumptions : 


(A) The neutron-proton mass difference is due solely to the electromagnetic effects”. 
This assumption is not unreasonable if one recalls a successful attack by 
Gell-Mann end Nishijima®) to the variety of the strange particle processes 

. under the charge independence hypothesis. 

(B) The propagation functions of the nucleon, in the strong interaction with 
other fields, can statisfactorily be approximated by the conventional propaga- 
tion function for the point nucleon.” The interactions of the nucleon and 


of the electron with the photon are respectively described by the Hamiltonians**? 


/ 


Fyroton = — te | dxdy $y (x) 74 (x) F, (x—y) 0 (x,—y) A, (y) 


GLa = < 
a 2B) dxdy $y (x) Oy.$hy (x) G, (x— y) 8 (%,—9,) Fun (9) 5 


* For the notations, see reference 1). 

** One may want to take covariant (4-dimensional) form functions instead of 3-dimensional ones, which 
we took here only for simplicity’s sake. As will be seen in § 4, this causes no essential difference for the 
present problem. Even for the acceptance of covariant form functions, the Hamiltonian like (1-3) injures 
the microscopic causality etc., of the usual quantum field theory. This difficulty however seems to be solved 
at the more profound root, and before we enter into these problems, it might be necessary to make a rough 


but intuitively clear picture on the particle structure. W/e expect that our treatment serve to give a clue to 
the future theory. 
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1 n 
Llpantion a ae va 4 sin) dxdy¢), (x) TP, (x) G, (x —¥) 0 (x, othr ees (y) nts 


(122) 
Td xeppcen — ie| dxdy¢), (x) Tate (x) A(x yp 0 (x, == Ne) Ay (y) ? 


1 
Cy = ‘3 Hii Yiwu) and Boh y) es 0,4, (y= Ove (y). 


This assumption (B) means that the nucleon is a rigid body. 

In Section 2 we shall calculate the neutron-proton mass difference, and show that, 
by comparing the results with those from the electron-proton scattering, a possibility (I—I) 
would be excluded. In Section 3, a plausible interpretation is given from the standpoint 
(I-II). It might be suggested that the spatial extents of the electron and of the nucleon 
are of the same order. It will be shown in Section 4 that these spatial extents are 
compatible with the experimental results of the a.m.m, of the electron and of the Lamb- 


_Retherford shift of the energy, levels in hydrogen. 


§ 2. Neutron-proton mass difference 


Assuming (A) and (B) our calculation of the neutron-proton mass difference will 
be seen to result in that the standpoint (I-I) might not explain the electron-proton 
scattering and the neutron-proton mass difference in a consistent way. 


With (A) and (B), the nucleon mass difference is given in e’-approximation”: 


See 4 Ye = {lar p(k) i da A a Cr ck) | 


1 Wy 
7 Vuk @ k ue rk— ky G k | 
faa aFl p (ke) — aM eR iu) G,(k) 


— (fie) G8) (Fark Thr) 


—7k—iM 


(rirk—rke) | 


‘ |Irp=iM, 


(2 . 1) **) 


* In this Hamiltonian, the charge distribution of the neutron is assumed to be zero, ie. F,,(%)=0. 
This does not contradict with the fact that the observed electron-neutron interaction is explained by the 
so-called Foldy term alone within the experimental error. See for example, H. A. Bethe and F: de 
Hoffmann, Mesons and Fields (1955) Vol. I, §46f. 

** According to the assumption (B), in eq. (2:1) the following sorts of the Feynman diagram are 
omitted: 


———— nucleon line, 
(eel, ee ee ee meson line, 


photon line. 


~ Sere 
— 


Contributions of these classes of processes should also be estimated. 
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where M is the mass of the nucleon in interaction with all the other fields except the 


photon; and #, and /,, are the a.m.m. of the proton and the neutron in nuclear magneton 
respectively” : 


fg=1.79274 and n= — 1.91314. 


F,, G, and G, are the Fourier transforms of the form functions for the diffuse distribu- 
tion of the proton charge and the diffuse distributions of the a.m.m. of the proton and 


of the neutron respectively. 


Assuming the spherically symmetric form functions and noting that” 


[ k= [axe | d2 | ah 
J 0 —-o 


we get, exclusive of the final integration over K, for the neutron-proton mass difference 


4M: 


M=— | —| dRF;(M | =. -vRH | 
| dRF; (MR) Gomes R+1 


(27)? 2 
+3) dRF, (MR) G, (MR)| ¥ RFI - >a | 
0 VR +1 
5 aglarcme| VE41-—2 | 
gees dRG,(MR)| VR +1 re 
1 


(2-2) 


Sige oyelliaes 5 a 
_> 2 (ARG? (MR | vR io | 
mal es a VR +1 


where R=K/M,. The first three terms in (2-2) concern with the proton, and the 
last term is the contribution from the neutron by the a.m.m.—a.m.m. interaction through 


the photon. Inthe special case of 
Eo Ge |, 


(2-2) tends to the mass difference for the conventional point model of the nucleon, 
For the moment we assume that : 
(C) The spatial extent of the a.m.m. of the neutron is the same as that of the 


proton, namely 
Gi=Gr. (233) 


which will presently be shown harmless to the conclusion of this paper. 
As was demonstrated from the analysis of the experimental data of the electron-proton 
scattering worked out by Chambers and Hofstadter”, 


G,H=F,H or G,=F, » (2-4) 


which is also to be invoked. 
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Thus we have calculated the neutron-proton mass difference for different types of form 
functions and determined the nucleon radius b. The rms radius*) of the proton a, 
obtained from the electron-proton scattering assuming the point electron, is also included 
in Table I for comparison. There is seen a clear-cut difference between a and b. 


Table I. Summary of the models and values of rms radii of the nucleon. 
Equal radii for F,,, G, and G,, are assumed. The second column presents the 
rms radius @ of the proton determined by Chambers and Hofstadter from the 
electron-proton scattering, assuming the point electron. In the 3rd column the 
rms radius b of the nucleon is given, which is determined from the neutron- 
proton mass difference. 
a a ee ee. ee ee ee 


a b 
type of form fnuction | e-p scattering n-p mass difference 
(in 10-4cm) (in 1074cm) 
e7? 7.2+0.5 | 6)p) 
rer | 7.50.5 | 3.6 
rev 7.8405 3.8 
7 8.00.5 | 4.2 
tor == 5).5) 
r 


Fig. 1 describes 4M as a function of the nucleon rms radius when we take, as an example, 


an exponential function for the form factors**? i.e. 


PYG. (1) SOS) 68 Seb exp (= 2S 7b) 
A glance over the figure shows that a considerable fluctuation in 4M is insensible for 


the value of b. If we take as the rms radius of the nucleon the value a= (8.0+0.5) 


«x 107“cm, then we obtain 


4IM<0, 


contrary to the observed value 
AM=2/53 m (m: rest energy of the electron). 


This means that the point electron model has to be abandoned, The situation is quite 
independent of the type of distributions, as will be seen from the table. 

The above result is obtained under the assumption (C)—G,(r) =G,(r), which is 
now examined, The fourth term in (2-2), that is the only contribution from the 
interaction of the neutron with the photon, is negative definite for any G,(r). The 
examination is completed by running the rms radius for the a.m.m. of the neutron from 


zero to infinity. Thus assuming that F(r) =G,(r) ocexp(—2V 3 1r/a), we get 


¢ 2 Rs 
* “pms radius” is the abbreviation of “ root-mean-square radius ”. 
** For the various types of normalized form functions in terms of the rms radius, refer to the 


Hofstadter’s work”. 
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4M in electron mass 


S 
Nn 
Ww 


rms radius of the nucleon 


in 107? cm 
= 


Fig. I. The neutron-proton mass difference, shown as a function of the rms radius of the 
nucleon, taking the exponential type for the form function. Equal radii are assumed 


for F,, G, and G,. 
0.71m>4M for any G,, (25) 


as far as we take the rms radius of the proton to be equal to a= (8.0+0.5) X10 “cm, 
which fits best to the electron-proton scattering data for the point electron. The situation 
is entirely the same when we assume other type of functions for F,,(r) and G,(r). 

We may therefore conclude that under the assumptions (A) and (B) the standpoint 
(I-I) does not reconcile the two experiments, i.e. the neutron-proton mass difference and 


the electron-preton scattering. 


§ 3. A consistent interpretation of the e—p scattering 


and of the n—p mass difference 


In the previous section there was exhibited a discordance between the rms radii, a 
and 6, This leads us to the 2nd picture (I-II). Besides the assumptions (A), (B) 
and (C), we assume for simplicity’s sake that 

(D) All the distributions F,, G,, G, and H are of the Gaussian type. Denoting 
the rms radii of the nucleon and the electron by b and x respectively, the Fourier trans- 


forms of the form functions F, and H are expressed, in terms of them, as follows”: 
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F,, (MR) =exp (— b°M?R?/6), 


H(MR) =exp (—x°M?R?/6). (3-1) 


As was mentioned in Section 1, the experiment of electron-proton scattering does not 
give any knowledge about the individual form functions F,(=G,) or H, but it does 
about their product : 


F,, (MR) H (MR) =exp (—[b? +x" |M?R?/6) =exp (—a®M?R°/6). (3-2) 
From the analysis of the scattering data, we get 
a? = 6b? + x?= (7.2+0.5)?X 107*cm?, (3-3) 
In order to give the observed neutron-proton mass difference, the rms radius of the 
nucleon is required to be 
b=35X10-" em Ges) 


From (3-3) and (3-4), we obtain the rms radius of the electron : 


x= (6.3+0.6) X10-“%cm. (3-5) 


According to the assumption (D), we have chosen the Gaussian type for the form 
functions. Other types of form functions, which fit well to the scattering data, can also 
be shown to give similar results. Thus we may conclude that the electron has a finite 


size as well as the nucleon and its rms radius is of the same order as that of the latter. 


$4. Discussions 


1. Lamb shifts in hydrogen 

As is well known, the theoretical value for the 2s—2p level separation in hydrogen, 
to be compared with the observed value 1057.77 + 0.10 Mc/sec?, is 1057.19 +0.2 Me/sec, 
including the 4th order radiative corrections. The discrepancy between this value and 
the observed one is about 0.6 Mc/sec. Its source is not known at the present time, but 
it might well be found in an improved estimate of the many small corrections of this 
order of magnitude. However the question is still open. Here we shall examine the 
standpoint (1) with reference to this problem. 

The largest correction to the level shift due to the finite size will come from the 
charge-charge interaction between the two particles. Since the particles have finite sizes, 
the effective potential between them, V, differs from the Coulomb potential V,=—e?/47 
-1/r, by OV. The Schrodinger eqs. for the hydrogen with potentials V, and V=V, e+ OV 


are 


( agent V.)9.=Edbes 
(4-1) 
(-gpd tv $= Es, 
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respectively, where the suffix c is the abbreviation for Coulomb. 4 is the reduced mass 
of the system. Putting ¢—¢,=0¢ and E—E,=0E, (4-1) leads to an expression for OE 


b= 1 epaece Wo, ., 0V66) |= (0, 0V0,). 4-2 
OE red 3p Po ° @.) + (¢,, OVO) |= (,, OVO.) (4-2) 


Assuming again that the form functions of the electron and the proton are of the 


Gaussian type, the effective potential V is 


2 _ a2k2 A 
get om ON | dk 1 gt gthe (4-3) 
42° (27)? 


where a?=b?+x*. Recalling the fact 

(2s|V.|25) = (2p|V.|2p) , (4-4) 
we can calculate a contribution to the 2s—2p level separation due to the finite extent of 
the particles : 


a 


AE = (2s +0 (Ca'/d'), (4-5) 


OV |2s) — (2p\oV|2 DEN 
|25) (2p! 2p) ree 


where d=47/e® is the radius of the first Bohr orbit. Inserting the values in Table I 


for a, the correction amounts to 
MJE= (0.10+0.02) M,/sec. 


With use of the other type of form functions we can obtain values of the same order. 
This is derived independently of the assumptions (A)—(D) which are invoked for the 
calculations of the neutron-proton mass difference. 

Our implication is that the corrections, which arise from the finite size of the 
particle, are of the same order as the present discrepancy between the theoretical and the 
observed values, and they reduce the discrepancy to 0.5 Mc/sec, which might be explained 
if we considered the higher order corrections. 


2. Covariant form functions*? 


Up to now we have treated the particles as having their three-dimensional extents, 
and the discussions so far developed are based on the interaction Hamiltonian (1-3). 
It might be of interest to investigate what differences occur when we take either, namely, 
3- or 4-dimensional form function*’ for the neutron-proton mass difference. 


Now 4M is calculated from 
(2:1) with F,(k), G,(k) and G,(k), 
replaced by the covariant functions (4-6) 


F(R), G(R) and G/ (Re), respectively. 


* See the footnote for (1-3). 
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For the comparison with the three dimensional treatment, 


it seems reasonable to. define 
the rms radius of the particle in this case as follows: 


bom 


a | 42 ar ne o | etc., (4-7) 


where 
eS , (pes feo) 
peaMieny, . Fliry = dx, F(x) and 4n| SPE G =, 
—0o 0 


As an illustration we take the Yukawa-type distributions*) for the particles : 


. 1 3 | Yad —1 ¢ 
igs — | ak] | the 
(x) xi 1 en 


(4-8) 


/2£2°1-1 
H’ (x) aia E + _ | e* etc., 


where b’ and x’ are rms radii for the distributions F’(x) and H/’ (x) respectively. Using 
(4-6) and F,’=G,/=G,', we can estimate b’, the nucleons radius, Fixing b’, we can 
analyse the electron-proton scattering data by varying the parameter x’ in H’, x’, which 
gives best fits to the scattering data, is seen in Table II. If we take the point electron 
and ascribe the finite size effect exclusively to the proton, the rms radius of the proton 
appears as a’: 


a”’=b" +x” for the covariant form factors 


(4-9) 
(a? =b’ +x? for the non-covariant form factors) . 


Table II. Comparisons of the rms radii of the nucleon and the electron, taking the 3- 
and 4-dimensional Yukawa type form functiors. 


| 
Nucleon radius Electron radius | Nucleon radius 
ip 10-7) cm in 1074cm | (point electron) 
in 107!4cm 
‘3.dimensional 5.5: 5.80.7 8.0-+40.5 
4-dimensional | 3,3 7.50.7 | 8.30.8 


In the Table there are also added the parameters a, b and x, From comparisons of a’, 
b’, x’ with a, b, and x, it is seen that there is no remarkable difference between them. 


The situation is entirely the same if we take other type of form functions. 


* Assuming the point electron, distributions which have the singularity at the origin should be excluded 
from the electron-proton scattering experiment”). In the case of the electron with a finite size, the situation 
is somewhat diffe-ent. If its size is of the same order as that of the proton, then certain distributions with 


tthe singularity at the origin are also allowable. 
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3. Anomalous magnetic moment of the electron 


The theoretical value for the a.m.m. of the electron, including the 4th order radia- 


tive corrections", is 0.0011454 /4, (/4,: Bohr magneton). The experimental values are 
(0.001148 £0.000006) /,,"”, 
(0.001165 +0.000011) /,'”, 


which are therefore in agreement with the theoretical predictions. Then does the attribu- 
tion of the finite size to the electron of the order of 107" cm~10~"'cm change the 
situation? It will be shown below that this is not the case. 

Assume the 4-dimensional Yukawa type distribution for the electron. The contribu- 
tion from this diffused electron to a.m.m. is obtained, in the e*-order, from the evaluation 


of the integral : 


dpolix (ee) — ml CAL Co. —!) — mln [4 27 [4 22)” 
[(p—b? +m] (pb? +m] a | 6 | 


 (g-[Ax (p—p,)]) [1-2 ma | (4-10) 


~~ 


\ 


The additional contribution due to the finite size amounts only to 


C2 x! 2==—107* php « (4-11) 


4p.=— 
Ane 8x? 9 


This is negligibly small and is not enough for the comparison of the current theory of 
point model with the experiment. Whether they are 3- or 4-dimensional, form functions 
of other type give similarly negligibly small contributions to the a.m.m. of the electron. 

We have carried out in this paper an analysis of the high-energy electron-proton 
scattering and of the neutron-proton mass difference from the standpoint (I) —the particle 
is not a mere point but ‘has a finite size or structure, while the Coulomb law itself holds 
even at a small distance—under the assumptions (A) and (B). For a consistent expla- 
nation it might be required for the electron, as well as the nucleon, to have a finite 
size, the magnitude of which is of the same order as that of the nucleon. The validity 
of the present arguments rely on (2-1) and (4-6), invoked in the calculation of mass 
difference. - 


The authors are grateful to Prof. K. Sakuma for his continued interest and en- 
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Recently, Matsubara and Matsuda! propesed a lattice model of liquid helium. In their papers, 
the derivation of the Hamiltonian function for the lattice gas (substance) is not quite clear and subject 
to some questiors. The mest important of the questions will be “whether the anti-commutativity of 
annihilation and creation operators of a lattice site does not destroy the Bose property of the system 
under consideration?”. In this note, the Hamiltonian of the lattice gas, which reduces to that of 
liquid helium when the lattice constant is taken to be infinitesimal, is derived by the use of the 
formalism of second quantization. And it is confirmed that the calculations by Matsubara and 


Matsuda are surely for the Bose lattice gas (substance) when two particles cannot occupy a lattice 
site at the same time. 


Following Matsubara and Matsuda”, we consider the lattice gas (substance), in which 
N molecules are on L lattice sites which constitute a simple cubic lattice of lattice constant 
d. 

Corresponding to the Hamiltonian of liquid helium, of N molecules in volume V: 


N N N 
Ho = — (b/2m)- 5) 9°/Ori +h DS) 3) Vey 1) (1) 
i=1 4=1 1 
(ise) 
where the notations will be clear, we introduce a Hamiltonian of the lattice gas 


Lifer Ue 


w= (6/2) « 3 a/ar% +4 3) 3 Ve 1) (2) 
cong 
2/ d= 2/ Ag+ 2/ dy + 2/ dz (2’) 
where 
ge ; 1 
ae > Xgrtt) ita sale x;-+d, +++) —2P(---, Xi?) +b (---x,—d,---) | . C22") 


Although this Hamiltonian is not the unique one which becomes to (1) when d— 0, this is 


adopted here because this is of the simplest form and this can be shown to be equivalent 
to that used by Matsubara and Matsuda, 


The Hamiltonian in the theory of second quantization is” 


the 


ie Pe tee 
H=— ae ps {* (r) “+ (r) + Se a SPM Pr) V2 (7, r) Or) o(r) 


(3) 
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Lo (r) > of* Ge Od=9;.55 > [op (r) > ¢b (re 0) (r, r’=r,, ee r;) > (4) 
where [A, B]= AB— BA. 


We introduce a complete set of functions for our lattice system : 
i “ . ‘ 
ly = Oy p= 9, 20 y9e 52 St es.) (5) 


where r,’s are the coordinates of j-th lattice site and 0, the Kronecker’s symbol. We 


use this complete set for the representation and take 
ii 
GAT) Da Ser tis (6) 
= 


Noting that (because of (2’’)) 


| 42 La) wag the 
4 = EK! i} 
7 Pz 7. 9 IF 
( | dx? J ger dx? 5 
re 0 
ee (0, agra 20, F jinn z,-@) Vp URO eh 
and 
= w N) y = * 
y *K ‘ae 
oe >> a By 2 Ailes 2.9 52 9% 
j=i1 =] a 


where i(x;—d, y,, z;) denotes the number of the lattice site whose coordinate is Gin os 
Yj» %), we obtain, for the Hamiltonian, 
m2 


Ha SUF) ata t LEST KIm|V? (, vk Yael ng 


2m j=1 k=l 
pe SS. (ar Ye! 1 Ss Sy 2 (r 5, Pe) dp dp dy, 7} 
Sia PP (4; — dp) (dy | Par — ean hk) 5 Sk SRE 7:9 
m Ges em 


the summation in the first term being over nearest neighbor lattice sites ; with 


La; a¢]=O;2, [4 4%]=0, (8) 


or, explicitly in the representation where the numbers of molecules on the L lattice sites 
are diagonal, 


i-1 é t+1 


1 
pte De LX x1 (9) 
bP 8 aa a oa: eal Gi Ga ae | 


One teat 0 ‘vere! 0 0 0 
yp Rae Tne Al ena@aytiOa'}ye< 

(iS = 5 he a 5 (10) 
ju COae O00 7 Ue ia hs oe 


Because of (9), 
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H flay at) =f.(a, a) X fila a) Xo. (11) 


The Hamiltonian of the Bose lattice gas has been obtained in the second quantized 


form,* 
We write the y-th eigenfunction and eigenvalue of the Hamiltonian Has @, and 


Eye 
HO =E,Ps3 (12) 
then @, can be expressed as 
is) =e : 
Oo = pees Cities aries n;) a, arn PD, (13) 
m=0 n7=0 
3 n.=N 
a 


i=1 


where @, is the state when no molecules are present. 
Now, we proceed to the case where V”(r,r)=co. Then ¢, has the property 


that 
th, (my, +++ 2) =0 (14) 


if there exists a number i for which n,=2. (If otherwise, E,, would be necessarily in- 


finity.) Consequently, the density matrix 


? Gy oes MDa ty 10:5, ees n}) =} ery hr Coe ee) n'y) dh, (452% “,n;) (15) 
we 


is necessarily equal to zero if there appears at least one number i for which n,;=2 or 
n, =>2. And this statement is valid also for the reduced density matrices. For instance, 


the point reduced density matrix is necessarily of the form : 


n;=0 1 73 
pO= (16) 


The consequences of this property of our eigenfunctions and density matrices are two. 
First, the expectation value for a matrix in the form of (11) should be dependent only 
on 4 elements of f;(a, a*) for m,=0 and 1 and ni;=0 and 1 (i=1, 2,---, L), and so 
it is sufficient to consider only two-two matrices instead of co-co matrices, For instance 
when the expectation of the Hamiltonian (7) is to be calculated, we may use 


s(1a eon teh) an 


: 00 Oc0m 
ore PEL eee 
d*d speek aataa=( 9 )- (18) 


It should be noted that we are not dealing with the problem of approximation because we have 
resorted to a model on the outset; this situation is quite the contrary to the development by Koide® 
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The two matrices of (18) are just the form which is calculated by using (17) in the 
left hand sides. However, this is not always the case. For instance, the expectation of 
a matrix aa* should be calculated by using 


\ OD 
eR 
ales Ape (19) 
but not by using 
ae LO 
45 : 00 > (20) 


the latter being obtained if we adopt (17) for a and a*, 

Secondly, when we calculate the wave functions of the system or the density matrices, 
we may drop j=k in the summation of the second term of (7), if we do not consider 
the state where n; = 2; (7) with the restriction j>=k on the second summation will be 
referred to as (7’) hereafter. 

From these considerations, it follows that, when V(r, r) =©o, to solve the eigen- 
value problem it is sufficient to calculate the eigenvalue of (7’) with (17) and (18) if 
we are not to consider the states with n, > 2. 

The products of a and a* appeared in our Hamiltonian are (17) and (18) end no 
products such as aa* appear. And, whether aa* is of the form (19) or (20) does not 
matter for the eigenvalue problem of the Hamiltonian and so it is allowed to replace (19) 
by (20). This replacement is the replacement of (10) by (17) for a and a*.* Here, 


we notice that this replacement is accompanied by the operational relation 
cas; (21) 


and this automatically drops the states with n,;—=2 as seen from (13). As the result, 
we have reached the result that, when V(r, r) =o, the eigenvalue problem of (7) with 
(9) and (10) reduces to that of (7!) with (9) and (17). And the latter is just the 
Hamiltonian from which Matsubara and Matsuda started their calculations. And it has 
been confirmed that their calculations are surely for the Bose lattice gas for which 
rr ry eo. 

The identity of the results using (7) with (9) and (10) and those using (7’) 
with (9) and (17) is also confirmed, when we consider that the free energy F of the 


system is obtained by the variational principle : 
F =Min. {Tr (Hp) +AT Tr (elnp)}. (22) 


According to the discussion following the equation (15), as the variational function /, 
it is sufficient to consider the ones which have values only for n;=0 and 1, and the 
values of {---} in (22) calculated by using such a / are equal for these two Hamiltonians, 


Consequently, the free energies obtained should coincide automatically. 


* If there have appeared products such as aa™, we would have to rewrite them in the form in which 
the two-two matrices do not change by the replacement of (10) by (17). For instance aa* should be 
replaced by a*a+1 before (10) is replaced by (17). 
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, 


Effects of the “ Structure’ 
expression of the interaction kernel for the nucleon-antinucleon propagator is given, from which the 


of the pion to the pion-nucleon scattering are discussed. A formal: 


“effective Hamiltonian” for the emission and absorption of one pion and that for two pions are 
derived respectively. Effects of two pion vertex, which is characteristic of the structure of pion, seem 
to be not necessarily negligible compared with the effects of one pion vertex, according to a very 
rough estimate of the order of magnitude of the “coupling constant” appearing in the interaction 
kernel for the nucleon-antinucleon propagator. 

At present two standpoints are recognized with respect to the theory of pion, i.e., the compound 
theory of the pion and the conventional local pion field theory. However, we intended to discuss 
some important properties burried under both theories by using the above method, and obtained the 
qualitative properties concerning the isospin dependence of the pion-nucleon scattering matrix elements. 

Quantitative evaluation of the possible effects are not made, since for that purpose it is necessary 
to attack the details of the structure of the pion. Such an attempt is not made in the present paper. 

It is shown, in the Appendix, that the crossing symmetry for the pion-nucleon scattering holds 
even if the pion is considered to be composed of arbitrary number of fermion pairs and bosons, 
provided that the primary interaction Lagrangian satisfies the integrability condition to assure the 


existence of propagators. 


§ 1. Introduction 


It is well known that the main features of low energy P-wave pion-nucleon scattering 
are well reproduced by the charge independent meson theory with fixed extended 
source. Concerning the S-wave scattering, however, we cannot explain the experiments 
even qualitatively”. 

It seems doubtless that the effects of virtual nucleon-antinucleon pairs are important 
for the understanding of the behaviors of the S-wave pion-nucleon scattering as well as. 
the electromagnetic properties of the nucleons, including the anomalous magnetic moments, 
neutron-electron interaction, and the high energy electron-nucleon scattering. 

It is the purpose of this paper to discuss one of the effects of the nucleon-antinucleon 
pairs, i.e. the effects of the structure of the pion, to the low energy pion-nucleon scattering. 
We regard the physical pion to be a “compound ” state of nucleon pairs. However, 
the following discussions are not restricted to the compound theory of the pion, but may 
be applicable to the pseudoscalar meson theory which seems now standard, as an approxi- 
mation with an appropriate consideration. 

In most of the compound theories of “elementary ” particles”, pions are identified 


with suitable bound states composed of a nucleon pair. However, more exactly speaking, 
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they should be considered to be composed of equal numbers of particles and antiparticles 
belonging to the nucleon family. We will not go into the details of the primary inter- 
action between constituent particles, which should cause the desired bound states, but 
only assume the existence of such an interaction. It might be worthwhile to point out 
in this connection that it is very difficult to draw some conclusion on the primary inter- 
action from the binding energy data, since it is needed to treat the interaction very 
rigorously even at very small distances for the calculation of the binding energy. 

The following formalism is also applicable to the amplitudes of nucleon pair components 
in the case of the conventional local theory of field, where both nucleons and pions are 
regarded as structureless particles. Such a treatment should be a good approximation to 
phenomena where main contributions are given by states where only nucleon pairs exist. 
Interactions between nucleons and antinucleons are due, in this case, to the intermediary 
of pion field. 

In principle, there must be differences between the consequences of the “‘ compound ” 
pion theory, where pions are assumed to be appropriate bound states of more fundamental 


‘elementary’ pion theory, where pions are assumed to be fundamental 


particles, and the 
particles. It seems, however, very difficult to show it, since the differences between the 
consequences of the two standpoints appear always quantitatively but not qualitatively. 
This fact is most easily understood by seeing that the primary interaction in one theory 
may be derived by the other, although these detailed functional forms may be different. 
Therefore, in the following, our standpoint need not be restricted to one of the above 
mentioned two theories, 

Experimental values of the low energy S-wave scattering phase shifts* are characterized 
by their small magnitudes and the large isospin dependence, to both of which any 
reasonable explanations are not yet given from the pion field theory. The large isospin 
dependence seems, at first sight, hard to be explained in connection with the crossing 


symmetry”, which is expressed as 


Ty (P, p37 D=Ta(Ps P; —9. —), (ier 


where T;,(p’, p; 9’, 7) is the scattering amplitude for the scattering of an i-th meson 
in momentum state q to a j-th meson in state q’, the scattering nucleon going from p 
to p’. It is easily seen from eq. (1-1) that the isospin dependent term of the scattering 
amplitude contains a factor 4/M(v and M are masses of a pion and a nucleon respectively) 
since for q’=—q=0 (which is only possible for #=0) Ty=T;; and the scattering is 
independent of isospin, In fact, none of calculations, performed up to present, starting 
from the charge-independent pseudoscalar meson theory have succeeded in obtaining the 
adequate isospin dependence’), although it may be well reproduced by a model proposed 
by Bosco and Stroffolini” which manifestly destroys the crossing symmetry as well as by 
semiphenomenological effective Hamiltonian theory with two coupling constants”. In con- 


* ~ ~ ’ : 
Os O.1 1K es 0\=0.16k/n. 6,’s are the phase shifts of the isospin i/2 states, k is the momentum 
of the incident pion, and y is the mass of a pion. 
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nection with the above mentioned situation, it seems impottant to investigate whether or 
not the crossing symmetry holds in the case of scattering of compound particles. This 
problem is studied in the Appendix, and it is proved that the crossing symmetry does 
also hold for the scattering of compound particles if the primary interaction between 
constituent particles satisfes the integrability condition. 

_ In the present paper, we will investigate the relation between the effective pion-nucleon 
interaction Hamiltonian and the nucleon-antinucleon interaction kernel. In § 2, a formal 
representation is given for the nucleon-antinucleon interaction kernel, in § 3 the effective 
Hamiltonian for the emission or absorption of a pion is derived, and in § 4 the effective 


Hamiltonian for the emission or absorption of two pions is derived. 


§ 2. Interaction Kernel 


Let us suppose the physical pion to be composed of the same number of nucleons 
and antinucleons. We shall illustrate by making use of the shaded area in Fig. 1 the 
interaction kernel of the relativistic integral equation satisfied by one nucleon and one 
antinucleon amplitude, (0|T (¢(x)¢(y)) |=), where |z) and |0) means physical one pion 
and vacuum state vector respectively, # is the nucleon field operator in the Heisenberg 
representation, and T( ) means T-product defined by Wick”. The interaction kernel 
may be given, in principle, once the Lagrangian is given explicitly”. It is given by the 
sum of contributions from the Feynman diagrams shown in Fig. 2 in the compound 
theory of the pion and by that in Fig. 3 in the ordinary “elementary ” theory of the 
pion. We will not, however, restrict our standpoint to one of the above mentioned — 


two, but start from the formal expression of the “ interaction kernel ” corresponding to 


Fig 1 eRe. 
a + = + KI f+ 
Fig. 2 
YL) eb 
a sos + ate \ v + | | +----- 
Ae ise 
| eireg al 
— nucleon or antinucleon Fig. 3 ——— nucleon or antinucleon —----- - pion 


| Rid ex x Al d3xd*xq.d*x, d'x4D (x1, Xo5 Xs» X4) » 


: p (x,) Q1p (%3) - gi (x) QT’ (x4) 5 (2-1) 
the interaction kernel is. characterized by g,’s, 2,’s, I, I’, and D(x,, Xo, X39 4), where g,’s 


are effective coupling constant, {2;’s are operators involving Dirac and differential operators, 
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I and I’ are operators in isospin space, and D (X45 Xo) Xs, X4) is the invariant form factor. 


Definitions of other notations are as follows: 


X= (x, +X) + x5 +X) /4, 


and q’s represent symbolically the outgoing nucleon lines in Fig. 1, and anticommute 
with each other. Contributions to the interaction between a nucleon and an antinucleon 
from the other amplitudes, e.g., that from the states where many nucleon pairs exist, 
are included in eq. (2-1). 

The form factor, P(x,, x2, x3, x4), must satisfy following general requirements. In 
the first place, it must be invariant with respect to arbitrary displacements of the origin 
of the system of space-time coordinates. This condition imposes a factor 0*(/'+2?+0°+1') 
upon the Fourier transform F(/’, /, 1°, [*) of the function P(x, x, x3, x,). Accordingly, 
putting F(l, 2, P,P) = C+P+P+1) -G, we get 


DP (x:, Bo Xae ie) =O (X, X405 X3a) 


= (2m) = | G(L, 02, 28) exp (LX 42% + Px) LATE , (2-2) 
oilers 
X= (K+) /2— 0% +%) /2, 
ene, 
Ce 
ae 


L=(U+P) /2—(@+1P) /2, 

pe (PP) /2, 

= G1) 72. 
Next, since (2:1) must be Hermitian, a further restriction can be imposed : 

DEX, X19, Xag). == OF (— KX, — Xs.) — Xs), (2-3) 
or, in the Fourier representation, 

Gf i) =G(hL, bps (2-3’) 


Finally, @ and G should be invariant with respect to Lorentz transformations.* We will 
conveniently normalize @ by 


These conditions have been discussed by Kristensen and Mller! for the case of three point nonlocal 
interaction. 
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| D(X, xp, Mi) UX deg d= 1 
‘or in the Fourier representation by 
G(0, 0, 0) =1. 


For simplicity, we will hereafter not consider the case where 2,’s include differential 
operators, but assume only five ,’s, 


2,, Qo, 2, 2, 2,=1, Vrs OXes 11a» 15+ 
Moreover, assuming charge independence, we take general forms for I and I’ as 
[= es, Vi T4) and f= (2% T)5 
where 7,’s are arbitrary real constants corresponding to five 2,, and t and 7, are ordinary 
Pauli-type vector operator and unit operator in the nucleon isospin space, respectively. 
In order to proceed with our calculation it seems convenient to express ¢/ and 
in (2-1) by ¢ and ¢ as follows: 
CNS (ok (0 aR ed (ay Ose 
Gh (x2) 2; ~ ) 9 (Xs) = ee (x4) B: 2 ) P(x) , 
\ “4 4 
where 
f= fore 2 1445, 
= | ‘ 
—1 io ete 3 


Eq. (2-1) may, then, be witten very explicitly as 
| K dix =9.,| dX EEX diag dg? OX, ay Yee) 
; [vi (x1) Diap T'S (x5) ° PF (x4) Deze” G3 (x2) 


at nie (x;) 2,430” (xs) or (x,) 2,50" V5 (x2) ] > (2-4) 


where indices of ob and ¢, k, /, m and n vary as 1 for proton and 2 for neutron. 


§ 3. One pion vertex 


We consider the contribution of the interaction kernel, (2-4), to the 
one pion vertex (Fig. 4). One obtains from the first term of the right 
side of eq. (2-4), 


9; «| D4 x,d *xadxigd x4D (X, X10). Xa) » (i) 


ole gs (x,) Qiugt Ps (x3) Qeeat” "PS (%|X4) 
ae gn (x4) 2. et VS (xy) 2 Kept Pos (x, x,) 
si pi (x1) Qiapt  Digst”” YS (X.) Oy (Xs |%4) Fig. 4 


compound 


+B (4) Q gst" Dias th (Xs) GR (Ho|x1) ]) (3-1) int 
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where 


oh (xg %4) =(0|T (5 (x) BF (xa) ) Iz) Oe, 


is the Bethe-Salpeter amplitude for the existence of a nucleon at x; and an antinucleor 
at x, respectively in the physical pion.* Interchanging the notations in the second and 
fourth terms in (3-1) as follows, 


y 
Xj Xp XpP%z 3 AKT, Ped; kom, I<—>n, 


(3-1) becomes 


2giei| d*x, dix, dy dix, D(X, Xi95 Kaa) 


: [ my it (x) Qeapt Ps (x3) DQ eg gt "OG. Ge X4) 
i gr (x;) Qeggt Qe gt GG (x.) Yer (x3|x4) 1 (3-3) 


where 
2D(X, X19 X34) =P (X, X19) Xyq) + O(—X, —Xsqp — Xo) 
=2Re D(X, X10, Xa) 5 

the last equation comes from eq. (2-3). 


We may expand 9%" (x,|x,) in the following way : 


16-. 4 
Cor (x3| 4) = = 2 03 (x; 
Si Fe 


xa) Th 5" (3-4) 


where 7s are linearly independent sixteen Dirac operators, and 7,’s are linearly independent 


four isospin operators. Substituting (3-4) in (3-3), the bracket in (3-3) becomes 
D1 DL Ge) Baty (xs) H %e|x4)- Tr (QO) Tr (275) 
oe 


sR p (x;) QQ, zr,r¢ (xz) B2 (x5| x4) dis (3-3) 
Using 


we can write (3-1) as 


ep 


29; «| d'X d Xd xd %, P(X, Nios “ay ° 


: 2 b= 2¢) (x) Qitd (xs) b, (%|x,) Tr (2,7) 


* Although we use here the Bethe-Salpeter amplitude for its familiarity, it may be more appropriate 
to use the connected Feynman amplitude as has been discussed in detail by Maki.) However, our discus- 
sions would also be meaningful in that case, if appropriately interpreted. 
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=¢$ (x;) Dir Q rd (x2) es (x3|%4) 
+39 (x,) Qe Qutb (x) 8,4 (x14) J, (5-9) 


where the bold-faced letter 4, means a vector in three dimensional isospin space. 
Contributions from the second term of the right side of eq. (2:4) are given by 
(3-4) if one replaces t by 75=1 and multiplies by 7,, resulting in 


29464 | dX el and 18, OUX Moore 
Di [—2¢ (x:) Qh (xe) G4 (x9|24) Tr (2.7) 
oT ¢) (x,) Q7OQ th (xs) es (x3|%4) 


+ (x,) Qe Qi (x) G3 (xa|x4) ] « (3-6) 
Adding (3-5) and (3-6), one obtains 


= is = = 
| HPaR= age, AXA dime de OK, my He) 
oa [ = 29 (x,) 2; {T, (x.| 4) +705 (xo|X4) } cy (x3) Tr (27) 


i i (x,) sr, a (t= 7) TO, (x3|%4) too 7) os (x|x,) } d (x,) ] > G- 7) 


where one may call H the “effective Hamiltonian density” for emission or absorption 


of a pion. 

We have, as yet, put no restriction on the transformation property of $2. We will 
retain, in the following, only the charge triplet function ¢, and discard @,’, considering 
it not to correspond to the pion. Due to the requirement that the Lagrangian be a 
scalar, the neutral pion field should transform as a “first kind pseudoscalar” in terms 


of Watanabe”, that is, the transformation rule is given by 


d>0'=o¢ ix pany) > (3 5 8) 
where 
T=OGdry Z, #) JO (x; vy, zt). 
Contrary to the case of the neutral pion field, we cannot infer any definite specific 
“kind” of the charged pion fields, because of the unknown difference of the phases 
which appear in the transformation of the neutron and the proton fields. We assume, 
however, that the charged pion fields are also first kind pseudoscalars. 
Then, if ¢ is a pion field wave function itself, it should have the following transforma- 
tion properties : 
g—>¢'=7.074=—Y for space reflection, (3 -9a) 
and 
90! =Tsf 1 is=—Y for time reflection. (3-9b) 
Therefore, we need to retain only 7, among sixteen 7\’s. The $2 corresponding to 7, 
and Tt in eq. (3-4) will hereafter be denoted as 9. 
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y could, in general, be derivatives of the wave function of the pion. We will con- 
sider the case of w being the first derivative of the wave function of the pion, discarding 
the case of higher derivatives for simplicity. @ should, then, be a “first kind pseudo- 
vector” for the neutral pion field. We assume, as before, that ¢ has the same trans- 
formation property both for charged pion and for neutral pion. Then, only 7757, of 7 
survives in eq. (3-4), and we denote the @, in this case as ¢,. 9, is a first derivative 
with respect to certain space-time coordinate of @ times a quantity with dimension of 
length, since ¢, has the same dimension with 9. 

Consequently, eq. (3-7) becomes 


| HOd‘X= 2| PRA X dng ty, O(X, Ah 


[29g (x1) 7570 (%| x4)  (%) 
— 2°99) (X,) 177 y TBs, (%21%4) $ (25) 
= F2€s (192) Fi (1) 7570 (%5|%4) f ) 
~G9s€s (1 =e) EPG (x1) 177 THy (5124) Co) J, (3-10) 
where ¢,, €;/ are defined by 
Qe Oza o , LO en PT gy 
their numerical values being 


f=1,'-4, 6, —4, 1 } 


es foraf=— is 2\a3 ea 
el mil eet Ae aes Eg) 


Eq. (3-10) is the desired “effective Hamiltonian” for emission or absorption of 
a pion, where the terms including @ correspond to the pseudoscalar coupling in the local 
pion theory, and theose including ¢, to the pseudovector coupling. It should, however, 
be noted that ¢, may be a derivative of ¢ with respect to the relative coordinate of 


nucleon pair composing the pion as well as a derivative with respect to the center of 
mass coordinate. 


To compare eq. (3-10) with the local pion theory, we consider the case of “i= 1, 
g,=0 and g;*=0 in a little more detail. In such a case eq. (3-10) takes a simple form 


| Hd N= =r 244,| d'Xd'Xd%x,, d X54 @ (X, X05 Xa) : 


3 (x1) 7570 (xo|x4) f (x5) . G11) 


Substituting the following expressions in eq. (3-11) : 
DK ee mm el d'Ldl2dt* 


-exp i(LX +1? x +0%x,,) -G(L, (2, (4), 
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Bla) = C2) ~| d* py-exp(— ipl) Fp), (3-12) 


$(3) = (22) “) d'p-exp (ipr)$(p), 


e 


@ (x5| x4) = (27) | d*k d“q “EXP (ikRX54— iq Xo4) (ky q)> 


where Xo4= (%+%,) /2, Xo4=%)—X,, the “ effective Hamiltonian ”’ is given in the momentum 
representation by 


Pp 


| H@aX= — 2'(27) “"95| d‘p! d‘p dik O*(pt+k—p') 5 


= k Tak k 
-| d4gG(.p+ shld te Ty a a, 
\ a6(P 7 i: 4 2 Pdiage tid} 


-D(p)rstd(k, DL (p). (azaa) 


In the local limit, D(X, x19, x3,) 90*(X) 04 (x9) 04 (%,) and G(L, P2, [%*) 1, one obtains 


| Hipd*X— — 24 (27) al dp! dp d*ko* (ptk—p’) -b(p)r.t8 (Ro (p), (3-14) 


where 


6b) = (22) | dg 9&9) 


c 


== ( 270) = d'q\ d*r exp (igr) 0 (k, r) =0(k, r=0) (3-15) 


is the amplitude of the nucleon pair existing at the same space-time point. $(k) is 
related to the ordinary local pion field operator, denoted as u(k), by the following equa- 
tion 
6 (k) =iN“'u (k), (3-16) 

where N is a quantity with dimension of the square of length and may depend on the 
detailed structure of the pion. We will not try to determine the value of N in this 
paper and only mention that Maki” has determined a similar quantity to the above N 
by solving the covariant integral equation for the composite pion in a very rough approxi- 


mation. Ordinary dimensionless coupling constant, f', is given by 


fan -g,. (3-17) 


§ 4. Two pion vertex 


The interaction kernel for the pion-nucleon propagator may be illustrated by a 
diagram in Fig. 5, if the pion is represented by the nucleon pair amplitude. In this 
section, we shall consider the processes given by Fig. 5 except the “three body” inter- 
action. They are illustrated by the diagrams given by Fig. 6, and give rise to pion-nucleon 


! 
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Fig. 5 (a) (b) (c) 
Fig. 6 

scattering matrix elements which include terms of first order in Y;, contrary to the con- 
tribution from the one pion vertex, eq. (3-10), which are the second and higher orders 
in g;*. The processes shown in Fig. 6 are similar to the deuteron stripping or pick up 
process, and one may treat the former processes in the same way as the latter’. 

Although the two body interaction kernel, (2-1), is rather complex, the isospin 
dependence of the “effective Hamiltonian” for the processes in Fig. 6 is determined 
rather definitely by the charge independence hypothesis. 


We will calculate the pion-nucleon scattering matrix elements of 


| Kd‘X. | ST OUG Ea 


which is the interaction kernel of the three particle integral equation shown in Fig. 6, 
where K is the two-body kernel given by eq. (2-1), and ((x)q(x)d*x denotes 
symbolically the change of the state of a nucleon as shown by a straight line from bottom 
to top in Fig. 6. For example, in Fig. 6 (b) it represents a transition from a free 
nucleon state to a bound state. 

By straightforward calculations similar to that in § 3, one obtains the “ effective 


Hamiltonian density’ for emission or absorption of two pions, H{?, as follows : 
| H?d'‘*X= 9: «| d'Xd'*X "x19 “x54 (X, X19) Xa) * 


-{ (A) sh (A,) “i (B;) Ha (B,) ate (Cy) sh (C,) oh (C;) ty (C,) ] ? (4: 1) 


where 
(A) = — (1-9) $ Gq) BOD 7©? (ep (Kix) Thar Hal) 
TPs (%5) x4) THE (Xl) } P(x) 
— 29 (x) Der {TH ar (xe) x4) TOF (x5) 
TPS (Xq1x2) TH, (H5|x) } H(x) -Tr (27°), 
(4:) = — (1-9) $x, Qe OQ G&? {29% (q]x2) Thar (xalx) 
TPs (Xs x1) THs (| x5) } Gh (x) 


* The fact that the contributions from Fig. 6 might not be so small even in low energy pion-nucleon 
scattering was first noted by Hayakawa!®). 
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— 2G (x5) Qe {7O5 (xz |g) TO, (xy|x) 
+ TPs, (x5 |x1) TOF (x|x0) } gh (x) Tr (27), 
(By) =— = 9) $ )7O D8? Qe{7d, (x|x,) THE (x; |x9) 
+ TOS (x4|x) Tor (Xo |x1) } Y (x5) 
— 2b (x) OD, {TOF (|x) They (x9 |x) 
+H, (Xy|x1) THY (x, |) } H (%) Tr (Qir), 
(B,) =— A — 9) P @) 7 Qe .D, {OF (xi|x) THe (Xo |%4) 
+t, (x|x,) TH (xq|X5) } # Cx) - 
— 26 (x) 7.2, { th, (x] x4) THY (x, |x5) 
+ OF (xq|x) TPor (xs 141) } o (%) Tr (27), 
(Cy) = — (1-94) B %) Ber O7 OQ, { TH, (xs|x) THE (4) 
+ TOS (x|x5) THor (x|x4) } H Oo) (4-2) 
+49 (x1) Qe O7O? Qi (He) {OF (Ka|x) Os (51x) 
+ OF (x|x3) Bor (x|x4) } 5 
(C,) = —2i9 (x,) Q:2[b, (xox) X 6% (|x) 
+ 9% (x|x) X ber (x |x) I (es) Tr QV O7O) 
= 24.8 (x,) 2if (25) Tr (QV O70?) {9% (4x) Ps (Hol) 
+ 0% (x|x2) Dar (|%4) } > 
(Cy) = — 21 (xs) 2et 9. (lH) X $5 Gil) 
+P (xlx5) X bor (x|x1) } 6 Ge) Tr (277°) 
— 276) (x4) ih (2) Tr (QO?) {G5 Ca|x) bs (XI) 
+ 0% (x|x3) bor (x|%1) > 
(C,) = — 1 — a) F (Xa) BF O7 ODA TO, (H9|x) THE |x) 
+ TOF (x|x2) Thar (x|%1) } Fs) | 
AD (1) Qe? Desh (ag) {95 Ces) B. (rel) 
+ 0% (x]x2) Por (/%) I> 


and 7’s ate 7; Of i774. Since 6’ does not correspond to the pion, it has been omitted 


in the above equations, and the same assumption on the properties of Y as in §3 is 
made. 
In the case of treating the low energy pion phenomena, we shall be allowed to 


approximate the form factor @ by a 0-function, and replace the wave function, 9, (x|x’), 
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of the pion by 9,(x|x), since the spatial extention of the internal wave cee 
of the pion would be very small compared with the de Broglie wave length of the ae 
All terms with s=s’, then, give isospin independent contributions, and terms with ss 
and containing T explicitly give isospin dependent contributions. Putting 7,=1 for 


simplicity, and retaining terms with s&s’, one has 
i€,X (Ay) = — 29s (x) iT {TP (|x) TOE lx) 
+ rp* (x|x) TP, (x|x) } f(x) 
+ 2°gagh (x) ir, {TPy, (x|x) TH* (|x) 
+ oF (x|x) TO (x|x) } P(X), (4-3) 


where space-time extention of the internal wave function of the pion and also that of the 
interaction kernel were neglected. Discarding the odd Dirac operators, the above equation 


turns to 
9:€:X (A) = — 249, (x) (9-2 +it- [OX Zz) f(x) 
+ 24gyp* (x) (@-o+it- [27x o]) Po (4-4) 


where 7 is the conjugate momentum to ¢. The t-[7 xX] terms give rise to the desired 
isospin dependence of low energy S-wave pion-nucleon scattering phase shifts. Similar 
results are obtained from the remaining terms in eq. (4°Z). These terms arises from 
the terms with i=2, 4, and 5 in the interaction kernel (2-1). 

To calculate the low energy S-wave scattering phase shifts, one also need to know 
the magnitude of isospin independent parts. These terms have about the same magnitude 
as that in eq. (4-2). Moreover, contributions from the one pion vertex, eq. (3-10), 
must be calculated, which are at least of second order in Y;, contrary to the two pion 
vertex obtained in this section. Relative magnitudes of the contributions from these two 
Processes are not so easy to be evaluated, since it needs the more detailed information 
about the structure of the pion as was briefly mentioned at the end of § 3. According 
to a very rough estimation such as given by Finkelstein”, i.e., the order of magnitudes 
of g;’s being 10™°~10-“erg-cm*, contributions from the two pion vertex derived in 
this section may not necessarily be neglected compated with that from the repetition of 
the one pion vertex. 

Next, we give Fourier transform of eq. (4-1). It is sufficient to consider only 
one term in eq. (4-1) explicitly. Putting y,=1, 7 =7°=7,, the contribution to 
(\H&d'X from (A,) is 


= 29, d'X d'X d*x,. d x34 d"xD (Xx, X19 X34) * 


B(x) {79 (|g) TH* (x|x5) + 78 (xalxe) TH (2g |x) } (x). _(4°5) 


Substituting eq. (3-12) in the above expression, one obtains 
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— 2’9, (27) at dp d*p’ d*k dik! 5 (p+k—p'—P). 


(PD {Lh de C.266 9) 1-29*( Hs p—*) 
7 (| d‘q/G,70* (kK, 9!) ]- 9 Be p—=)} 0 on (4-6) 


where 


k f k kb hv 
G,=G(p'— geek page (Spay 2 q 
: ie le is aS Ekin agit) 


G26 pk ag blab Bian i Se 
2 ay aa 2 oy “Aner 


In the local limit, eq. (4-6) turns to 


— 2°9, (27) | d‘p d'p! d*k d*k'0*(p+k—p'—k) - 

325 _ b/ 3 b 
ah / * / os / aT Spent, 
J(p) 3 (b9 (#, p =) +8" ®)9(4 p =) 


+ir- [5 xor(, p—¥)—o(t, p=) x) [OC , — 7 


where 6 (k), being given by eq. (3-15), represents the amplitude for a nucleon and an 
antinucleon to be at the same space-time point. 

If one is considering the low energy pion phenomena, the momentum of the center 
of mass and the relative momentum will be approximately separable, since effects of the 


Lorentz contraction will be small. We, then, have 

b(k, q) =4 (k) vq), 
where v(q) is the internal wave function of the pion at rest in the momentum representa- 
tion, and is normalized according to 


(2n)-*| d'gv(g) =1. 


uv 


Apparently there is no isospin dependent terms in eq. (4:7) in this approximation, and 


this fact corresponds to that in x-representation shown below eq. (4:2). 


§ 5. Conclusions 


We have discussed the effects of the nucleon-antinucleon amplitude in the physical 
pion on the pion-nucleon scattering, having started from the interaction kernel. Usually 
they have started their discussions from the Lagrangian, which determines the “ dynamics ¥ 


of the system, when they want to attack such a problem as a pair effect. However, it 
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seems very hard to get a lucid insight if we start from the Lagrangian and does not 
separate the “kinematical” and “ dynamical” aspects of the problem as in the conventional 
way. Therefore we assumed a formal expression of the interaction kernel for the relativistic 
integral equation of the nucleon-antinucleon system as given in § 2, which is general enough 
to cover both the compound pion theory and the conventional local pion theory. We 
have derived the “effective Hamiltonian” for the emission or absorption of one or two 
pions in §3 and in § 4 respectively, neglecting for the latter the “three body” inter- 
action, One can evaluate immediately their effects to the low energy pion-nucleon 
scatterings quantitatively, if the interaction kernel is given explicitly. 

A very rough estimate shows that the “ effective Hamiltonian” for the two pion 
vertex, which is characteristic of the structure of the pion, may not necessarily be 
neglected even in the low energy pion-nucleon scattering and may give a rather large 
isospin dependent phase shifts. It is qualitatively in agreement with experiment. We 
are, however, not able to discuss these points quantitatively, unless we go into the 
dynamics. Such a problem has not been treated but to be postponed to a future paper. 

The author wishes to express his gratitude to Professor T. Toyoda for careful reading 


of and valuable suggestions on the manuscript. 


Appendix. Crossing symmetry for the scattering of 
a particle with internal structure 


We consider the pion to be composed of the same number of nucleons and _ anti- 
nucleons. In a relativistically invariant local field theory, the propagator for the two 


nucleon and one antinucleon system may be written as” 
Gioge Xp eS Xie eee) 
=i{CT (f (x1) foe) Y (as) & a!) & a!) ! (')) 
KTP (x1) 6 0) f(s) 6 (1!) DCT G Cp!) B! (%")) D 
TT (h (%1) P (2) H (x) $ Ce!) XT GB a!) Gs!) DF (A-1) 


where ¢/(x) is the Heisenberg operator for the nucleon field, ¢/’ (x) is its charge conjugate, 
and (T( )) means the true vacuum expectation value of the T-product ; the second and 
third terms in the right side of eq. (A-1) merely correct for the fact that the uncoupled 
nucleon-antinucleon system cannot undergo a virtual annihilation process. 

Let us suppose that the nucleon pair (¢)(x,) and ~/(x,), (x) and ¢’(x,’)) com- 
pose a pion, then the pion-nucleon propagator may be written as 


Ds p > q> q') 


= | d'x, d'x/! d'y d'y! expi( px,—p'x' +qy—q'y’) « 


‘| diel de 1609, 0G Gy te 3.5 Hd) 14's 2)» (A-2) 
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where p’, q’ are the nucleon and pion incoming four momenta, respectively, and p» ¥ are 
the outgoing momenta, y= (x,+x,)/2, c=x%»—%, y! = (%! +%,') /2, z =x! —x,',. and 
Ui D> X%5(y’; 2) are the wave functions of the incoming and outgoing sonearespenieelt 

Substituting (A-1) in eq. (A-2) we obtain 


Leg (p, p’ 39’) =| i 2 ze 2h d“y dy’. 
exp 1( px, —p’x,/ +qy—q’y’) - 


| ded'ehT (Ym) F () $e(y, DH5(9, Ys (A-3) 


uv 


where 
9:(y 2) =%e Os Pe) HO); 
85075 2) =U, 2) 9 Co!) (a!) 
In eq. (A-3) we write only the first term of eq. (A-1) for simplicity. However, it will 


be seen easily that the following discussions hold also in the case that the omitted terms 
are included. 


Since ¢;(y, z) and ;(y’, 2’) commute inside a T-product, and since y and y’ are 
dummy variables, the right side of eq. (A-3) is equal to 


Ti (p p37) = d*x, d*x,! d*y d*y’, 


“exp i( px, —p'x' —q'y +97’) | soni 

KT (P(x) $1) 95 DGC 2)? 

=T5:(p, p's —49', —9)- (A-4) 
Consequently, the crossing symmetry holds also for the case of the scattering of a com- 
pound particle, provided that the propagator, (A-1), exists. Clearly, the proof given 
above, which is essentially the same as that given by Feldman and Matthews”, can be 
valid, even if the incoming and outgoing particles are composed of arbitrary number of 


fermion pairs and bosons, If the propagators such as eq. (A-1) do not exist, we cannot 


say whether the crossing symmetry holds or not. 
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Pairing Energy of Nuclear Particles 
Morikazu NOMOTO 
Department of Physics, Niigata University, Niigata 
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From the nuclear binding energies given by Wapstra, the pairing energies of identical nucleons 
have been computed and found to be expressed in the form (22.3+5.5) (2;+1)/A Mev for the even- 
even nuclei with mass number A, and pairs in a definite j-shell. By using the computed values of 
the pairing energy for the even-even and odd A nuclei and assuming the zero range force, we have 
found the inter-nucleon potential to be V;;=—570r° [1+ (0.16+0.15)o;-0,;]0(r;—r;) Mev, where 7 
is the nucleon radius. 


§ 1. Tntroduction 


The nuclear shell model has had a considerable success in the explanation of the 
spin values and parities of the medium and heavy weight nuclei by introducing the pairing 
energy... Furthermore, this pairing energy leads to a satisfactory understanding for the 
difference of the /-stability looked between the even and odd A nuclei. The pairing 
energy is estimated as the difference: the binding energy of the second neutron (or proton, 
excepting the contribution from the Coulomb repulsion) minus that of the first neutron 
(or proton) in the case when two neutrons (or protons) are successively added to the 
nucleus with even neutron (or proton) aumber.” 

Recently, Wapstra” and Huizenga” have computed the binding energies of many 
nuclei from the Q values of nuclear reaction, the nuclear disintegration energies and the 
mass spectroscopic data. It is possible, therefore, to calculate the pairing energies for 
more nuclei than such calculations have been made in the past,” by using these values 
of the binding energy, and to find the dependence of the pairing energy on the nuclear 
properties and the state occupied by the pair. 

For the even-even nuclei, assuming the nuclear force of zero range, Mayer” has 
theoretically estimated the pairing energy according to the j—j coupling scheme and has 
found it proportional to (2j+1)/A when the nuclear mass number is A and the pair ts 
in a definite j-shell, and the proportional coeflicient was suggested to be about 12.5 Mev. 
In § 2, we examine the dependence of the pairing energy for the even-even nucleus on 
the nuclear mass, the kind of the particles which compose the pair, the state occupied 
by the pair and also examine Mayer’s form critically, by using the pairing energies 
computed form Wapstra’s data. From the pairing energies for the even-even nuclei, 


we are able to estimate the strength of the singlet nuclear force only ; such an estimation 


is made in § 2. 
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From the results calculated by using Wapstra’s binding energy data, it is found 
that the pairing energy for the odd A nucleus is systematically smaller than that for the 
even-even nucleus by factor 1/2 to 2/3 when the pair is in the same shell and their 
masses are close to one another. This difference between two kinds of the pairing energy 
may depend on the character of the neutron-proton force. In § 3, we estimate the 
strength of the neutron-proton interaction from this difference and the strength of the 
nuclear force for the triplet spin state on the assumption of charge independence. Further- 
more, in § 3, the internucleon potential is formed in terms of the obtained force strength 
for the singlet and triplet spin states and is compared with the potential given by Schwartz.” 
It is shown from this comparison that the ratio of the triplet and singlet force strength 
of the potential obtained here from the pairing energies is in good agreement with that 
of Schwartz’s potential which is obtained from the consideration for the ground state 


spin of the odd nuclei. 


§2. Pairing energy for even-even nucleus 


Let us assume that the nucleus can be represented by the shell model. We then 
denote shortly the state characterized by the quantum numbers n, / and j as the shell j. 
If Siup)(p, m) stands for the separation energy of a neutron (proton) in the last neutron 
(proton) shell of the nucleus in which n neutrons and p protons occupy the last neutron 
and proton shells j,, and j,, respectively, then the pairing energy E(uiemy) of the next 
neutron pair to the even-even nucleus becomes, according to the estimates of de-Shalit” 


for Sig (Pp, 2); 
Evasion =Sn(p, 2+2) —Sn(p, 2 +1) 
=Ein (jn) +E int Gn") —2Eim (jn) +[p,n+2]+[p, 2]—2[p, nt+1] (2-1) 
p and n even, 


where Ej,,(j") is the interaction energy of k identical nucleons in the shell j with each 
other, and [p, n] is the interaction energy of p protons and n neutrons in the shells j, 
and jn, respectively. Since we have [p, k]=pkF(j,, jn) (Eq. (7) in reference 7), 
assuming that the identical nucleons of even number couple to a zero total angular 


momentum, the last three terms in (2-1) cancel each other. Thus 
FE raicen) = Eins (gorS) +E an jn’) isa 2E int Gna) D (2 3 2) 


We get similarly for the pairing energy of the proton pair, E% 


pair(p) > 
Evatr(p) =E int G3") + Eins Gi?) rar 2E int (oka) ° (2 7 2a) 


Now, we assume the nuclear force of the zero range after Mayer. The internucleon 
potential between the ith and jth nucleons is then expressiable by a 0 function 


i 6 v= fo} IN) 
Y= (tee a V.) (rr), 273) 
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where P, represents the spin exchange operator (1+6,-0,;)/2, and V, and V, are the 
force strength for the triplet and singlet spin states, respectively. When even number of 
the identical particles couple to a zero total spin and odd number of the particles couple 
to j of the shell occupied by these particles, the interaction energy of such a group of 


the identical nucleons gives for both Efainny) and E¥aingy” 


Table I. The pairing energies of the next neutron or proton pair to the even-even nuclei, calculated 
from Wapstra’s binding energy data. The elements in the first and 4th columns show the 
original even-even nuclei. The configurations in the third and last columns show the shells occupied 


by the pair. 
wes ee ee ee ee ee es ee ee 

Original etuens | Shell Original mar) Shell 

nucleus (Mev) nucleus (Mev) 
Be® 5.15+0.04 lp 3/2 ce 3.06+0.08 1p 1/2 
Cc! 3.23+0.08 lp 1/2 Ci4 2.27+0.09 ” 
O16 3.93+0.10 Id 5/2 O16 3.893-0.27 1d 5/2 
Ne*? 3.61+0.14 ” Ne? 3.22+0.16 ” 
Mg”™ 3.790.16 ” Mg’ 3.644.0.18 
Mg* 2.07+0.18 25 1/2 Sis0 1.95-£0.19 25 1/2 
Si*8 2.14+0.18 ” S34 2.37+0.23 1d 3/2 
Si°0 2.72+0.22 1d 3/2 S36 2.00+0.32 ” 
S*? 2.74+0.21 ” Ass 2,180.33 ” 
S# 2.88+0.24 ” At 2.66+0.31 80 
A388 3.21+0.32 1f 7/2 Catt 3,840.40 Lf Az 
Cato 3.11+-0.32 ” Tits 3.14+0.46 ” 
Ca#? 3.23+0.38 ” Ti50 2.58+0.50 ” 
Tit6 2.73+0.40 ” Cr50 2.80 0.62 ” 
Tr 2.87+0.40 ” i Cr52 2.63+0.58 ” 
Gr50 2.85-+0.56 ” Cr54 2.230.62 ” 
Cro? 1.78+0.56 2p 3/2 Fe®S 2.62+0.92 ” 
Fe™ 1.87-£0.64 Ni®? 2,08-+0.88 2p 3/2 
Zn 3.30+0.84 1f 5/2 Ni® 1.84+0.84 ” 
Zn 2.90+0.84 1p 1/2 Kr54 3.07 -+0.84 1f 5/2 
Ge? 3,460.64 19 9/2 Sr88 1.66-0.91 2p 1/2 
Se*8 2.88+0.71 ” Sr90 2.08+0.90 ” 
Ses 2,390.86 ” Zr 3,191.17 1g 9/2 
Kr30 3.02+1.00 ” Zr 2.4141.05 ” 
Kr82 3,000.88 ” Zr 2.7141.59 ” 
Kr*4 2.73 0.88 ” Mo" 2.67+1.60 ” 
Sr86 2.58+0.82 ” C110 2.28+2.41 ” 
Sr88 1.65+0.91 2d 5/2 Cd112 2.56+2.10 ” 
Sr 1.78+0.93 ” Cdi14 2.50-£2.00 ; 
Zr 1,510.89 ” — a — 
Mo*” 1.79+1.20 ” a = = 
Mo 2.02+1.53 ” aan a in 
Mo% 1.383£1.93 ” == Ss = 
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where R(n, 1, j; r) is the radial wave function of the particle in the shell j. 

For the nuclei in the region of 4<120, the values of E¥,;, calculated from the 
Wapstra’s binding energy data are listed in Table I, and the values of E‘,i/(2j+1) are 
graphically shown as a function of 4 in Fig. 1 by solid and open circles, corresponding 


1.8 


c18 1p1/2 


@ Neutron pair 
cer Ee BT 
© Proton pair 


‘air/ (2j-+1) (Mev) 


Fig 1. Evgir/(2)+1) values calculated from the data listed in Table I, as a 
function of A. The points corresponding to the pairs in the same j shell are 
connected by straight lines, and the errors are indicated only on a single point 
for each of the shells. The configurations show the shells occupied by the pair. 
(a) shows 25/24 Mev. (b) shows 22.3/A Mev. 
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to the neutron and proton pairs, respectively, For the nuclei with mass number A larger 
than 120, the calculations of the pairing energies are not carried out, because there are 
considerably large errors in their binding energies and hence it is not possible to estimate 
the pairing energies with the satisfactory accuracy for the present investigation, In Fig. 1, 
the points corresponding to the pairs in the same j shell are connected by straight lines ; 
the errors are indicated only on a single point for each of the shells, since the errors 
belonging to the same shell are of the same order. The curve (a) shows 25/2A Mev 
suggested by Mayer. 

It is seen from Fig. 1 that a) there is not much difference between the pairing 
energies of proton and neutron pairs; b) the pairing energies of the pairs in the shell 
j=!—1/2 are systematically higher than those of the pairs in the shell j/=/+ ly2 ac) 
bulk of the points assemble around a curve roughly proportional to 1/A but curve (a) 
seems to be too low for these points. Corresponding to each point in Fig. 1, the 
values of AE¥,;,/(2j+1) are also shown (omitting the errors) as a function of A 


in Fig. 2, Their mean value is 22.3 Mev** and the mean error is estimated to be 5.5 


@ Neutron pair 


Amat (27+ 1) (Mev) 


O Proton pair 


0 10 20 30 @40 50 60 70 80 50 L001 10.9 1120 


Fig. 2. AE®,;,/(2j+1) values calculated from the data listed in Table I, as 


pail : 
a function of A. The horizontal line indicates the mean of these values, 22.3 


Mev. The configurations show the shells occupied by the pair. 


* The integral factor in (2-4) may decrease with increasing nuclear mass for any familiar nuclear 
potential. However, though the masses of the nuclei which have the last pair in the shell 1d 3/2 or =f 3/2, 
etc., are larger than those of the nuclei which have the last pair in the shell 1d 5/2 ot if 7/2, etc., the pairing 
energies for the former are generally higher than those for the latter od seen from Fig. 1. (Seis the 
pairing energy of the pair in the shell j=/—1/2 may be appreciably higher than that of the pair in the 
shell j/=/+1/2 for the nuclei with the same mass. 

*k The 5 points belonging to 2p 1/2 and 1f5/2 are so far away fem the other points that they cannot 
be plotted in Fig. 2, and hence these points are omitted in the estimation of the mean value. 
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Mev. Thus we get 22.3+5.5 Mev for the most suitable proportional coefficient oft or 
to (2j+1)/A. The curve corresponding to this proportional coeficient is shown as (b) 
inebigw 1, 

To estimate the variance of the integral factor in (2-4) for the various nuclei, we 
calculate this integral in the case when the nuclear potential is a central harmonic oscillator 
well. A detailed account of the radial oscillator well function is to be found in the thesis 
of Talmi.” In the manner” that the mean value (7?),, of 1? for the particle in the last 
shell j is approximately replaced by the square of the nuclear radius, R°, we calculated 


this integral for the various n, / values, referring to Table 2 in reference 10, and got 

[RG bjs r)rdr=C,/R=Cu/ Ars, (2:5) 
where 7, is the nucleon radius r,>=1.4X107- cm. The values of C,, are numerically 
given in Table IJ. Thus we have for E (ui, 


Cu 
827, A 


é —a 
Eaaie a 


V.(2j+1). (2-6) 


Table Il Values of C,,; which enter into (2-5). 


F l | ‘ 
pee «| 0 | 1 | 2 | 3 | 4 ; 
1 1.47 1.32 | 1.38 1.47 | 1.56 

| 
2 3,36 Dilys | 1.90 = | -- 
| 
20 


~-~ 

SS 

= 

a 

+ 

mh 

“10 

¢ = 

as @ Neutron pair 

Bs P 

aS) 
g O Proton pair 
0 10 ‘20 30 40 50 60 70 80 90 100 110°» 220 


A 


Fig. 3. AES.i+/Cnz(2j+1) values calculated from the data listed in Table I 
by using the C, values in Table II, as a function of 4. The horizontal line 
indicates the mean of these values, 14.2 Mev. The upper and lower dashed 


lines represent the distribution of the points belonging to the shells j=/—1/2 
and j’=/+1/2, respectively. 
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The values of AE Sair/ Cr (2j+1) are shown against A in Fig. 3, corresponding to 
each point in Fig. 2 and using the values of C,, in Table II. From Fig. 3, it is seen 
that a) bulk of the points distribute in a region from 9 Mev to 20 Mev, and the mean 
value, with the mean error, is estimated to be 14.2+3.1 Mev; b) there is a tendency 
that AES ai/C,,(2j+1) values increase slowly with increasing A; c) the points belonging 
to the shell j=/—1/2 distribute in the higher place than those belonging to the shell 
j'=!+1/2, separating from one another. 

Thus we get for the most probable value of the strength V, of the force for the 
singlet spin state 


V,=— (14.243.1) X 877,> Mev (2-7) 


from the pairing energies for the even-even nuclei. The fact mentioned in b) may show 
that the internucleon potential and the nuclear potential deviate from the 0 function type 
and the oscillator well, respectively. From the fact mentioned in c), it seems that the 
spin-orbit coupling for the nuclear particle makes some contribution to the integral in 
(2:4), and hence that C,,, depends not only on n and / but also on j, for the singlet 
force strength V, which is proportional to AE pair/Cu(2j+1) with the constant factor 
probably does not depend on j. 


§ 3. Internucleon potential 


Let us consider now the difference between the pairing energies for the even-even 
and odd A nuclei. The pairing energy Efxinn) of the next neutron pair to the odd-even 


nucleus with n—1 neutrons in the shell j, is given, as in (2-1), 


EF vair(n) = Eine Cine) +EurGn) ae Ei eee: +[p, n+1]+[p, n—1|—2[p, n| (3 4 1) 
p and n odd. 


Thus, subtracting (3-1) from the pairing energy (2:1) for the even-even nucleus with 
n—1 neutrons and p+1 protons (replacing nn—1, p>p+1 in (2-1)), the difference 
4,(n—1, p+1) between these two pairing energies becomes 


Fi J, pas 1) = Bens — paietn) 
=2[p, »]—[p, »+1]—[p, 2-1]. (3-2) 
This expression is also concluded in the case when the neutron number of the odd-even 
nucleus is not equal to that of the even-even nucleus and the proton numbers differ by 
two or more from one another, since the former three terms in (2-1) and (3-1) are 
reduced to the same expression indifferently to the neutron number in the shell j,, as 
seen from (2:4), and Efnirny does not depend on the proton number of the even-even 


nucleus, | 
Using the expression for [p, n] given by Schwartz” and denoting 4,(n—1, p+1) 


as 4, in short by means of the above reason, we have, when the interaction between 


proton and neutron is of the type (2-3), 
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4,27 2"s [pn F,— Ey i Jy=i jn In=Jn> 5 


L—V, Fie ay -7n =a te 
Trek, (jp Jp=Ip> Jn Jn=jn> J)» G ie 


where 


; nee ; (2j,+1—2p) (2j,.+1—2n) 
P — — —- —— a a —— — 
ia GPs ie Ip? Jn a jn> 1D) (2j, 1) (2), 1) 


ejay) Qjet-1) . 1; = Ns : 0 2 
x 2(2J+1) (i, > In 5 doin) ) 
hes = \ip tint (27, 2 
x {1+ iA post tts eT Ant a 
4J(J+1) 
| pn ip tate Ni ee -|F, (3 - 4a) 
(Zot) (2-1) 
PT in, (OTe ee lately (ete eg 
ENG? lees Jn Jn=jns “y) 2(2J+1) (ip 5 jn 5 doin) ) 
x| AG ts Bees nee —[1+2(—)eth+J]} F,, 
4J(J+1) 
(3 - 4b) 
f= = =| Rm, Lppits EAR ta telan jotel) tatltes (3 -4c) 


‘Table II. 4, and 4, calculated from Wapstra’s binding energy data. The elements in the 
first column are the odd-odd nuclei which have one more neutron or proton than the odd 4 
nuclei in question, and their spin are shown in the second column. The configurations in the 
5th and last columns show the last neutron and proton shells of the odd-odd nuclei, respectively. 


| 
ok ee oe 
Bu 3 2.25-40.14 7 60460.11, a) Lp 3/2 1p 3/2 
Nu 1 2.47+0.16 2.46 40.16 1p 1/2 1p 1/2 
Nw 2 1.48-0.42 1d 5/2 1p 1/2 
Fis 1 3.48-40.30 3.884-0.30 1d 5/2 1d 5/2 
AL? 5 2.07-£0.35 2.2140.35 1d 5/2 | 1d 5/2 
ALS 3 0.67-£0.40 0.68-£0.41 251/2 1d 5/2 
pio 1 1.00-40.40 0.90-+0.45 251/2 25 1/2 
ps? 1 0.56 40.42 0.56+0.41 ld 3/2 25 1/2 
Ge 3 1.36-+0.50 0.67-+0.50 1d 3/2 1d 3/2 
K3s 3 1.83-40.76 1.56-+0.76 1d 3/2 1d 3/2 


—_—___———_—x_eknkmnm— ee 
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. ies 

where Go jn—~ | fodn q 0) represents the Clebsh-Gordan coefficient. For the difference 
4,, between the pairing energies of the next proton pairs to the even-even and even-odd 
nucleus, we also get the same expression with (3-3) in like manner. 


The values of 4, and 4, estimated 


from Wapstra’s binding energies in con- aa 


nection with several even-even and odd 
A nuclei are listed in Table III together 
with the odd-odd nuclei with one more 
neutron or proton than these odd A 
nuclei. Each of the numbers in the 
third column is the mean value of 
4, (nawdiz ep 1 )iwand..44(n—1,) p—1) 
(n and p odd), and that in the 4th 10 b e Calculated from 4, 


—V [8713 (Mev) 


column is to be similarly understood. It | © Calculated from 4, 


is seen from this table that there are | 


not much difference between J4,, and J,. eee ee ! a 
0 10 20 30 40 


We want to estimate the value of A 
V, in the interaction (2-3) by using Fig. 4. —V,/8zr 9? values as a function of A, calcu- 
the values of J, and 4, in Table III, lated from the values of 4, and 4, listed in Table 
III by using Eqs. (3-3), (3-4) and V;/8zr93=—14.2 © 


1 f ink etd f Mev. The horizontal line indicates the mean of these 
nuclear force, oO o this we use again values, 25.4 Mev. 


assuming the charge independence of the 


the harmonic oscillator wave function for 

R(n, 1, j; r) in (3-4c). The values of V,/8zr,° was calculated thus by using 
V,/877,2=—14.2 Mev and substituting each of 4, and 4, in Table III in the left hand 
side of Eq. (3-3), and the obtained results are shown in Fig. 4. From this figure it 
seems that the values of V,/87r,* distribute in a region from —18 Mev to —32 Mev 
and they slowly increase with increasing A. According to the least square method, we 


get for the most probable values, with the mean error, of the strength of the force for 
the triplet spin state 
V,=— (25.4+6.7) X871,? Mev. (3-5) 
From (2-7) -and (3-5) we get for the charge independent internucleon potential 


(in Mev) 


V,= —srr)| (25.4 an) st be (14.24 31) += ke | d(r,—r,) 


= —5707,*[1+ (0.16+ 0.15) 6;-0,]O(r;—T)). (3-6) 
Shwartz has assumed the internucleon potential of the following type : 
Vyu=—L—2@) +46,- o,|0(r;—r;) X positive constant, (3-7) 


and he has found the values of @ for several odd nuclei through the consideration of 


their spin. His results are listed in Table IV. As seen from a comparison between 


492 M. Nomoto 


Table IV. a in Schwartz’s potential: V;;=—[Q—a@) +ae;:05)0(ri—T5) 
X positive constant. 


Nucleus | rie | a 
Lié 1 >0.10 
Lié 2 <0.25 
B® 2) <0.25 
B00 3 =0.10 
Na*4 4 =<0.42 
Ese 2 == 0:25, 
K40 4 =<0.50 
Kk 2 >0.17 
Sci6 4 <0.30 
Co's 2 =<0.10 
Co6? 5 >0.10; <0.50 
Rb* 2 >0.17; <0.50 
Sb}22 2 =>0.10 


(3-6) and (3-7), referring to Table IV, the rate of combination of the spin dependent 
‘term in the potential obtained from the present analysis in general is in good agreement 
with that of Schwartz’s potential. 

The author wishes to thank Professor M. Sasaki for his enlightening discussions. 
He also wishes to thank Professor S. Yosida and Mr. A. Arima for their interest and 


useful comments regarding this work. 
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The recent experiments indicate that the charge distribution of the physical neutron is almost 
neutralized by the cancellation of the nucleon core and the meson cloud charges, which can hardly 
be expected from the fixed source theory. On the other hand, the relativistic ps-coupling theory, 
which indicates that both the nucleon core and the meson cloud spread out over the region of about 
twice the nucleon Compton wave length, seems to be more promising. In this paper, we then analyze 
perturbation-theoretically the effective neutron-electron potential, evaluating separately for each time- 
ordered graph so as to compare with the result of the fixed source theory. It is found that (1) 
owing to the nucleon recoil effect, the p-wave meson contribution is only about 1/2.3 times the one 
in the fixed source theory; (2) the (—) energy state contribution for the nucleon core charge is as 
large as that of (+) energy state; and (3) s-wave meson contributions, which are not involved in 
the fixed source theory, are taken into account qualitatively. Thus the main discrepancy with ex- 
periments arises from the inadequate treatment in the fixed source theory, though a part of the yet 
remaining discrepancy might be explained by the modification of the quantum electrodynamics as has 


been discussed by Yennie et al. 


§ 1. Tatroduction 


’ 


According to the experiments at Brookhaven,” the effective neutron-electron potential 
is given by —eV,=(—3.86+0.37) kev if the square well with a radius equal to the 
classical electron radius is assumed. 

Since the effective potential due to the anomalous magnetic moment is about —4.1 
kev,’ these experiments show that the static potential, caused by the spread-out charge 
distribution, should almost vanish. 

Recently, the neutron-electron interaction has been extensively investigated in the fixed 
source theory, calculating the static potential due to the electromagnetic interaction between 
the electron and the meson cloud surrounding the nucleon core. The perturbation method 
gave, for g°/47=0.08, (g is rationalized pv-coupling constant.) the static potential —eV, 
——12.4 kev,” which is in serious disagreement with experiments. In order to account 


for this discrepancy, Salzman” has assumed that the nucleon core itself has the charge 


distribution proportional to the source function, and has shown that the considerable 
cancellation of charge occurs between the meson cloud and the core. This idea, however, 
could not be included in mathematically consistent way in the frame of the fixed source 
theory, though it has perhaps the physical grounds. Sachs and Treiman” have investigated 


the possibility that the higher order corrections alter the meson cloud charge distribution 
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using the Chew-Low theory. It has been found, however, that the reduction of the 
effective potential due to this effects is only about 20%. 

On the other hand, the perturbation-theoretic treatment in the relativistic pseudoscalar 
coupling theory has also been done. It gives —eV,=—178 (f?/47) ev” for the static 
potential, where f is rationalized ps-coupling constant and is related to y by g=fft/m, 
denoting the meson and nucleon mass by /4 and m respectively. Thus, taking g?/47= 
0.08, one obtains —eV,=—2.58 kev. This is about ome fifth the value in the fixed 
source theory, and closes considerably with the experiments. 

This situation is due to the fact that both the charge of the meson cloud and that 
of the nucleon core spread out over the region of size between meson Compton wave 
length and nucleon Compton wave length, In fact, the root mean square (rms) radii of 


the charge distributions turn out to be, for g°/47=0.08, 


Cn IP x41 .8b/me, Ore te 23 b/me 


m 


for the nucleon core and the meson cloud respectively. 

Apparently, one might expect that the spreads of the charges of the nucleon core 
and of the meson cloud would be about 6/mc and b/c respectively, and that cancelling 
out of both the charge distributions could not be expected.” 

One of the reason that the meson cloud spreads out really over the region small 
compared with 6/fc is that the low energy mesons, which are actually effective for the 
spread of charge, are emitted as p-waves and therefore only with small probabilities. The 
other reason is that the relativistic treatment predicts, owing to the nucleon recoil effect, 
much smaller dissociation probabilities for the high momentum mesons than in the fixed 
source theory. 

As to the nucleon core, the spread of the charge might be of the order 6/mc, if 
only the process in which the nucleon recoils to the (+) energy state is concerned. The 
actual spread, being twice as large as b/mc, is of course due to the nucleon pair produc- 
tion in intermediate states. 

The detailed circumstances such as were discussed in the above, however, are hardly 
manifested in the relativistically invariant calculation where the (+) and (—) energy 
states are treated without distinction, For this reason, we shall analyze contributing 
diagrams with different intermediate states separately in the similar ways as has been 
investigated in the analysis of magnetic moment by Goto” and Hasegawa et al.” 

In § 2, we derive the rms radius of charge distribution and the effective potential 
for each diagram, expressing these quantities as the integral over the momenta carried by 
the emitted particles in intermediate states. In § 3, the discussions of these results are 
given from the physical point of view as far as possible, and the comparison with the 


fixed source theory is done. Those discussions are expected to be independent, to some 
extent, of the perturbation treatment. 


§ 2. Derivation of the effective potential 


The nucleon-meson interaction Hamiltonian is taken as 
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Fox = if | FO) 7.71900) bila) de, (2-1) 


where f is ps-coupling constant, q(x) and @(x) are the nucleon field operators, ;(x) the 
meson field operators, and 7, the conventional isotopic spin variables. (Hereafter we use 
the natural units 6=c=1.) The interaction Hamiltonians of nucleon and meson with 


the external static electromagnetic field A‘? (x) are given by 


th 


Hy = ie | F (741 +74) /2-G() AY dv, (2-2) 
and 
00, x 
Hay =e {| 28 4, (2) — 98 9, | AP (a) de (2-3) 


respectively, where 00,/0t==7, are the canonical conjugate operators to ¢;. For the static 
electric field, which is produced by a point classical electron in our case, we have 


A® (x) = (0, 0, 0, ig (x)), (2-4) 


Hyy=e | (0) +5) /2-H(@) 9 @ de, (2-5) 


Haz =e |[ 7206) 6) —% @) G2) 19 @) dv. (2-6) 


As is well known, the covariant nucleon vertex operator /',(p;, fp») takes the form, 


denoting py—py=4p, and o.,=pV—-A7> 


Lig Pre 2) =7 5, (tp py) +6, 4p, Fy((pi— pe)*) (2579 


from the requirement of the relativistic invariance and gauge invariance, if p, and p, are 


free momenta. The first term is related to the rms radius of the charge distribution by 
F,((pi—ps)*) =F, 0) —8 4") (Pipa) * Fs (2-8) 


where F,(0) equals to 0 for neutron.” The neutron-electron interaction potential is given 


by the relation : 


(n, 1) (n, 2) (n, 3) (n, 4) 


ieigep al 
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—eV,=1.36X 7/3 X(t ) kev, (2-9) 
when (7°) is measured in units (b/mc)*=1. 

Thus if the external field is static, i.e. if there occurs no energy transfer, one needs 
only the quantities proportional to (p,—p»)” in I’,(p,, p:) in order to get <r) and 
—eV,, where p, and p, are 3-dimensional momenta. 

A. Nucleon contribution to electron-neutron interaction 

The time-ordered graphs contributing to the interaction of the nucleon core with the 
static field are illustrated in Fig. 1. The contribution from (n, 1) in Fig. 1, for example, 
is obtained as follows. According to the time-independent perturbation method, the second 


order scattering matrix R“ is given by 


Deb Geers! Ffgrsere Cey Mee 
E—H,+ie E—H,+i¢ 


= feu pi) ere at (peg) PX pi gq) A 24) / 2 pp qa (a 
qd 
. (Che: c,u (Po) [2m (Ea ati = Wq) (Ej ak q) re gy (p,— P») > (2-10) 


where u(p.) and u(p,) are the initial and final spinors respectively. Put 


QDR |i) = <p Pde TiAl Day 


(pPi|R® |p) =e¢© (p,— po) u* (p,) H (py, Ps) u (ps), (2-11) 
then using the relations : 

u (p) u* (p) = (E,+ap+ Pm) /2E,, (2-12) 
rt ali, + 2h, (2-03) 
(ap.+ fm) u (Ps) =E,,u (ps) ’ (2 : 14) 
1e (p,) (ap,+ fm) =u* CPi) ton, (2: 15) 

H” is written as follows : 

H® (p:, Ps) = Qf | C2 pee +aq) (Beng Tee Od) d*q 
BLE) re Enq E py—q Yq (Wg + Ep —q—Ep,) (Wy + Ep,—q— Eps) 

(2-16) 


Now, since one needs only the term proportional to (p,-py) in order to determine the 
coefhicient of (p,—p,)” in H™, one proceeds to expand H™ in p, and P: to the first 


power. Thus the term related to the effective potential in the low energy limit becomes 
H™ (PvP) >— 3 (Pr— Po)? 3/7) (f°/47) -Q/2-Jenays (2-17) 
where Jin1) is given by eq. (2-19). 


Performing the same procedure for the other graphs in Fig. 1, the following results 
are obtained : 


y= (3/7) (f?/47) (tp>/2+7n) Tonos (2 2 18) 


where 
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1 *d 1 E,— 
ee | q' dq | ee sel ( 1 E, I 
6 E,’(w,+E,—m)*w, LE ES Wg+E,—m ff (wo, +E,—m)? 71)’ 


(2-19) 


far i | (2-20) 


1 4 
Jin.2) a =f 4 4 a | : oP : g 
3 EE,’ (o,+E,—m) Wy LE, 2 EF W,+E,—m 


eal x 1 1 E,—m il 
Jnsy= 1 “4 | sa # z Dad 
3 E}(o,+E,+m)o,LE, 2. E,  o,tE,+m (2-21) 


1 4d 1 E,+m 1 
a ae I 
2 6 E,*(w,+E,+m)?*o, B, EF Cres ab ae +m)? x) 
(2322) 


(m, 1) (m, 2) (m, 3) (aed) 


Fig. 2 


B. Meson contribution to electron-neutron interaction 
The time-ordered graphs for the meson contribution are illustrated in Fig. 2. The 
same procedure as for the nucleon static field interaction gives then the following results : 


(7°) m= (3/7) (f?/47) 73 > Jem.ey> (2:23) 


where 


(Ce Meee iar 


a 
wo, (E,+0,—m)’E, \ E,+e,—m (E,+,—m)? 


Ok Na a (2-25) 
wo, (E,+o,—m)’*E, 


7 
J 
| (E, +m) q'dq (2-26) 
a 


(n.2) _ 


Hal alr wile 


dma wo, (E,+a,+m)’E, ; 


(E, +m) q'dq (- u af oh ey) 
E,+o,+m ed \ ) 


Jima wo, (E,+o,+m)’E, 
The integrands of J’s are illustrated in Fig. 3 as the function of the momenta carried 
by the virtually emitted particles, The numerical values of J, (r°)'” and —eV, for each 
graph are shown in Table 1, taking g°/47=0.08. 
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Table 1. Numerical results for J, ¢r?2)!/? and 


Integrand 
—eV, for each graph. The value of the coup- 
ling constant g?/4z=0.08 has been chosen. 
; (m, 1) 

Type of ; 9| relative | ¢7°)}/* | —eVy iy 
graph J Aime) percent | (%/mc) | (kev) es 

(m, 1) | 0.186 51 —1.61 | —3.66 

(m, 2) 0.063 | 17 —0.93 —1.24 

(m, 3) 0.080 22 —1.05 —1.57 

Ga) 0038 10 0.75" 0:76 

| | 

(a, 1) | 0.097. |e 44 1.15 1.91 

(is 2) 0.087 | 36 1EKO Weg 

(n,-3) | 0.036 isepal. 0:74 0.70 

in, 4) | 0019>| 8 0.52 oss Ff 


§ 3. Discussion 


A, The meson cloud 
In the fixed source theory only 
(m, 1) and (m, 2) are considered, 


because the nucleon is assumed to be 


(m, 3) + (m, 4) 


permanently at rest. Thus the energy 
difference between the initial and the °%!/ 
intermediate nucleon state is entirely 
neglected, and the meson-nucleon interac- 
tion is given by (g//) (9q) /¥ 20, 
in momentum space. These circum- 


stances make the meson cloud contribu- 


tion much greater than the one in the 


relativistic theory. In fact, if one 


approximates E,—m-~q'/2m and E,~m 
in @ F 24) and (2 zi 25) > J ons1) +Jom,2) KE 1.0 2.0 


momentum 


becomes as follows : 
Fig. 3. The integrands of J’s are illustrated as the 


elm = (1 /m?) 57 ie \"s' dq/ a, function of the momenta carried by the virtually emitted 
Jo particles. The units }=c=m=1 are used. 
0.46 (1/m’), (3-1) : 
where the cut-off momentum is taken equal to mc. From (3-1) and by the use of 
(2-9), one gets —eV,~—9.1 kev, which is about 2.3 times the one obtained without 
approximations and cutting off at mc. This situation may be interpreted roughly as 
follows. The physical nucleon’s (r°),, due to the meson cloud may be proportional to 
the meson dissociating probability P and to the square of the spread of the meson (dr)?”, 
However, P is proportional to 1/(4E)*, where JE is the energy difference between the 
initial and the intermediate state of the physical nucleon, and dr may be proportionol toa. 
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the meson dissociating time t~b/JE and to the meson fluctuating velocity v, thus <7’), 
ccl/(4E)*, Therefore, if E,~m, <r°),, is much overestimated, 

The graphs (m, 3) give the contributions from the s-wave mesons with low momenta. 
Now, on treating the scattering of a meson by a nucleon in the ps-coupling theory, it is 
convenient to eliminate the intermediate states in which the nucleon pairs are produced, 


thus giving the following effective s-wave “Hamiltonian” in the static limit approximately :” 
H= (f*/2m) | W(x) 6°) $@)dv+ (f/2m)? | $*@)=-[9@) Xz) ]P@)dv. 3-2) 
J 


It is well known that the first so-called pair term H, is too large to treat by means of 
the perturbation methcd, and also to explain the observed separation of s-wave scattering 


10) 


phase shifts 0, and 0;. This separation might be almost explained, if only the last 
term so-called H,. were retained, omitting H,. Thus, if the ps-coupling theory is really 
correct and is properly treated, it is expected that H, must be damped in higher approxi- 
mations. 

In the calculation of the charge distribution in the lowest order perturbation method 
H, gives fortunately no contribution; since H, emits the oppositely charged mesons 7* 
and z~ at the same point and at the same time, thus the meson charge distribution from 
H, becomes to be neutral as a whole. And thus it is easily confirmed that J,,,3) except 
order #4/m, is equal to that expected from H,-coupling. Thus one can expect that the 
s-wave contribution to the electron-neutron interaction is taken into account qualitatively. 

(m, 4) may be considered as responsible for the meson cloud contribution due to,. 
so to speak, spread-out H, over the region of order b/2mc, since the dissociating time 
of the nucleon pair is of the order 6/2mc? and the fluctuating velocity is of the order c. 


It amount 10% of all the meson contributions. 

B. The nucleon core 

In the diagrams labelled by n, which appear in strict sense only in the relativistic 
theory, the broad region of virtual nucleon momenta around mc contributes to the charge 
distribution, because the nucleon is not so fast enough to reach far until the momentum 
becomes about mc. 

The graph (n, 1) gives the contribution due to nucleon recoil caused by the p-wave 
meson emission. It is thus expected that the charge spread due to this is of the order 
b/mc. In the graphs (n, 2) the charge spread is due partly to the meson cloud and 
partly to the nucleon pair. For, as the spreads of meson and nucleon pair are expected 
to be about 2-h/mc and b/2mc respectively from the results obtained in § 2 as is shown 
in Table 1, one gets b/mc as the geometrical mean. Thus these graphs, which are not 
included in the fixed source theory, give contributions as large as (n, 1) does. The 
contributions from the graphs (n, 3) and (n, 4) are small compared with the other 
graphs, because there the meson exchange occurs while the nucleon pair is present in 
intermediate states. 

C. Cut-off dependence 


Recent field theoretical investigations” suggest that cutting off is necessary for the 
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calculation of the radiative corrections in the present field theory. And, for the anomalous 
magnetic moment (a.m.m.) of nucleon, Goto” and Hasegawa et al. have shown that 
cutting off the momenta at about mc is favorable in accounting for the discrepancy between 
the results of the lowest order perturbation calculation and experiments, We then investi- 
gate the cut-off dependence in our case. The results are shown in Table 2. Because the 
momenta effective to the nucleon core charge distribution are much larger than the momenta 
effective to the meson cloud one, the smaller cut-off momenta make the discrepancy 
between theory and experiment somewhat larger. For the same cut-off value mc as in the 
case of a.m.m., the effective potential becomes —3.8 kev. This is still about one third 
the one in the fixed source theory, which gives the meson contribution much larger than 
in our cut-off theory. 

In this place, it may be worthwhile to note the charge distribution of a proton 
briefly. The rms radius of the proton (r°);" is obtained, by the use of eqs. (2-18) 
and (2-23), as follows: 


(p= 3/™) (f°/42) Smt esas (3-3) 


a a 
where Jn= > Joma) and Jn= >iJiny.- In the case of no cutting off (1°) is about 
t 


0.56X10~" cm, which is compared with the corresponding value for the neutron, —0.28 


n” becomes 0.45107" cm, and 


this is somewhat small compared with the experiments, accordingly (1r°)}/" must be at 
least 0.6X 107° cm and is estimated to be about 0.77 XK 1077° cm.” 


Now, cutting off the momenta at q is supposed to neglect the contribution from the 


x10 cm. Cutting off the momenta at mc, 7° 


inside region of the sphere the radius of which is about b/q. However, the total charge 
in this region may be positive, since the < -meson cloud spreads further than the nucleon 
core. To cut off the momenta simply thus violates the neutrality of the physical neutron, 
Then, in order to secure this neutrality it is necessary to add the + charge distribution, 
which may be required to spread over the outside region of that sphere in order to 
account for the observed rms radius of both the neutron and the proton completely. In 
that case, in order to preserve the success in explaining a.m.m. with the cut-off procedure 
the added charge distribution should not have the contribution to a.m.m. In this Se, 


further investigation seems to be necessary. 


Table 2. The cut-o¥ momentum dependence of the effective potential. Numerical values are 


given in units kev. 


Cut-off momentum 0.6 mc | 1.0 me 2.0 me 3 0 
: | .O me 
Nucleon contrib. 0.8 kev 1.8 kev 3.6 kev 4.4 key 
Meson contrib. —4.1 —5.6 | 
: i = 6: = 
as ‘ 7 | 7.0 
Total —3.3 stants 8 —31 | Sees 


D, K-meson effect 


From the above discussion, the charge distribution of the physical neutron is concentrated 
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in the region of the radius rather close to b/mc, suggesting that K-meson effect will not 


be neglected. To estimate this effect, we assume the following interaction : 
H=¢; YS .RoN+9,A4 K N-+ conjugate complex, (3-4) 


where A, +, N and K are field variables of hyperon, nucleon and K-meson respectively. 
We calculate the contribution to the charge distribution from the K-meson cloud correspond- 
ing to the graphs (m, 1) and (m, 2), which are most important for our effect. The 
results are 


0.25 5 


—eV.~ (3/2) (9/47) fe mail 


CP) 


where the upper and the lower numbers correspond to the cut-off at mc and to the no- 


cut-off respectively. For g%;/47=3, K-meson contribution is about 1 kev. In order to 
cancell out the neutron charge distribution g}/47~10 is necessary, which is too large 


compared with the value inferred from the approximate treatment of the K-meson nucleon 
29 
- 


collision, g}/47~1~3,'” though this value seems to be not so reliable. 


Recently the K-meson effect has been discussed by Sandri.”? There, +’ mass is 


assumed to be equal to the nucleon mass, and the fixed source approximation is used, 


Thus, for g%/4*=0.4, K-meson contribution to the effective electron-neutron potential is 


about 1 kev, which is overestimated about 8 times as large as ours. 


§ 4. Conclusions 


We have analyzed the neutron-electron interaction in the lowest order relativistic 
perturbation theory, and have investigated the possibility that the present meson theory 
can explain the experiments. The relativistic perturbation theory differs from the fixed 
source theory in the following points: (1) the p-wave meson contributions from (m, 1) 
and (m, 2), which are the only ones considered in the fixed source theory, turn out to 
be about 1/2.3 times smaller than in the fixed source theory, owing to the nucleon recoil 
effect; (2) the nucleon contributions of the graphs (n, 2) and (n, 1) are comparable 
with each other; (3) the s-wave meson contribution, which is about 30% of all meson 
contribution, is taken into account qualitatively, since the pair term H, has little contribu- 
tion to the charge “distribution in the lowest approximation and the main contribution is 
due to H, term. On account of these points, the relativistic perturbation theory can 
explain the experiments qualitatively. Though cutting off the momenta higher than about 
mc makes the discrepancy between theory and experiment somewhat larger, the neutron- 
electron potential is still reduced to about one third that obtained in the fixed source 
theory. Although, in order to explain a.m. m., it is preferable to = Silas icc tsi 
it is not to be taken seriously, because, as has been discussed in § 3, it violates the 
neutrality of the physical neutron. The K-meson effect is about 1 kev for the ps) 2 
coupling constant g/42=3. The inclusion of this effect, however, may ns be sufficient 
to account for the experiments completely. It may be necessary sDheons into aera a 
higher order corrections as has been done by Sachs and Treiman,’ who have obtained 
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the correction 2.4 kev using the Chew-Low theory. However, such a large correction 
might not be expected in the relativistic treatment owing to the recoil effect. This seems 
also to be supported by the evidences that the outer region of the physical nucleon is 
effective to the rms radius of the charge distribution and that such effect is almost included 
in the lowest order perturbation calculation. Thus, a part of the discrepancy between 
theory and experiment might be explained by the modification of the quantum electro- 
dynamics at small distances as has been discussed by Yennie et al.,”” although the curiously 
large value of the effective neutron-electron potential in the fixed source theory is largely 
suppressed by the nucleon recoil effect. 

The author would like to express his gratitude to Professor K. Nakabayasi for his 
kind guidance and continual encouragement. He is also indebted to Dr. S. Machida for 
suggesting this problem, Finally he wishes to thank the members of his Institute and 


Mr. K. Nogami for many valuable discussions. 
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The deuteron production by the nucleon bombardment is discussed in detail. First in § 2, accord- 
ing to the general theory of nuclear reactions developed by Ui, the transition matrix is written as the 
sum of two elements, which correspond to the compound and the noncompound ruclear processes. In 
the processes proceeding through the compound nucleus, the indirect pickup process, in which a neutron 
emerging from the compound nucleus picks up any proton, gives a larger yield than the deuteron 
evaporation in the usual sense. The average kinetic energy of deuterons thus produced is about three 
times larger than that in the Maxwellian type (§3). In the direct pickup process of low energy 
(p; d) reaction, the Coulomb effect is found to play an important role and the remarkable backward 
maximum in the angular distribution of the reaction product is predicted (§ 4). Direct pickup process 
at moderate and high energies is calculated by the Born approximation, assuming the Gaussian 
momentum distribution for the tail of the wave function of the nucleon to be picked up. The forward 
peak in the angular distribution for sharp energy deuteron groups corresponding to the ground state 
and the low-lying levels is interpreted in terms of the direct process taking place in the external region 
of the target nucleus (§ 5). In the limiting case of the weak coupling, which is an appropriate approach 
to the high energy reaction, the calculation is performed along the Chew-Goldberger’s procedure on 
the basis of the non-degenerate Fermi gas model and the total cross section is found to obey approxi- 
mately 1/v-law (§6). Further the production cross section of !s deuterons is evaluated in the same 
way, and is found to give a contribution comparable to the production of deuterons in the ground 
state (§ 7). Main conclusions obtained in the present work are summarized in § 8. 


$1. Introduction 


This paper deals with the production of deuterons by nucleons impinging upon 
complex nuclei and aims at investigating the gross behaviour of the cross section, which 
can be directly compared with experimental observations. In the last decade the theory 
of nuclear reactions has been developed by means of the compound nucleus which is formed 
after the incident particle has entered into the target nucleus, Before the striking success 
of the optical model was known, it was generally assumed that particles having entered 
into the nucleus form the collision complex which forgets how it was formed and. decays 
in all possible ways. The optical model, as well as the nuclear shell model, manifests 
that one nucleon can move freely within the nucleus without apparently changing the 
quantum states of other nucleons. Since the success of these models is concerned with 
the nuclear ground state or low excitation energy region, one may doubt whether the 
apparent absence of interaction between one nucleon and the rest is valid alsovat eo 
excitation energies. One way to appreciate the influence of the internucleon interaction 
may be achieved by computing the mean free path for a nucleon traveling in the nuclear 
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matter. At higher energies, 10 Mev and up, the mean free path for a nucleon is con- 
sidered to be comparable to nuclear radii of light nuclei. Hence, in those cases, nucleons 
impinging upon medium weight or heavy nuclei with small angular momenta suffer several 
collisions in traveling within the boundaries of the nucleus. This implies that a nucleon 
penetrating into the target has a small chance of leaving it without forming such a 
compound state that may satisfy the complete mix-up conditions. In fact the small 
difference in proton yields between the forward and the backward directions in the 18 Mev 
proton inelastic scattering’? predicts that the strong coupling model is still valid and realizes 
the main feature of the reaction phenomena in the intermediate energy region. On the 
contrary, the forward peak angular distributions of particle groups corresponding to low 
excited levels of a residual nucleus can never be interpreted on the basis of the compound 
nucleus procedure, but is attributed to the direct interaction between the incident particle 
and the tails of the wave functions for the target nucleus. The latter process, in general, 
is distinguished from the compound nucleus process by the term “‘non-compound ”’ ot 
“direct” process, in which no collision complex is formed. This process, chiefly arising 
from the surface interaction outside the nuclear radius, seems to be most significant in 
nuclear reactions such as the deuteron stripping and formation by pickup. Thus it is 
required to formulate the theory of deuteron production process so as to be capable of 
treating the noncompound and the compound nucleus processes on unified basis. 

In the present paper the general theory of nuclear reactions developed by Uy” is 
applied to the problem concerned here, taking account of both processes mentioned above. 
To define both processes formally, the surface S is introduced, which divides the configu- 
ration space into the internal and the external regions. The internal region is supposed 
to represent the configuration space of the compound nucleus and the external region to 
represent the one where the direct or noncompound processes take place. The outer 
boundary of the configuration space is actually located at infinity, while the surface S, 
i.e. the boundary of the internal region, is the place where the interactions become 
relatively strong and the channel description breaks down. Since the deuteron is a loosely 
bound system, having a spread comparable to those of light nuclei, it may be of significance 
to treat exactly the overlapping regions of the wave function in the neutron and the proton 
channels, In other words, the deuteron evaporates from the compound nucleus not only 
through the ordinary deuteron channel but also through the channels of its constituents. 
The latter is the process, in which a neutron emerging from the compound nucleus picks 
up any proton in the external region or vice versa, As shown in § 2, the general classifi- 
cation of types of deuteron production process, neglecting the contribution from the 
ordinary deuteron channel, will be accomplished by dividing the configuration space into 
four parts and the transition matrix of the process is divided into two parts, which 
correspond to the direct deuteron pickup process occurring in the external region and to 
the indirect pickup proceeding through the compound nucleus respectively. In § 3, the 
explicit expression for the latter process is derived into a convenient form currently employed 
in the statistical theory of nuclear reactions and the energy spectrum of the reaction 
product, together with the total reaction width, is investigated. Then the deuteron width 
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obtained here can be brought into the ordinary evaporation theory, by replacing the deuteron 
width in the usual sense by it. 

In the following sections, § 4 and §5, the direct process term is examined for two 
cases, in which the deuteron production from the compound nucleus is subsidiary, As 
one may reasonably esteem, the main feature of the phenomena proceeds through the 
surface interaction in the deuteron pickup reactions initiated with a low energy proton 
beam and the Coulomb effects should play an important role, as shown in § 4. 

The production of fast deuterons in nuclear events involving energies of the order of 
100 Mev has been shown to take place in cosmic ray stars and in Harvard cyclotron 
») For nucleons with such high energies, the mean free path in the nucleus 


becomes larger again and the overall picture can be well interpreted by the Born approxi- 
) 


experiments. 


mation calculation,” neglecting all processes involving the particles other than the incident 
nucleon and the partner with which it is to join. However, a recent experiment” has 
revealed that deuterons produced into the backward direction result in a flat angular dis- 
tribution, which can never be explained by the previous theoretical calculations,”””’» and 
the formation of the compound nucleus cannot completely be neglected. For these cases, 
the formation of the compound state is due to nucleons which lose most of their kinetic 
energies after a single or multiple collisions and is considered to be very complicated as 
to forbid the analytical calculation ; it will be handled only with the Monté Carlo methed. 
In § 5, the direct process, which dominates the main feature of the reaction phenomena, 
is evaluated by the Born approximation in accordance with the Chew-Goldberger’s procedure, 
assuming the Gaussian momentum distribution for the tail of the nucleon to be picked 
up. Finally in § 6, we shall study our problem in the weak coupling limit, in which 
the internal region is completely disregarded and the channel description is valid for the 
whole configuration space. Therefore the transition matrix itself reduces to the one already 
treated by the previous works.” Here we calculate the same matrix element on a 
little different basis, that is, by assuming the Fermi-distribution with finite temperature for 
the momentum distribution of the partner to be picked up. Because of the small contri- 
bution from the compound nucleus process, the conclusions for the weak coupling limit 
is useful in analysing the experimental observations. In § 8, main conclusions obtained 
in the present work are summarized and applications to the analysis of the experimental 
results are undertaken. To the reader who wishes to acquire some information on our 
process without getting involved in too much mathematics, we recommend the summaries 


for each section and sections 5—8. 


§2. General formulation— Classification of processes* 


In this section the general theory on (d, p) reaction developed by Ui is applied 
straightforwardly to derive the transition matrix into a suitable form for treating our 


* The formalism developed in this paragraph is not necessary to go further with the following sections, 
as the purpose of our formalism is to obtain the transition matrix in a form given in the summary for this 


section. 
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problem, As mentioned in § 1, in 
order to take into account the 
loosely bound property of deuteron, 
we divide the configuration space 
into four subspaces, which is shown “ 
schematically in Fig. 1 by the 
simplified manner used by Butler.” 
The region I is the external region 
of the usual sense; and II is the 
region where the nucleon 1 is in 


the internal region and the nucleon 


0 is in the external region, the 
region III where the roles of the 


nucleons 0 and 1 are exchanged, 


and the region IV is the internal 


> 


Fig. 1. Simplified one dimensional model of Butler. 


region, The surfaces between re- 


spective pairs of them are designated 


by SY, 5°, S% and S$ Seg 
y ? ? 1 in the internal and the nucleon 0 in the external regions, 
The Hamiltonian § of the III the nucleon 1 in the external and the nucleon 0 in 


total system is given by the internal regions and IV compound nucleus formed 


H=9.+4,10,4%,+UicV,, (1) 


Region I represents the outgoing deuteron, II the nucleon 


by the incident nucleon 0. 


where , is the Hamiltonian of the residual core, K, and K, are the kinetic energy 
operators of the constituents of the deuteron, and V,, the interaction between them. U, 
is the interaction between the incident nucleon 0 and the residual core, and U, that for 
the nucleon picked up. Since we are concerned with the details of outgoing deuteron in 
the present work, it is convenient to express the transition matrix T of the process by 
the ingoing solution for the system. In the final state, in which we have the outgoing 
alouesign LN the residual nucleus, the Hamiltonian of free state is = §,+K,+K,+V,, 
and the interaction Hamiltonian is taken to be U;=U,+U,, whereas in the initial state 
the corresponding quantities are §, = ,+K,+X,+U, and U;=V,,+U,. The ingoing wave 


solution of the complete system is written as 


(=a 1 ae 


with @,, the free state wave function in the final state, satisfying the Schrodinger equation 
9,9,= (O.+ Ky +K, + Vo.) P,=E®,, (3) 


Making use of the quantities defined above, the T-matrix for the process concerned is 


given by 
T=) |U,|9)9=(EO|V,,4U,| 9), (4) 
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where @; is the free state wave function of the initial state satisfying the Schrodinger 
equation 


9; A= (O.+K,+U,+K,) 0,=E®@,. (5) 


As was discussed above, it is requested to take account of the interaction between nucleon 
Q and the tails of the wave function of the intermediate residual nucleus, as well as the 
strong interaction in the internal region. For this purpose, we divide the whole interaction 
acting upon the nucleon 0 into two parts: the interaction (U,+V,,)"% in the external 
tegion II and the (U,+V,,)'" in the compound nucleus region IV, By expressing as 
Ophir (U, + Fig) (UR EV, 5), ther T-matrixwcan be divided into two terms cor- 


tesponding to the contributions from the compound nucleus process and the direct process 


as?) 


T=(Oy| (U,+ Fe)’ | @,» 
‘x ¢-) I 1 
+(8y [2+ 4%) Etie—e 


where {’s are the distorted waves defined by 


[Gtromarsero+re, (6) 


b 1 , 
B= [1+ E+i€é—§y—K,— (U,V) Oy+Vay™ | oe 
and 
p=[1+ : OY bs 
E—i€—§,—K,— (U,+V,,)™ 
E % era my a CEEON wiaratetis fs ys 
with 
On=H.+K,+ Lip (9) 


The second term in (6) represents the deuteron pickup process due to the interaction in 
the external region II, which can be regarded as a small perturbation. Further, for low 
and moderate incident energies, the collision partner to join is likely to be found just 
beneath the Fermi surface of the target nucleus and consequently has a longer tail than 
those of other nucleons. Hence, neglecting both U,, in comparison with V,,, and the 


higher order terms, we obtain 
TO = BO Vale). (10) 


‘This formula, if we take approximately only the waves in the channels i and f, is nothing 


Es > here defined does not identify the wave of usual form 


1 
UptU w lo 
[1+ ee rey eee (U)+ Uj) M7 


‘This is because we are now treating the indirect pickup process, taking account of the loosely bound nature 


of deuteron. 
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else but the distorted Born approximation, This term T° describes the overall feature 
of the process, when the excitation energy of the compound nucleus is low enough to 
neglect the deuteron emission from it. The surface direct term, as well as the interference 
term, has been given in a precise form by Thomas,” when the quantum states of the 
initial and final states are known, The term T“? is studied in § 4, §5 and § 6. 

Now let us consider the first term in (6). This term, as can be shown below, 
results in the deuteron production from the compound nucleus as a two steps process in 
which first a nucleon evaporates from the compound state IV and picks up its partner 
from the intermediate residual state III or II. In expressing the concept of the compound 
nucleus formally, the T-matrix is represented directly as a pole expansion of the energies 
of the levels, according to the nuclear reaction theory developed by Kapur and Peierls.” 
First we expand the T-matrix in the region II where the nucleon 1 is in the internal 
region and the nucleon 0 in the external region of the configuration space. From the 
mathematical point of view, the wave matrix Q{; has a convenient form for expanding 
the T-matrix in the region II, since the wave function [1+ (E--i1€—,;—K,) T(U,- 
V.,) |, is one of the wave functions in the region II. However, since Y{~ itself does 
not satisfy the boundry condition of the decaying state, it cannot be expanded as a whole. 
To remove this difficulty Kapur and Peierls introduced an arbitrary function ~ which only 
satishes the boundary condition of the entrance channel on the surface S. Then, ¥ — 
—7 can be expanded by the complete set of the decaying states of the compound nucleus. 
As an alternative, Ui employed a potential L to separate the potential scattering term from 
the T-matrix, the rest being expanded by the eigenfunctions of the decaying states. Here, 
according to the latter method, we introduce the potentials L, and L,, writing 


C= UL) ab, 
U+tVY.= (User) +L. 


Throughout the following formulations, the suffix IV in (U,+V,,)!\ is omitted for simplicity. 


In an analogous way as in (6), we obtain 
TO =(MPD,|U) + Vy, —Lo|O§) + (GO?|L,| 9N=T + TO, ook) 


with distorted waves 


@p=[1+ 2 1,| %, 
E+i€—Gy—Ky—L, se) 


Op =[14 L x = Lo| : E 1 Cea |¢ 
E-i€—$y—K,—L, * VPs ewe ae coat 


(13) 


On the other hand, the wave matrix (>) can be decomposed into four elements : 


Qi = 2 25) 9S OE), (14) 


where 
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Oe a Sho lal a i 15 

E—i€—§,,—K,—V.,—L,+U, 
1 

ga sieht ae BENG See aoe dh 16 
Boe oye sina a? 

(0 Se eeenrane ta Nad =i (17) 
E—i€—$y—K,—L, 

1 7 
26 the eg Ua be), (18) 7! 


The first term in (11) represents the deuteron production through the compound nucleus 
Process, without regard to that through the ordinary deuteron channel. The second term 
is the volume direct interaction term defined by Ui, being interpreted as follows; the 
nucleon 0 suffers only the elastic scattering due to the potential L,, while the nucleon 1 
in the target nucleus sticks to it to form a deuteron. However, this term gives no 
contribution to the reaction concerned here, because of negative Q-values. 

Now we expand the T-matrix in the region II where the nucleon 1 is in the internal 
region and the nucleon 0 in the external region respectively. It is necessary to separate 
the coordinates of constituents of the deuteron to discuss the deuteron production through 
the neutron and the proton channels. For this purpose the complete set of eigenfunctions 
for the states of the nucleon 0, 


K, |, =E,|k), Eo=0h2/2M, (19) 
is introduced. Then expanding both sides of the Schrédinger equation 
(E— 91 —K,) BOO, = (Vi, + L,—U,) QS, (20) 
we obtain 
(p(B — Su) = (919k, Va, — Cat | (U,— L,) (21) 


($,;=transpose of 5,1) 
with abbreviations, 
(ky | 2° OY =gi(r,, Rs ky) (22) 
and E"=E—E,. (23) 


Here R stands for all coordinates of the target nucleus except the nucleon 1, We next 
define the biorthogonal set, |Di1) and (Dj'"|, of the decaying states of the intermediate 


residual nucleus left after the emission of nucleon 0, by 
SnD He Pe (24) 
and Hu| = Wee | Dy, ps (25) 


(ee complex conjugate) 


|[D') satisfies the boundary condition of the decaying state on the surface S and |Dj" 
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does the complex conjugate boundary condition to that of |D). Then it follows that 
DUDE) A/Nw) De = 1 (26) 
pb 
with the normalization conditions 
[DPD P=1, (DM |DMV=Np ey. (27) 


The Green function 1/(E"%—y), obeying the same boundary condition as those for the 
biorthogonal set, can be expanded by them. Hence one can accomplish the pole expansion 


of the T-matrix in the region II, by the aid of (21), as follows: 


= = | 1 L 
et P= 21 Ni (EX Wh) (Dn ho! » (28) 
node ue u 


where 


f= Cpl? |Gul DE) — Cel |Gn| DE (29) 


and the small quantity i€ is omitted for brevity. Thus the pole expansion in the region 


II results in 


TO = St aren ppm CUE OO (Ut Vu Le) |G) G0) 


Ko. No (EN—W i) 


(~ : Hermitian conjugate) 
with the eigen function distorted by the potential U, 
Ro) = | 25K). (31) 


The quantity 7j}, is proportional to the probability amplitude emitting the nucleon 1 from 
the intermediate residual nucleus. Our next task is to express the T“°?-matrix (30) as 
the pole expansion in the compound state IV. In an analogous way to the procedure in 
region II, let us prepare the biorthogonal complete set |") and (D4°’|, with eigenvalues 
Wi’ and W3Y* respectively. Substitution of the explicit form for 2{- in (30) leads to 


Wg) (=) Srl 4.(—) IW 7.(-) anlar ly 1 lyr 
Ca ki 125 =< oe kj} [+ 31D, kj |U,+ Vien L,|D5 » Nw (E—W) D} hs 


(32) 


By making use of the relation, 
CDK [Vor + Us—Lo| DW”) =Vur, ky a— Eo +} WE -WYY) (DMD) (33a) 
with 
Du, hy A= KDE RE |H| Dy") — DYES |H|DY), (33b) 
which can be easily derived from the Schrédinger equation 
Out Ko +L,—E) |kOODY)=0, (34) 


(32) goes over into 
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Ss 1 ' 
23 UI, eo NY E_W®) DW 
+ EM WEY) OLR |DY) : Oe". (35) 


NxY (E—W;") 


The quantity DI, ky 2 is the amplitude of width for the emission of the nucleon 0 with 
momentum k, and (33b) can be transformed into the surface integration by the use of 


’ 
Green’s theorem. In the same manner as in (33a), we introduce the same quantity for 
the incident nucleon 


CDN" |p + Vor— Lo| GF) =y,.— (E— WH) (DBP?) Go) 


with the definition 


Jro= {Dw |H| GE) —( DH" |H|GP). (37) 
On account of (36) and the relation 
=e 1 : a gon 
219, kev aqav 62H" OP) = (Wy EM) (Dyk |G), (38) 


the matrix T° can be written into 


AA 1 : 1 PT Tee 
=a Ni (BU) Yn, bya + ya 6s ks [D5 >| 


1 
NY E-WS) 


Yro° 


(39) 
Though the potentials L, and L, are generally arbitrary, in order to make all quantities 
derived in this formulation identical with those in the current theory, it is necessary to 
take L, and L, as hard sphere potentials. Hence the second term in (39) does not give 
any contribution. 
We obtain finally, for the T-matrix of the compound nucleus process, 


> Ya, ko A 


Ff — ay 1 
eo" NEEX WE) 


1 | 
3 40 
N}Y (E—-WN) Yo | ( ) 
Until now, the deuteron formation through the intermediate state II has been undertaken, 
while there is an alternative process in which the nucleon 1 emerging from the compound 
state picks up the nucleon 0 in the neighbourhood of nuclear surface. The J-matrix 


element of this process is given by 


(41) 


a Tt 1 1 
ek = 2s low oie (E™—Ww i") {39m a2 NIV (E—W}") Vro . 


The terms (40) and (41) will be calculated in section 3. 
Summary of the classification of the processes. 


In the above formulation, it has been shown that the T-matrix of the deuteron 


pickup reaction can be written as the sum of three terms, omitting the volume direct 


interaction term, 
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T=TOLTeLT™, (42) 


where each term is interpreted, we may summarize, as follows : 

(i) T, Direct deuteron pickup reaction arising from the interaction between the 
incident nucleon and the tails of wave functions in the target nucleus. 

(ii) TT, Deuteron pickup in the evaporation process, in which the nucleon 0 
emerging from the compound nucleus picks up the nucleon 1 from the intermediate 
residual nucleus II. 

(iii) T©’, The process similar to (ii), in which the roles of the nucleons 0 and 


1 are exchanged, and the intermediate residual nucleus is HI. 


§ 3. Compound nucleus process—Indirect deuteron pickup 
in the evaporation process 


In this section, we turn to calculate the cross section of the process, in which, as 
mentioned above, a nucleon 0 emerging from the compound nucleus picks up any nucleon 
1 to form a deuteron when it passes through the nuclear boundary. Referring to this 


process, the T-matrix element is given by 


Gy Slit i 1 
ft Da cite er ro} (40) 


low = NU(EX—W i 


{ 
ees al het | 


In this formula, the factor in the bracket is concerned with the formation of a 
compound nucleus 4 by the incident nucleon, and Y) stands for the emission probabily of 
nucleon 0. The Green function 1/(E"—W") is interpreted as the level density of the 
intermediate residual nucleus II and y represents the probability that the nucleon 1 sticks 
to the nucleon 0 to form a deuteron. 

Now that we are concerned with the process proceeding through the compound 
nucleus, it is convenient for our discussions to write the cross section in the dispersion 


formula 


718 ” 1/2 2 
og (0; d) — : se Lola) : ; (43) 
be I NIV(E—-W ey | 
where we must take the average with respect to the initial states and perform summation 
over all possible final states. Therefore, let us consider the average of o (0; d) over 
the energy spread of the incident beam which contains many levels of the compound 


nucleus ; neglecting the contribution from cross terms between different 7’s, one obtains 


' o(0;d)=4 | = ' Paola 
Dal EF aE ng 
ee ag Br Sec dalled 
Rowan ( Pr; ): (44) 


Here the integral is taken over the neighbourhood of typical resonances within the interval 
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of the energy spread. In (44), the suffix C refers to the compound nucleus and /", is 
the deuteron width defined by 


r=S MK, a v3) > SM II il! 


543 Paar Dr, kal (45) 
2n° bh? NE (EX—WP) pu 0 


where the contribution from the ordinary deuteron channel. is disregarded and the sum- 

mation }}, means that over all final states, Although the derivation of above formulas 

stands upon several rough assumptions, yet these have convenient forms to compare with 

formulas. derived in a number of works having investigated compound nucleus reactions. 
First we get the es form of 7j,, which is given by 


= (ai? |Gul D2 — Cah | Sul Dy). (29) 
Without regarding the effect of the potential L,, on the wave function of the nucleon 
1, one finds 


B81 = Ck | 29) ~ (ky | 9) =#, (71, R; ky) 
riers 2 [drye—iher0g, (r,—r,) e(l2) Ka (ro+r) (RY, (46) 


where @, is the deuteron wave function. If the relative coordinate p is introduced, in 


place of ry, 
gi= (27) ~*?B,(R) G (ky — (Ka/2)) 9°" 
(a(n) Te sR) DIP Vim (G1) ¥ stom (Go) ji G71) G Ho af 2))4» (47) 
q=K.—k,. 
Here G is the Fourier transform of @, and 2, the direction of the transfered momentum 
q. To be more exact, taking account of the spin states of all particles concerned, let 


us introduce the spin-angle wave function of the system except the nucleon 0 


M 


Wrvo= >) Gh Ym, |JM) (6566 Ps Mel”) Lp, Fs) Lng (Fe) Yam C#r), (48) * 
where the suffix c stands for the core. Therefore, the expression (47) is to be modified 
as 

gi (2/7)3" FUR) G (hey — (Ka/2)) 21 C79 Ly (Fo) Yiiro Yim (Yo) jngri)s (49) 
with the geometrical factor C is 
Cuba) (01 Fe My Pel{¥) limi JM). (50) 


CHS (oa, Hh 
By the aid of Green’s sare (29) can be reduced into the surface integral 
{= (2/n)"”G* (hy (Ku/2)) SCS (—A)" thse) Vinm (2) (—#/2M) 

|| ER) hel BE (Gh) ivan as (51) 


ri=Ro 


* The notations are the same as those used in (74). J is the total angular momentum of the SST. 


j the channel spin. M and y are their z-components. o’s are the spin variable with zcomponents 4 sk 
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where R, is the channel radius, and D!), being the eigenfunction of decaying states of 


the intermediate residual nucleus, satisfies the following boundary condition 


(2-4 )IDD=0, @=R) (52a) 


d 

SS aes a, | (52) 
fi | dr, a - » 7; =Ro 

with (67k,?/2M) =E, for the energy of emerging nucleon 1. In accordance with previous: 

references, we define the amplitude of width for nucleon 1 by 


e 


Ak IP : ; 
jhv=— (SE) | PR) Vow Dig Aint r dS”. (53) 


By use of this one obtains the explicit form of 4,» in a similar form to that given by 


Us, 


Bp (a) REG* (hy) SICH (KI) ei (Oy) Yaron 6y) 
. qd) 
X 7y| Slate otha) he, (ages dats) a (54) 
Br, 5 ana haps 


Hereafter, aiming at the survey on the overall feature of the process, we will proceed 
with our calculation basing upon simplifying assumptions. To begin with, neglecting the 
recoil effect of the residual nucleus, it is assumed that 


q= Ki=k,=k,, 


in order to eliminate the complicated term in the bracket in (51) and obtain the simple 


expression, 


2 1/2 
Af xe) b * K, M z 
A=) O*(ky—S4)CF (D918, 6) Yam (QT Hhn- 5) 
2zMk, 2 
Further, regardless of the correlation between the directions of momenta of nucleon 0 and 
TL . . 
nucleon 1, we take the average of yj, and of Yun, k,a tespectively. And the relation 
between two nucleons is taken into account by the overlapping between the wave functions 
of the deuteron and its constituents, the latters evaporating independently of one another. 
Such situation seems to hold, if the excitation energy of the compound state is as high 
as to allow the evaporation of two or more nucleons and to make the random phase 


assumption valid. Along this approach one finds, averaging over the directions of nucleon 
1, 


ar 
ila 


K, x, i 
se a |e ee et) el. (56) 


. . . ZII2 . . 
in which the width /},(=7{),) of the usual sense is introduced, Next, let us perform 


summations over k, and #4, Because of random signs of Yn, ka» only the immediate- 
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neighbour resonances near E"’, the excitation energy of the intermediate residual nucleus, 
contribute appreciably to the cross section; consequently we can omit the sum over #4 and 


replace the energy denominator by the average level spacing D(E™) near E. We then 
obtain the following estimate, 


vie : : a (oes We Hef dky (Tcl, ie sy 
ee” NE EW) a er MJ DE") \ kk, G(h, ald 


(57) 


For simplicity, if we take the exponential deuteron wave function 
G2(0) = (a@/27)'? (e>**/0), a= (MB,/b)'” (58) 


we find the Fourier transform 


K, 2(2na)'” 
Gk = 2 59) 
( ; 2 ) a (k,—K,/2)’ 


The integration over the direction of k, leads to 


oe 2 1/2 SIE. EF \2 
( 3 Ta b ) ( dE, Vocl iy ) log 25d 2Eg+ VE) OO) 
CZ ME, D(E") kik, B,+ (“ 2E,—VE,)° 


where E, and E, are the kinetic energies of the nucleon 0 and the deuteron produced, 
and B, the binding energy of the deuteron. 
Since we are treating the process involving an enormous number of excited levels, the 


following relation should be employed to obtain the appropriate formula of nucleon width 


5 i ; 2ME 
wo(E¢) mh 


ting = 4 oy OE ae (61) 

Here w-(E,) is the level density in the compound nucleus with the excitation energy Ec; ;. 
o(E,) is the cross section for the formation of compound nucleus C by incident particle 
0 with kinetic energy E,. The relation (61) for the two opposite processes can be derived 
from simple statistical considerations.» Substituting (61) in (60) and on the grounds. 


of certain approximations, one gets 


\1/2 IE. E.)2 
oe sa z ) | Gz)" log Ha ln Eoiks Hy 0. £5 (ou aaah dE 
a 


0 


2n* B,+ (V2E,— Ea)’ : 20¢ 
(62) 


where o, and o, are the compound nucleus formation cross sections for nucleons 0 and 1 
respectively, which are assumed to be slowly-varying within the change of .E, and, Excess, 
is the separation energy of nucleon 0 from the compound nucleus and O¢ is the temperature 
of the compound state. Intuitively speaking, it is probable that both constituents of the 
deuteron have approximately equal kinetic energies ; in fact, the integrand of (62) has. 


its maximum around E,~E,/2. Hence we estimate the order of magnitude of (62)) 


as 
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1/2 
—— iP FY lope exp| —Fat25. |, (63) 
24) B 406 


ore 
ae 


d 


which gives rise to the deuteron width expressed by 


2 - poe l 2 S 7 
Psa ane 0,04: BYE‘ | log 4 | exp] — Pet? |, (64) 
73m h B, L 205 Ve 


The sum over final states can be replaced by the integration ; 
Sj) 7 dE,/D(E,) 
f 


with E,=E,—E,—S, for the excitation energy of the residual nucleus. Making use of 


approximate expansion, 
w,(E,) ~w¢ (Ee) exp| —E (2+ $2) /9el, 


one obtains 


Wa 
4M a B,+4E, |? SE V2 5 95. 
ers o,0,°%e(Ev) | [log Set $e | exp| — ee | - dE, 
0 


(65) 
where W, is the energy available for the emission of a deuteron from the compound 
nucleus and equal to the excitation energy E,, minus the separation energy of a deuteron 
S,. The logarithmic term in the integrand, being slowly varying compared with the rest, 
‘can removed from the integral and taken at the maximum of the integrand. Further, 
expanding the integrand around its maximum into a Gaussian form, the integration from 


—co to +o gives the final result 


Mic tater Oe] 
p,=_1000_ Bu Gi | tog eee 7,0, ¥o(Eo) exp| — 2 — Set |. 
Zz 


81 Ci ae 3B, Ba 
(66) 
Now, if we introduce the nucleon width 
ees Bis S 
Hee Reyse ce O¢ exp ——- | (67a) 


and the deuteron width of the usual sense, due to the evaporation through ordinary 
deuteron channels 


4M 


0 
Lo — 
The 


ge exp| Se (67b) 


= 6) 


the formula (66) can be rewritten into a more convenient form 


d 


I (7 1257? Saf? 3 A, 2 
a OQtngl = ea Cai ( B, ) enol? [tog 3B, +206, (68) * 
De (lec) 81 Ou TOG Bibs 


Due to the approximation (46), this formula for the deuteron width may yield a larger magnitude 
than the actual one. Using a frivolous model this error is found to be not so large as to alter our conclusion 
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YES Oy il | 3B +200 2 
cle Wan Ana log == “e| Beh 
De (E¢) Og VO. ce 3B, ( e in ev). 


Though the result obtained hete is not quantitatively reliable because of crude approxima- 
tions, yet /’,/I'S” can become much larger than unity, even if we assume the barrier 
penetration factors for both cases are the same. As can be understood obviously, the 
Coulomb penetrability in /’, is only for one nucleon of the constituents of deuteron, 
contrary to that in [’ due to the transmission of the deuteron as the whole through 
the nuclear potential barrier. 

It is of interest to see the energy spectrum of deuterons emitted through the process 
proposed here and how it differs from the ordinary Maxwellian type. From the integrand 
of (65), the average kinetic energy of deuterons is estimated, with the same uncertainty 


as (66), as 
(Ea) av~6.49¢ (69) 


which is much larger than that obtained from the ordinary evaporation theory. Based 
upon this prediction it follows the deuterons due to the pickup evaporation scarcely suffer 
the effect of the Coulomb barrier, which is usually lower than the average kinetic energy. 


Summary for the indirect pickup process 

(i) The deuteron width due to the indirect pickup process may swell 10~100 
times larger than that due to the ordinary deuteron evaporation. 

(ii) The energy spectrum of deuterons produced through the indirect pickup is of 
complicated form dependent upon the temperature of the compound nucleus and differs 
from the Maxwellian type of the usual one. The average kinetic energy of deuterons is 


about 3 times larger than that of the ordinary case. 


§ 4. Direct pickup process in the low energy (p; d) reaction 
—FEffect of the Coulomb potential— 


According to the scanty knowledge from the experimental observation, the characteristic 
feature of the deuteron pickup process, involving discrete levels for the residual nuclei, 
seems to be a forward-peak angular distribution. Although the Born approximation treat- 
ment on the matrix element T“ may give an adequate explanation of this phenomenon, 
yet it is worth while to examine the effect of Coulomb forces acting upon the incident 
proton and the emergent deuteron, which is commonly neglected. Since a great compexity 
is introduced in the theoretical calculation to take into account the Coulomb effect, we 
think it an appropriate way to study it on a frivolous example, namely, the low energy 
limit where the Coulomb effect dominates. In this section, TJ, the first term of (42), 
is investigated in the (p; 4) reaction where the incident energy, as well as the emergent 
energy, is so small as to violate the validity of the Born approximation. Therefore, the 

ned in this section facilitate us to discuss the angular distribution of deuterons 


results obtai 
from (p; d) reaction on heavy nuclei, subject to certain approximations. In cases concerned 
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here, the deuteron emission from the compound nucleus is reasonably neglected. Because 
of the large Coulomb repulsion, nuclear effects on the incident and emergent particles, 
may be also negligible and it allows to take a pure Coulomb wave function, instead of 


distorted waves. Hence we obtain approximately 


TO Voah laa, (70) 

with 
P= O,(fsM,; R, rn) Lp, (Fr) Pp Tr) (71a) 

and 
P =P, (JyMys Eps R)Xpq(Fa) Pays Tr), (71b) 


where g, and ¥%, are the Coulomb wave functions describing the motions of proton and 


deuteron and satisfy the Schrédinger equation respectively, 


i , : 
|- (Pp +Pn) + Vay © -E, +8, | Y .2=0, (72) 
P 
rau Ze 
[7 r+ 22 —e, | $p=0. (73) 


p 
@, is the wave function of the target nucleus, with total angular momentum J, and its 
zcomponent M,, and 9, is that of the residual nucleus with corresponding quantities, J; 
and M,. ’s are spin wave functions and © spin variable with z-component /4 for respec- 
tive cases. E, and E, are the kinetic energies of proton and deuteron respectively. B, 
is the binding energy of deuteron. In the external region, the wave function ¥; is 


decomposed, in a usual manner, as 
PIM, ; R, T,) 
= ee, (Tp jinM Yn Ji M;) Ln Fn Mn len|jnYn)  (J;M; > R) Lun (G,,) Pn (l,m, 3 a) > 


InOn 


(74) 
where j, is the neutron spin and », its zcomponent and 7(6,)¢,(r,) is the spin-space 
wave function of the neutron to be picked up. The substitution of (74) and (71) in 
(70) leads to 

LS DS Ty jnMy nl J: M;) Li On tn Un jnYn) (Cn Op Pnlp|\Cala) P I(l,m,) (75) 
with 
I(L,mn) i | | Pr (r, > r,) Pp (r,) Pn (l,m 5 Tp) dr,dr,,. (76) 
external region 
By taking the average with respect to the initial states and performing a summation over 
the final states, the cross section of this process is obtained through 
do Psid), tlie” aly Kath. 1 
dQ, anh" k, (2i, + 1) (2); “i 1) 


3 > [Tye (77) 
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where i, is the intrinsic spin of the proton, k, and K, are the incident and the emergent 
momenta respectively, The summations in respect to the initial and the final states yield 


a factor 3/4, namely, a priori probability for the neutron and proton to have parallel 
spins, and (77) reduces to 


ge (pid jo 83 qeeeVaibai Kats dna 1 
dQ, 4 onrite Ookiyl oaks Die 1 


CARY (78) 


Now we evaluate integral I(l,, m,) given by (76). According to the usual method 
conventionally employed, the calculation of such an integral necessiates a partial wave 
expansyon and rather extensive calculations tailored to each particular reaction under 
consideration, but, in our work, a similiar alternative as used by Biedenharn’? and Ter- 
Marttirosyan”” is utilized to compensate for the complexity arising from a partial wave 
expansion. If the coordinates r and p, by r= (r,+1r,) /2 and P=r,—Tr,, are introduced, 


the Schrédinger equations for /, and ¢, are rewritten as 


aes Ze? Pe | 

ae: ~ Vp (0) —Eat+Bz|Fa(r, p)=0, (79 
| Wide ra ear, ape + noe) —Eat Bal Patt, 0) (79) 
|- Bigs inns Le” 


— jp, +> ——]#_ ——E, |¢,(r, =0. (80 
sur? aay se |g ( p) ) 


Since the effective range ~, of the interaction V,,, is considered to be much smaller 


than the channel radius R,, the polarization of the deuteron due to the Coulomb repulsion 


can be neglected. Therefore the solutions of (79) and (80) are approximately given by 
Palr, P)~Pa(r) ba(e) (81a) 
rT, P)~Pp(r). (81b) 


In fact, the linear term in the expansion of Y(r+¢/2) in powers of p drops out 
when we integrate over the direction of p. The quadratic term is a small quantity of 
magnitude of about E(Mev) /40. In (81a), ¢, is the internal wave function for deuteron. 
Allowing the same approximation for ¢,, the integral I(/,m,) is factored, by the aid of 


(81) 


I(ly9,) =W + |W a* (0) Gy (0) Ga batma s ¥) dr (82) 
with 
W = | Voy (0) * (OD. (83) 
It is convenient to express the neutron wave function as 
On (r) md be (r) Yy, My, (2) ’ (84) 
with | 
uy, (1) = (2MR,/6°) 1°75, glu, (Ry Loup kr ac eS hel /6 (85) 


and 
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= 

di, (2) Sto pad as ate (86) 
v=0 v! ([—v)! (2k,7)” 

Where 7;,¢ is the reduced-width amplitude for the separation in the external region of 

the ground state of the target nucleus into a neutron and a state of the final nucleus ; 

K, is the wave number associated with the binding energy E, of the neutron in the 

ground state of the target. In the case which we are treating, when Z is large, E, is 


small and the inequalities 


Mae EK : 
veins ee yl; (87a) 
Le? ( Meee 
nd a, = ——_ | ———- SS 87b 
; Senih, obec’ 120 ) pate 


are fulfilled, the angular distribution and the variation of the cross section with energy 
depend weakly on the angular momentum J/,. Thus both the spherical harmonics and 
the function v, can be removed from the integral and calculated at the point (r=r, and 
2=2,) where the value of other rapidly varying function in the integrand has its maximum. 
For an estimate we can use the value of x«,7, obtained by the saddle point method in 
calculating the integral of the type of (82), which gives a magnitude of about 5~10 
for «,7r, in our cases concerned, Therefore, it is more convenient to calculate the integra- 
tion over the whole space, because of the small contribution from the internal region if 


it is included in the integration. Now substituting the exact Coulomb wave functions 
¢,(r) = (2za,)'"exp(—7a,+ik,- 1) F(—ia,, 1, i(kor—k,-r)), (88) 
Qa (F) = (27a,)'"exp(—na,—iK,-r) F(—ia,, 1, i(Kart+Kyr)) (89) 
in (82), the integration goes over into 
(2,) - F(—ia,, Tita; 1, —¢) WaeLACA Ave 
1+¢ Kn + (k, —K,)? 


‘ | (a ik,) as Ki 1 5 | (eg iK,) a ky 
Kn + (kp — Ka)? le (kp hg) 


IG Mn) FF WwW UL, (r;) Y}, My 


| ae exp| —7(a@,+a,) rs (ela +@,0) |; 


(90) 
where 
= 2K yk, 
C,=arctan Ketel be” O50,<2 (91a) 
a n "py 
2k, K 
(4==arctan nad O23 2/2 
R ky +K,2?—K,? é} [aa =! / me 
and 
Fs a, 4k,K, b 
$=6, sin’ (0/2) = ha sin’ (44/2). (92) 


Kn’ + (Rk, —Ka)? 
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Oy is the angle between k, and K,. The derivation of (90) is given in reference 12,. 
in which the integral representation for the confluent hypergeometric function 


F(—ia, 1, i(kr—k-r)) = Cag ali Be 40 5, HE IY Ce 
e PG tia) i J) (2V i(er—k-r)u)e“du 


(93) 
is used, Making use of (90) and on account of 


a ee (94) 
we obtain the cross section formula 
ee es EN KR a, a, WAC ia rage, ee) 
dQ, ei. bin? G AK ee wl 1+é ms 
D175, f: Uy a) PP -exp[— 27 (@, +44) +2(A2Cat%C,) |. (95) 


Jn 


The value of the hypergeometric function has been evaluated by Sommerfeld’ using the 
saddle point method, from which we have 


é 2 / . 
| ; ee ee ae JE HR een ore) 
|F(ia,, ig, 1, —§) P= i 27aaS [QA ACE )ucty(dens A) AP 


j1te¢|?, for €—>0 (96b) 
where 
2+ (1—A)F 
jo Arecos pee) eee 2 97a 
~a ae =a / ( ) 
1—1)&--2A 
é. teeth able Se ONC on/2 (97b 
Ze Aa, ee ) 
and Az aS as: 


The critical value €/ is determined by the applicability condition of the saddle point 
method, which affords é 


E2 (146) IV (a, a,/ 5!) — (@,— aq)? =min {A, A}. (98) 


From the above condition, this approximation is of good validity if the residual nucleus 
is in the ground state or near ground states. However the calculations obtained here are 


useful for the study on general cases. Thus one can write the cross section formula as 


do(p; d) = 3 R M? - Ky r a, | 
di, 4 4xb4 ky [Kn + (ky — Kz) =f 


‘ x | rere UL, (r,) a : exp [ — 27 (a, ar ay) = 2 Cues + ala) ] ? (99) 
Jn 


W|?-K(6) 


where the function K(€) is expressed by 
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1 / / 24) 
: = exp? (Qe 6, a Agla)» for ¢ > 6 (100a) 
: z z wie 21/2 
Ria. Gt Lay O74 


277A, 2 


for <0. (100b) 


The angular distribution of the reaction product is determined by the dependence 
of function K(€) on 6,, which has a maximum for 6,=7 i.e. ¢=¢,. For small 
(x—0,), K(€) is expanded in powers of (¢,—¢), neglecting the small change of the 
denominator in K(¢) ; thus we obtain 

KE) =KG,) exp|— (2@—8,)?/8]. (101) 
Here 0? is the width of the angular distribution, which is given by 


(VE, + ¥ 2E,)°+ |En| 
i) vB, (B, —E,) 


\2 


(102) 


with 


2 \ dye 
pega le S| =0,21Z. (103) 
b B, 


The width is smaller, for the larger Z and the smaller E,, as it should be. Although 
the result obtained above is not quite reliable, yet it may be concluded that in general 
the angular distribution of the particles produced in the (p;d) reaction is shifted to 
backward directions if the Coulomb repulsion is taken into account. In order to calculate 
the total cross section, we integrate (99) over 2,; noting d?,= (47/¢,)d€, one obtains 


the integral 


| K@)dQ,= 7 (KG) de = RG) {exp| =" | ae 
uv So 4 S ) Oo” 


0 


=20"K(E,) (104) 
and consequently 
es 7M? ih nd 
ee eco gag, IVE Sl Ting Unt) Penpl— @ Ey, Ea) (105) 
where i 
P(E,,, Ea) = V20 (Ap ~B,/2E,-+- qa” Ba/ Ea) > (106) 
2VE, (V Ex] — V2(B,=E,)) 
p= arctan = : fo, OXNy <n 107 
; Lp (V|E,|— “2 (B,—E,)) \ “ 
D0) BSC E+ 
ee CRERE ES 


E,— (En =“ 2(Bi— Ey) 
LO [M (By E,) ae oe (108) 
This cross section formula is valid for B,>E,; at heavy nuclei there exist several 
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levels satisfying this condition. The formula (105) gives the cross section associated with 
each deuteron group corresponding to the low lying levels of the residual nucleus, There- 
fore the energy spectrum of the deuteron is obtained by taking account of contributions 
from all these final states, which can be done multiplying dE,,/ D,(E,) on the cross section 
formula (105). D,(E,) is the level distance of the residual nucleus at the excitation 
energy E;. Thus the energy spectrum is proportional to 


9 


od 


tinf : ex 
ih pee pl P(E,, Es); (109) 
D,(E;) Kar 


which depends upon the behaviour of if Pr (E,), namely, the strength function associated 
with the excited states of the residual nucleus. In particular, one can obtain the cross 


section formula near the threshold 
o (p 3 d) threshola CC exp [ at V2 tw (B,/ €.) a 2 (1 10) 


where €, is the excess energy over the threshold. This result may be expected intuitively 
by assuming the penetrability to play the most important role. 

In conclusion, the pronounced backward maximum that occurs for large values of a should 
be distinguished in the experimental observations, if slow deuterons can be discriminated from 
protons, when the yield of the latter is much larger than that of the former. 


$5. Direct pickup process— Born approximation 


In this section we shall calculate the surface direct term T“, which arises from the 
interaction between the incident nucleon and the tail of the wave function of the nucleon 
to be picked up. Although this has been already investigated by a number of authors, 
almost of these are concerned with the angular distribution of definite energy particle 
groups corresponding to the low-lying levels of the residual nucleus. In order to obtain 
the total cross section of the process, one should take into account all contributions from 
an enormous number of excited states of the residual nucleus. To do this we evaluate 
the matrix element T“ by applying the Chew-Goldberger’s procedure and assuming the 
Gaussian momentum distribution for the tail of the collision partner. In the recent 
analysis made by Elton and Gomes’ this momentum distribution for nucleons in the 
diffuse rim has been revealed to be successful in explaining the angular and the energy 
distributions of protons inelastically scattered by heavy nuclei. 

Now the required T-matrix element is then, in the Born approximation, 


T = Ce lil2) Ka (ito) §,(r,—r,) ¥,(R) |V,1| eforow.(R; r,)), (11) 


where the integration over the coordinate r, should be performed only in the external 
region. If it is taken over all space, the T-matrix reduces to the apes treated by 
previous authors” and goes over into the weak coupling limit, for ees 3 attempt 
will be made in the next paragraph. If the relative coordinate p=r,—r, 1s introduced 


in place of r,, the matrix element may be factored : 
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T= (6,(p) Vu (0) | elf Kal2)-0) (| Bab 77 ,(R) |W R51). (112) 


If we remember that V,, and 9, are connected through the Schrodinger equation for the 
ground state of the deuteron, then the first factor may be reduced to 
= | Bah (ey Ce ? (113) 
L M ede ee B 

where G is again the Fourier transform of ¢,. Making use of the independent particle 
model wave function, the target wave function , in the external region is decomposed 
in the product of the core wave function and that of the nucleon 1, when the expansion 
coefficients are represented by the reduced-width amplitude.””~ The signs of these 
coefficients referring to different states of the nucleon 1 are considered as likely to be 
positive as negative so that the cross terms can be disregarded. Above simplifications. 


lead to the approximate relation 


(ei(Ka-Ie) 1 ,(R)|P Rs 1) Y= 3)" |9, Us) | (114) 
with 
6,(k,) = | uy (r,)e7* "dr, (115) 
{771|> Ro 
and ki=K,—k;. 


In the above formula, 7;,,, is the reduced width amplitude for the separation of the 
ground state of the target nucleus into a nucleon state u, and a state VY, of the final 
nucleus. 0,’ is the single-particle reduced width and is expected to be the order of 
magnitude of 6°/MR*. It may be assumed that the reduced width 7j,, is a slowly 
Now the 


cross section for emission of a deuteron into the solid angle d2,, leaving the residual 


varying function of @, and can be replaced by the most probable value Tig 


nucleus in the state Y,, is given by 


do) = 2 M* , Ka 


T 6) 
4 277 h4 Ki 


=: RE (116) 


The factor 3/4 represents a priori probability for the neutron and proton to have parallel 
spins. Multiplying the final state density of the residual nucleus and substituting (113). 
and (114) in (116), one obtains the energy spectrum of deuterons produced as 


Fie ee ae [a NT 
OE O42 4.” sau’ ius e202 Bn pdbonieni Ds (Ee) atime aaa 


G*( ky 24) 33] (hs) P (117) 


The essential point in our method is to replace the sum of |9.|” over all @ by an ap- 
Propriate momentum distribution for the nucleon 1, Actually this distribution has such 


a complicated form as to make the analytical calculation impossible. Then to avoid the 
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algebraic complexity of ¢,(k,) and to make a rough estimation, we assume a Gaussian 
distribution and may put as 


D3 [6h |= (276*/MO,)*”. P, -exp[—E,/6,], (ais) 


where P, is the probability of finding the nucleon 1 in the external region. The para- 
meter , represents the non-degeneracy effect and reduces to the temperature of the 
ground state of the target nucleus in the weak coupling model, in which the internal 
region vanishes. The validity of the approximation (118) is quite hypothetical, but is 
supported by the success in the phenomenological analyse of high energy nucleon scattering.’ 

Taking the exponential deuteron wave function (58) for brevity, the substitution of 
(118) in (117) leads to the cross section formula 


Zo 


“GE,02, 122 TR 5,,7-P.- (ByEa/E,9,')'? exp (—E,/ 9p)» (119) 


with the abbreviation Oe D,(E;) and the incident energy E,=6°k,;/2M. 
From the formula (119), the deuteron energy E}/** corresponding to the peak of 
the energy spectrum is approximately 


E=™*—[~2E, cos 04+ V 2E, cos? 6,+46,P/16, (120) 
neglecting the energy dependence of 5;;, and the typical values 


(E404 VEE FRU) |/4 for 00° 
Em* — 0/4 for Gp—90— (2a) 


a/ 


[E,+9,— VE, (E,+20,) |/4 for 0,=180° 


are in rough agreement with the experimental observations, in view of that the sharp 
energy distribution of deuterons corresponding to the ground state or low lying levels of 
the residual nucleus may be due to the energy dependence of the strength function 5,,,. 
In a strong coupling theory, the function s,, may be approximately represented by the 
monotonously varying function s=(7KR)~’. If this expression is tentatively employed, 
the energy E7** should have larger values than those given by (121). However, the 
function does not appear to be in accord with recent experimental results on the total 
neutron cross section. The actual strength function should fluctuate according to the 
details of the level structure and may approach to the strong-coupling value when many 
levels are concerned intimately. Further it should be worthy to mention that the energy 
spectrum depends: strongly upon both the initial state of the target nucleus and the state 
of emerging deuteron as well, since 7j,, is the reduced width for the separation of the 
ground state of the target nucleus into a nucleon state of a specific energy corresponding 
to the residual state of the excitation energy E,. The fluctuation in the energy spectrum 
may be expected in view of the so-called giant resonance nature of the strength function, 
according to the intermediate coupling model proposed by Lane, Thomas and Wigner.’ 
In fact the above trend has been found in a recent report” on deuteron pickup reaction 


initiated by 20 Mev protons bombarding heavy nuclei, 
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On the other hand, the strongly forward peak angular distribution can be seen, also 
from (119), as 


ae at eS ex ee (122) 
OE, O02, OE ,02, 76,=0° 
with the width defined by 
ech beige 18d OR (123) 


which characterizes the angular distribution. The peak of the angular distribution becomes 
flat for small deuteron energies, as it should be expected. 
The total cross section of the direct pickup process is obtained by integrating (122) 


over 4, and E,,, assuming s;,, to be slowly varying, 


leer’ { a5) AP: E,>0 124 
O; SQ ne. ) k Sep pigs U, [1+E(y) ], for oe gq ( ) 
where E(y) is the error integral defined by 
et 
= -12 
E(y) “ Wee \ e dt, 


0 


y= (¥2(E,—Q) as Ee we and Q is the threshold energy. The above expression is 


approximated for y>1, which is the case at a high incident energy, as 


F 127R’ Bee aes h ie 
oe = S27 c E, ) Seip bale 7 aR RO ee et ie > (125) 


(E, in Mev) 


which is proportional to the inverse root of the incident energy, in agreement with 
Heidmann’s numerical result. Further it should be noted that the formula (125) does 
not involve the quantity (, explicitly, though 6, is closely related with the probability 


P.. The dependence of the cross section on , will be discussed in the following section. 


Summary for the direct pickup process. 


(i) The cross section of the process is proportional to the inverse root of the 
incident energy (1/v—Jaw). 

(ii) The cross section depends weakly upon the shape of the momentum distribution 
of a nucleon to be picked up and is proportional to the probability of finding the nucleon 
in the external region. 

(iii) The angular distribution of high energy deuterons produced shows a sharp 
forward peak, which becomes sharper with increasing incident energy and depends upon 
the shape of the momentum distribution. 


On the contrary, the low energy deuterons 
show a flat angular distribution, 


(iv) The energy spectrum formula contains the strength function closely related to 
the nuclear structure of the initial and the final nuclei. 
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§6. High energy pickup reaction — Weak coupling model 


From the standpoint of the formalism developed in § 2, the treatment in this section 
is regarded to be limiting case, in which the contribution from the internal region is 
perfectly disregarded and the interaction is relatively weak all over the configuration space. 
Hence we may call this the case of the weak coupling limit. Present method is not 
quite valid, but is supported by certain grounds that the target nucleus looks like a rather 
transparent object for high energy nucleons and, moreover, the incident nucleon travels so 
rapidly within the nucleus that it has a small chance of exciting the core of the target 
nucleus. With these assumptions one may obtain the cross section formula, replacing 


> ||" in (117) by the momentum distridution of nucleon 1 in the whole space. Now 


if we put 
GED= SS | ale) eres (126) 
all space 
the energy spectrum of deuterons is written as 
eo 3 AT” Ree vn pb K, | 
_ PL ad, See ACES 
G00. 4A 2r RUDE, | as (I 2 )| 
K, » 
G*{Iy——* 9 E,), (127) 
eZ 
where R is the radius of (A) (0c /0Eq 02a)/zR? s:, ¢ (Mev-) 


the nucleus and G is the 0.07 


Fourier transform of the 


deuteron wave function. 0.06 
So far as the mo- 
mentum distribution of 05 
nucleons is concerned, the 
Fermi model is often go, 
utilized in calculating 
binding energies of heavy ae 
nuclei or in studying the 
nuclear optical potential. 
However, the completely ae 
degenerate Fermi distribu- 
tion inevitably predicts a 0.01 
peculiar angular distribu- 


tion of reaction products, 


10 20 30 40 50 60 70 80 
Deuteron Energy Eg in Mev 


due to its sharp upper 
limit, in contradiction 
Fig. 2. Energy spectrum, divided by 7R’si, 7, of deuterons produced. 
; The energy of the incident nucleon is 90 Mev and the temperature 0, 
dences not only in our is 8 Mev and the Fermi energy Ey is 35 Mev. Figures attached to 
Process but also in the respective curves indicate scattered angles. 


to the experimental evi- 
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photo- and nucleon meson production””~™ or in the high energy photoejection of nucleons,” 
A semi-empirical calculation of the pickup process has been made in the work of Chew 
and Goldberger in which the wave function of the nucleon to be picked up is taken from 
the experiments themselves. This method has been found to be very useful in analysing 
the experiments and obtaining the information on the momentum distribution of nucleons 
in a complex nucleus. Thus it has been revealed that experimental results can never be 
interpreted by assuming the nucleus to consist of the degenerate Fermi gas of neutrons 
and protons, non-interacting but confined to the nuclear volume. The correction to the 
Fermi model has been made by Heidmann by taking account of the interaction between 
the nucleon to be picked up and another left in the residual nucleus after the collision.” 
This procedure has resulted in agreement with experimental observations in a rough way 
and enabled one to draw some conclusions concerning the energy dependence of the process. 
Actually the momentum 

distribution predicted from iB (G7 /0E 4002) |/nR° 51, 4 (Mew-) 

the experimental results is 
approximately of the Gaus- 
sian type, if we note the one 
leading term of the em- 
pirical formula given by 
Selove.” If we take this 


distribution tentatively, the 


0.08 


cross section is given by 907 


putting P,=1 in” the 
formula (119).  Accord- 0.06 
ingly, all the conclusions 
summarized for the surface 995 
pickup process can be 
fitted to the total cross 664 
section of high energy 
pickup reactions, whence 
the quantity 9, is inter- /. 
preted as the temperature 
of the nuclear ground ae 
state. In view of the 
summary (i) in the last 0.01 


section, we may reasonably 


assume that the total cross : 
10 20 30 40 50 60 70 80 


Deuteron Energy Ey in Mev. 


section is written as 


Ths W/E, : 
« Le if 0? Fig. 3. Energy spectrum, divided by xR? si, ¢, of deuterons produced. 
(128) The energy of the incident nucleon is 90 Mev and the temperature 


@, is 8 Mev and the Fermi energy Ep i i 
gy Ei is 25 Mev. Figures attached 
which. is supported by the to respective curves indicate scattered angles. 
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numerical result obtained 
by Heidmann. By the 
Gijeeh deis 


nearly independent of the 


summary 


magnitude of the tempera- 
ture ©, and is approxi- 
mately equal to 12.7 
Mev’” (E, in Mev) for 
the Gaussian distribution. 
The latter conclusion does 
not seem to be entirely 
unquestionable, because of 
the crude assumption of 
the Gaussian distribution 
and approximate calcula- 
tions. One may rather 
consider that the cross 
section is closely related 
to the shape of the 
momentum distribution of 
the partner to join to 


There- 


form a deuteron. 


(@) (0°c/OE~ 02a) /nR® s:, 4 (Mev-'). 


0.06 
0.05 
0.04 
0.03 
0.02 


0.01 


Deuteron Energy E, in Mev’: 


Fig. 4. Energy spectrum, divided by zR?s;, 7, of deuterons produced. 
The energy of the incident nucleon is 90 Mev and the temperature 
@, is 12 Mev and the Fermi energy Ej is 35 Mev. 
to respective curves indicate scattered angles. 


Figures attached 


fore it seems worth while to examine this point taking another example for the momentum 


distribution, namely, the Fermi distribution with a finite temperature 0,. 


put 


Thus we may 


67? 6 


9 (E,) “2 


where k;, is the Fermi momentum at zero temperature. 


by”? 


az te TO) = 
(0) lee id (= g yes 


kr fa (9,) [1 texp (E,—/) /9,] ke ki fr (9,) 


Z_labarre (129) 


The function f;(9,) is determined 


(130) 


SEE, 1920 jas 


where E, is the Fermi energy and #4, 9, times the chemical potential, is given by 


1 05 1 ( 70, i | 

— ——— g pee +. (131) 
. Ey|1 12 ( Ee ) Siu E, 
The substitution of (129) into (127) leads to 
Bo 9M*? R° ( Eg se has G(k a ay 
Ae, = oh me 0 
0E,02, 8P°EF fr(@,) oR D,(E,) 2 
#2 K, 1? 

[B+ (—B2) | -tn(B. (132) 
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The level structure of the (D) (0c /0Eq O922)(xR* si, f (Mev). 
nucleus appears in the 


above formula through 0.07 


the factor 7R’(j7,,/D,;), 
the rest being determined 0.06 
by the values of E, and 
O,. These two quantities 0.05 
E, and @, are considered 
to be always constant G04 
except for small fluctua- 
tions according to the Si 
structure of the target 
nucleus, The energy spec- 
tra, divided 7R’(7;,,/D,), 0.02 
of deuterons produced by 
90 Mev incident nucleons, 9.01 
calculated by the formula 
(132) for different values 
of E,and 9,, are shown 


ie ion 2 Oe The 


numerical values for re- 


Deuteron Energy Ey, in Mev 


Fig. 5. Energy spectrum, divided by zR?s;-7, of deuterons produced. 
: ; The energy of the incident nucleon is 90 Mev and the temperature 
Spective cases’ are Piven in @, is 12 Mev and the Fermi energy Ey is 25 Mev. Figures attached 
Table 1. Though our to respective curves indicate scattered angles. 


choice of the temperature 

for the ground state of the target nucleus is quite hypothetical, yet these are, within our 
uncertainities, in agreement with other values obtained by Watanabe) and Heidmann. 
The calculated curves themselves are not the same as those observed in the experiments, 
since the function CA sl )) involved in the formula depends upon the deuteron 
energy. In the strong coupling theory, the function s;; may be approximately represented 
by a monotonously varying function (TKR)~'. If this expression is tentatively applied, 
the energy spectrum increases more rapidly with increasing deuteron energy than those 
shown in Fig. 2~5, The total cross section of the process is obtained by the graphical 


integration, which is also given in table 1. It is known from the table that the simple 


Table 1. Total cross section calculated by (132) 


case 6, Ep LB o4/7R? (55, Pav )§ 

(A) 8 Mev 35 Mev 33.5 Mev i 157 14.9 Mey!/2 

(B) 8 25 22.6 1.65 14.7 

(C) 12 35 31.0 1.38 i3e1 

(D) 12 245) 18.5 129 2.3 
formula (128) Gaussian distribution 1.34 2e7, 
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formula (128) can yield the (80/82,) /nR®+s,, sterad=! 
right order of the total cross 
section and further the total  , 
cross section is weakly dependent / 
upon the magnitudes of the 
temperature and the Fermi, 
energy. For increasing the 
value of §6,, the total cross 
section decreases slowly as can 
be expected by (124). On the 


contrary the energy spectrum 


and the angular distribution, as - = 
’ i 0° Oe 20° 30° 40° 50° 
shown in Fig. 6, are strongly —>Angle 
dependent upon the choice of Fig. 6. Angular distribution of deuterons, divided by zR?® 
the temperature and the Fermi (si, favs integrated over the deuteron energy. Figures attached 
: aie : 
energy. The dependence of the ° respective curves indicate the cases referred in the text (Table 


angular distribution on the 
choice of these quantities will be discussed in § 8. Further in § 8, we shall find that 
the formula (128) is of much use in explaining the experiment on the pickup reaction 


by high energy protons bombarding Carbon nuclei. 


Summary for high energy pickup reactions 

Through above considerations, we have found some knowledge on the overall behaviour: 
of the deuteron pickup reaction, which can be summarized as follows : 

(i) The total cross section is approximately proportional to the inverse root of the 
incident energy. 

(ii) The total cross section is proportional to R°s;,,) and then roughly proportional 
to the radius of the target nucleus, since the quantity (5, ,),, behaves like R™’. 

(iii) The total cross section is weakly dependent upon the Fermi energy and the 


temperature of ground state of the target nucleus. 


§ 7. The production of deuterons into 's state 


In this section, we shall give a treatment for the production of deuteron into ‘s 
state, which should be actually observed as a (p; p, m) type reaction in the experimental 
detection. The present method of evaluation is quite analogous to that in the last section, 


based upon the weak coupling assumption. Hence one obtains the cross section for this. 


process 
A Le ene ce Meee res 
OE, 02, 4 27° h* k, D; (E;) 
: | eed 2 K oA 
4] 3M? R? ; Be . al Cs K, ) . | —e.+ - Ge oa )| hy (E,) = 
4h° ky kr fr (9) 2 


(133) 
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Here the factor 1/4 represents a priori probability for the neutron and proton to have 
antiparallel spins and G“ is the Fourier transform of the deuteron wave function for the 
singlet s-state of small positive energy €,=b°P?/M. The spatial part of the wave function 
for our problem may be written approximately, following Hulthen” but omitting the 
second term, as 

1 __ sin (Po+0) 
VB, (a+ P?) ‘ p sind 


6% (p) = ; (134) 
where %7'” is the normalization factor, in which %, is equal to the volume of the 
deuteron, a~’ is the scattering length and 0 the phase shift. Through elementary calcu- 


lations one gets the Fourier transform 


4z P 1 
VBi(e@+P) Pq?’ 


G°(q) = GERM) 


which fortunately does not contain the phase shift 0. The substitution of (135) in 
(134) leads to the differential cross section 


ORCS) 67? R’ 5 'y ae ( Ea <i 1 r- 
= : : bs, - E : -PR(E 136 
OE 02, Bi, ME, 7; (@,) E, E, +6, 1), G38) 
with €,=b' a?/M=1.43 Mev. 


Since €, is considered to be small positive energy, it should be reasonable that the 
neutron proton “pair is mainly produced into the forward direction, because the formula 
(136) shows a sharp forward peak angular distribution. Again employing the Gaussian 
approximation, integrations of (136) over the angle and the energy give rise to the total 


cross section 


4n* R ; CAs 3 1 
Be k, ga Pe ‘ 


oO; ('s) = 


(137) 


As can been seen easily from (137), the total cross section obeys again 1/v— law and 
is approximately proportional to the nuclear radius R; both are the same as in the deuteron 
pickup reaction treated in the preceding section. It is of interest to compare the cross 
sections in two cases: one is for the production of deuteron and the other for that of the 
heutton-proton pair in ‘s state, Using the cross section formula (125) with P,=1, one 
finds the ratio 


Ch Se GAOT oP ut eee ch ; il 


o,(G) o,(0; d) 4aR;, @+P? 


US = i (a in Mev ) 


Re 3.18+2.236&, ‘ R, in 107% cm 138) 


where the radius of deuteron, R,, is introduced, in replacing @, by (47/3)R,. The 
above ratio for various values of R, and &, is given in Fig. 7. From this figure, the 


(p: pn) type cross section due to the production of deuterons into virtual state is 
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unexpectedly large and, this process an o,('s)/7,(G) 
cannot be disregarded in analysing a 


the nuclear reaction data. 


Summary for the production | 


of deuteron into 's-state. — 


The production of the neutron- 


proton pair through the excited state 
1.0 | 


of deuteron plays an important role 


in high energy nuclear reactions and 


gives a cross section comparable to 


that of the ordinary pickup reaction. 


§8. Summary and applications 
to the analysis of experimental 


results 


Quantitative cross section mea- 


surements for deuteron pickup reac- 


tions have been made up to the 


present time with only a limited 


number of elements, mostly for light 


employed here may not be of good aa =e ii 35 on 
idity. In this section we sum- : : ' : 
validity Fig. 7. Ratio of the cross sections for the production of 
marize main conclusions obtained in deuteron and for that of neutron-proton pair through 1s 
this work and compare our theory state of deuteron, vs. the radius of deuteron Ry. Figures 


with these measurements. Firstly attached to respective curves indicate the value of the 


F ; deuteron energy &, in the singlet s-state, 
let us begin with the overall be- Ey% 8 


haviour of the total cross section. 


8.1 Total cross section 


The cross section of the process can be written, neglecting the interference term, in 


the formula conventionally employed as 
OO dy=o™ (05d) RoW (0rd), (139) 


where 0 stands for the incident particle. ao) is the cross section due to the surface 
direct process and o due to the compound nucleus process. From the standpoint of 
our formalism, these two processes can be discriminated in the presence of the surface S, 
which is located at the channel radius R, and divides the configuration space into two 
In the outer region from this surface S, the interaction between the incident 


subspaces. 


particle and the target nucleus is relatively weak and the direct process takes place. On 
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the contrary, the inner region, where the interaction becomes strong, represents the configu- 
ration space of the compound nucleus. 

For low incident energies, since the production of deuterons through the conventional 
compound nucleus process may be of negligible magnitude, the direct process dominates 
the main feature of the reaction phenomena. Therefore, for this case, the Coulomb 
penetrability determines the overall behaviour of the excitation curve, which is expressed 
as a function of the excess energy over the threshold as shown by the formula (110). 

For moderate and high incident energies, the cross section o is proportional to the 
probability, P,, of finding the collision partner 1 in the external region and given by the 
approximate formula (125) as 

(0 5d) =12.7 RCs ))aP,/ VE (125) 
(E, in Mev). 
Here R is the radius of the target nucleus and E, is. the incident energy. (5; +a» is the 
average value of the strength function accociated with the initial and the final states and 
roughly equal to (7KR)~’. Then this quantity (5;,72an is considered to vary from 0.07 
to 0.03 for medium weight and heavy nuclei. 
The cross section o due to the compound nucleus process is given by (44) in the 


following form 


(0; d) =o T/T, (140) 


where of” is the cross section for the formation of a compound nucleus by the incident 
nucleon 0. J’, is the total width of the compound state and J’, is the deuteron width, 
which is generally a sum of the deuteron width due to the indirect pickup process and 
that of the usual evaporation theory. By the calculation in § 3, it has been concluded 
that the deuteron width due to the indirect pickup process is much larger than that due 
to the deuteron evaporation of usual sense. Hence, neglecting the contribution from the 
latter the deuteron width /', is estimated by the formula (66) 

ROM gt ge 


1 
ow Fp Sinal dea | 
telietitD ah tin Sees [log 


3B, +20 O, 
3B, 


| (9. in Mev). (66) 


In this formula a factor which approximately equals to unity is omitted, D, and 4, is 
the level distance and the temperature of the compound nucleus respectively ; J”, is the 
neutron width and /"{” is the deuteron width given by the usual evaporation theory 
From the above formula one can easily see that the value of /’ 2/1 rises much fang 
than unity. As can be seen from the derivation of the formula (66) in § 3, it is not 
adequate to take distance of all energetically possible levels as Do. It . because the 
number of levels concerned in the process is about 10~* times smaller than that of all 
energetically possible levels, owing to the selection rule due to the conservation of spin 
and isotopic spin.” Taking account of this correction and using the level density para- 
meter given in the text book of Blatt and Weisskopf, the ratio [",/p>~I" a/L', is estimated 


as varying from 0.1 to 0.01 for medium weight and heavy nuclei with 20 Mev excitation 
energies. 
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In order to calculate the cross section of the process by the formula (133), it is of 
primary importance to determine the magnitudes of o{” and P.. Now if we regard both 
quantities, 7% and P,, as functions of the channel radius Ry, one can choose the most 
probable value of R, in order to reproduce the experimental cross section with the above 
formula. While the nuclear radius R is fixed in the course of changing the magnitude 
of R,. Therefore P, diminishes for a larger value mi R, than R, whereas o§” increases ; 
and P, approaches to unity for small Ret whence of becomes smaller. Since the mean 
free path for an incident nucleon has a minimum near E,~15 Mev and the interaction 
appears relatively strong, the probability P, may have a minimum and the compound 
formation cross section oS!) becomes maximum, 

To obtain estimates of these quantities we make an assumption that an incident 
nucleon, after suffering 2 collisions in the target nucleus, loses most of its kinetic energy 
and forms a compound nucleus. With this assumption, the total cross section of the 
direct process is estimated as (n?/4)7%*? in terms of the mean free path *. Further the 
total reaction cross section may be assumed to be approximately 7R® for a wide range of 


incident energy, beside small fluctuations. Hence we get the following estimates, for 


R>(nk/2) and R>R,, 


o = 7R PT {R2— (n®/4) *2} (141) 
and 


P,=1— (R,/R) {1+ (n°%?/8R2)}. (142) 


As the interaction becomes weaker and the mean free path becomes longer, the probability 
P, approaches to unity and o{” vanishes, as they should be. The mean free path equals 


Table 2. Yield of deuterons 


Incident energy Medium Weight nuclei Heavy nuclei 
Total reaction cross 
section 1400 mb 2400 mb 
hte ena 0.07 0.03 
T2/l'o 10-4 10-2 
E)=20 Mev (n?/4) x4? 400 mb 400 mb 
n=2 ’ of 1000 mb 2000 mb 
P, 0.1 0.03 
a(°) (0; d) 100 mb 20 mb 
o'5)(0; d) 30 mb 10 mb 
o,(0; d) 130 mb 30 _ mb 
E)=100 Mev. (n?/4) 24? — 1800 mb 
n=3 oS? negligible 600 mb 
P. 1 0.4 
a'°)(0; d) negligible 10 mb 
«(5)(0; d) 120 mb 40 mb 


RE I 
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to nearly 3.5107" cm and then increases gradually up to 5X10~" cm as the incident 
energy swells from 15 Mev to 100 Mev.” For moderate incident energies, assuming 
n=2, the total cross section of the direct process is approximately 400 mb and P, decreases 
from 0.1 to 0.03 for medium weight and heavy nuclei. In nuclear reactions involving 
the incident energy of 100 Mev and up, we should put »=3, which predicts P,~1 and 
R,=0. This is the case of the weak coupling limit investigated in § 6. 

Now one can obtain a crude estimate for the yield of deuterons by nucleons bombard- 
ing complex nuclei. The results obtained and the numerical values of parameters are 
shown in Table 2. However it should be remembered that this table is intended only for 
illustrative purpose and quantitatively unreliable because of inaccurate choices for the numerical 
constants contained in the formula. 

One can see from the table that the total cross section 7,(0;d) does not vary so 
rapidly but shows a plateau in the above energy region. This plateau is partly due to 
the second term in the bracket of the formula (i124), which causes a deviation from 
1/v-law for incident energies not much larger than the reaction threshold Q. Nevertheless 
the cross section shows a rapid decrease obeying 1/v-law for incident energies above 100 
Mev. In the reactions at light nuclei the 1/v-decrease may appear for incident energies. 
below 100 Mev, since the nuclear radius is comparable with the mean free path. The 


gross behaviour of the cross section is shown in Fig. 10 for the illustrative purpose. 


ip Light -nuclei 
Heavy nuclei 


Plateau 


1/v—decrease 


cross section in arbitrary scale. 


Threshold 100 Mev 
— incident energy E, 


Fig. 10. Schematic representation for the behaviour of the cross section. 


8-If Energy spectrum of deuterons due to the indirect pickup process. 

The energy spectrum of deuterons due to the direct process is already discussed in. 
$6. Then here we concentrate our efforts to study the spectrum of deuterons produced 
through the evaporation process. The energy spectrum of deuteron indirectly picked up 
is expressed by the integrand of (65) and is written, more generally, as 


Ao /BE, co E,Sf(E,) exp(—bE,/9,), (143) 
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with the slowly-varying function f(E.) of the deuteron energy E, and two parameters a 
and 6. If we put a=b=f(E,) =1, the formula (143) yields the energy spectrum 
predicted from the conventional evaporation theory. However, as shown in § 3, we obtain 
the crude estimates 


a=5/2, 
b=3/2, (144) 
fa =log| (B,+4E,) ret ae 


Therefore the energy spectrum of deuterons emitted through the indirect pickup process 
does never identify with that due to the ordinary deuteron channels, the latter showing 
approximately the Maxwellian distribution multiplied by the barrier penetrability. As 
expected from the E,* dependence of the energy spectrum, the average kinetic energy of 
deuterons indirectly picked up is three times larger than that expected by the usual evapo- 
ration theory. 

Since the choice (144) is not quantitatively reliable, an alternative proposed is to 
determine these three quantities semi-empirically from the experimental data themselves. 
Though the Berkeley cyclotron experiment, in which reaction products are measured at 
large angles, is available for this purpose, it is necessary to calculate the total number of 
deuterons produced in several steps of evaporation, because of its high excitation energy. 
This situation would make the determination of these parameters very difficult. Therefore 
it is desirable to make an experiment of deuteron production in the moderate energy 


region, by which the above predictions will be tested. 


8- IIf The angular distribution of the sharp energy group in the “C(p; d) 
reaction. 

The calculation on the angular distribution is done by (132) for the sharp energy 
group in the ®C(p; d) reaction, which is shown in Fig. 8. The nuclear radius of 
Carbon nucleus is taken as 3.3107" cm and the quantity s,, for the ground state of 
the residual nucleus is taken as 0.3, in accordance with the analysis of the reduced width 
from the (d; p) reaction.”» The completely degenerate Fermi distribution predicts a 
peculiar angular distribution with its sharp upper limit, which contradicts with the ex- 
perimental angular distribution. In our treatment this difficulty is partly removed by 
introducing the non-degenerate Fermi model, However, since the momentum distribution 
function h, defined by (129) is about equal to unity for smaller values of E, than the 
critical energy / given by (131), the angular distribution calculated decreases more slowly than 
the experimental one with increasing angle in the extreme forward direction. Moreover, 
the calculated curve indicates a more rapid descent than the observed one, when the 


energy E, excesses over #4. This trend in the angular distribution becomes less remarkable, 


as the effect of non-degeneracy in the target nucleus becomes more appreciable, that is, 
the magnitude of the temperature becomes larger. On the other hand, the value of /# 


is closely related with the choice of the nuclear radius, since the Fermi energy, being 


538 K. Kikuchi 
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Fig. 8. Angular distribution of the sharp energy group in the C(p; d)''C 
reaction, calculated for four cases of parameters. Circles indicate experimental 
points. 


‘given by Ep= (6?/2M) (37°N/V)??= (54/r,°) Mev (7, in 107’ cm), is proportional to 
the inverse square of the nuclear radius. The choice of the small nuclear ‘radii 1,4’, 
which corresponds to the large value of #4, results in broadening the forward peak. A 
> on the (p; d) reaction initiated by 300 Mev protons has shown 
a flat angular distribution of deuterons in the backward directions, which may be due to 


‘complicated processes such as the indirect pickup processes treated in § 3, 


recent measurement” 


8-IV “C activation cross sections by protons bombarding Carbon nuclei. 
The reaction °C(p; d or mp)"C has been studied by several investigators because of 
its use as a monitor for proton beam at energies above the 19.5 Mev threshold. Fig, 9 
gives a compilation of experimental data on “C activation cross section with high energy 
protons. It should be noted that the cross section approximately obeys the 1/v-law as 


expected from the theoretical prediction in the preceding paragraphs. Using the following 
numerical values 


R=3,3X10-" cm, »€;=1, Mey 


Seay SHOU Re=3 BxXpon® cal 
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100 200 300 ~ 400 500 600 ° 700 
—Proton Energy in Mev 


Fig. 9. C activation cross section by protons bombarding carbon nuclei. 
Circles indicate the experimental data and the solid curve indicates the calculated 
one. The compilation of experimental data is taken from reference Ze 


‘we obtain the "C activation cross section Tae, by use of (125) and (138), as 
Fac ~ 0,(G) +0;('s) 


431 234 665 
= a. = 


VE, ay cota es mb (E, in Mev). 


The calculated cross section is shown in Fig. 9, in fair agreement with the experimental 
observations, though our choice of parameters is rather hypothetical. However the agree- 
ment at incident energies above 300 Mev is rather accidental, since the effect of meson 


production becomes important in this energy region. 
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Band Theory of Superexchange Interaction 
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Institute of Science and Technology, University of Tokyo, Meguro-kv, Tokyo 
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A spin dependent energy of NiO crystal is given. One-electron orbits of the Bloch type were 
used as linear combinations of 2p- and 3d-orbits of O-- and Nit+ ions! For the antiferromagnetic 
state the ordered antiparallel spin arrangement was assumed and then two alternant bands corresponding 
to a and f spin Ni** ions are mixed. Energy difference between parallel and antiparallel spin state 
is formulated. Rough numerical estimation, using s-orbits instead of 3d-orbits, shows that the mixing 
of two alternant bands plays an important role in the superexchange interaction. 


$1. Introduction 


The theory of superexchange interaction was initiated by P. W. Anderson’) using a 
method of spin operator. Since then many authors have investigated the properties of 
antiferromagnets using the spin operator method with considerable successes. It may be 
said that the method of spin operator gives results which agree well with experiments at 
least phenomenologically. However, when we attempt to extend Anderson’s theory to the 
real crystal containing enormous number of ions, the non-orthogonality of one-electron 
orbits of an atomic type makes the method divergent ard unsuitable for numerical 
calculation, as J. C. Slater” pointed out. 

The problem of superexchange interaction may be to find spin dependent energy of 
actual crystals. We take a NiO crystal as an example of antiferromagnets. The energy 
of the totally ionic state of NiO in which each ion is doubly ionized is independent of 
spin orientations of Ni** ions, if the overlaps between adjacent Ni** ions are neglected. 
P. W. Anderson has given a spin dependent energy by mixing with the ground state a 
covalent state in which 2p electrons of O~~ ions transfer into adjacent metal ions. J. 
Yamashita and the author have given” a spin dependent energy of MnO crystal assuming 
that the non-orthogonality of atomic orbitals is small so that we can use the same pro- 
cedure as P. O. Loewdin® used in treating the cohesion of alkaline halide crystals. P.O. 
Loewdin’s treatment is applicable only for the system which is described by a single Slater 
determinant. Our problem was to find one-electron orbits which minimize the energy of 
the state which is represented by the determinant constructed from the one-electron orbits. 
It can be shown that the Slater determinant which is constructed from one-electron orbits 
which satisfy Hartree-Fock’s one-electron equation minimizes the total energy of the system. 
When the system is a crystal and has a translational symmetry, there exists a solution of 
the one-electron equation which is of the Bloch type and is spread over the entire crystal. 
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One-electron orbits obtained as solutions of the Hartree-Fock equation are mutually 
orthogonal and the difficulty mentioned above does not occur. It may be said, however, 
that the simple band theory, when applied to NiO, gives a very high energy because 
there appear nickel ions of various degree of ionization, thus losing the Coulomb energy, 
whereas the bonding effect is small because the width of 3d-bands of nickel may be small. 
This is not our solution. P. O. Loewdin®) has shown that if the alternant bands are 
used, the formation of excessive ions of the high degree of ionization is prevented, We 
approach from. this side and describe the state as follows: three d-states of Ni” ions 
(of d&-type) as well as 2p-orbits of O~~ ions are all filled by @ and 8 spin electrons 
and as to dj-type orbits, one alternant band corresponding to Ni** ions with @ spin is 
filled up by @ spin electrons and f spin electrons fill up the other alternant band 
corresponding to Ni** ions with # spin. Then these two alternant bands are mixed 


ra 


together so that a@ spin electrons have a probability on d7-orbits of Ni** ions with pe 
spin and spin electrons on those of Ni** ions with @ spin, these probabilities being 
determined to make the total energy minimal. 

However if all the 3d7-electrons of the NiO crystal have one spin direction, the 
formation of excessive ions is also prevented and the parallel spin state may be as good 
as the ordered antiparallel spin state described above. The purpose of this paper is to 
find the difference between the energies of these two states and to give the superexchange 
interaction in the band picture. 


§2. Energy of the antiparallel spin state 


In the following calculation we neglect all overlaps except those between the d-orbits 
and the 2p-orbit of an adjacent O~~ ion which has axial symmetry about the axis con- 
necting the Ni** and O~~ ions. The unit cell of NiO is shown in Fig. 1. One cell 


ES -B oS O-~ ion 
ied) & Nit + ion with @ spin 


e @ Nit * ion with § spin 


Fig. 1 Unit cell of NiO 


contains two Ni** ions each having a and spin and two O-~ ions. We arbitrarily 


specify one of these two O~~ ions as corresponding to the Ni** ion with a spin (“A ” 
in Fig. 1) and the other to the ion with 9 spin (“B” in Fig. 1). We denote with 
u(r—R). (G=1, 2,.-+:,5) five d-orbits of Ni** ion with position specified by radius 
vector R,  (v,, %) and (vv, v;) are dy- and d&-type orbits respectively. We denote 


with u,(r—R) (¢=1, 2, 3) 2p-orbits of O-- ion with a Position vector R. Then we 
construct Bloch sums of these atomic orbitals, 
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Vi. (r) =1/VN «Si exp (kR) vy rR) Pe CS 5 ay eles) (1) 


Vir) =1/V N+ 3) exp GkR) vo (r—R), (i=6, Sones tC) 5 v=1, sg 5) (2) 


Ux (r) =1/VN- di exp GkR) Urry (n=); (t=1, 2, 3; /=1, 2, 3) (3) 
Ux. (r) SlL~N - >it exp GkR) tig (giradt),, (P= 455.06 re 1212: 3) (4) 


where a. in eq. (1) or (2) means a summation only over the Ni** ions with # or 
@ spin and rte in eq. (3) or (4) a summation over only half of the whole O~~ ions. 


which are specified by A or B. WN is the number of unit cells in the crystal. 

If Vz.(i=3, 4, 5, 8,9, 10) and U,.(t=1, 2, 3, 4,5, 6) are filled by aw and 
electrons and moreover a@ electrons fill up V,,(i=6,7) and electrons V;,,(i=1, 2), 
then the state is totally ionic and spins are alternately ordered. There are 14N electrons 
with @ spin whereas 16N orbitals are available. Our problem is to require 14N orbitals 
to associate with 14N @ spin electrons and other 14N orbits to associate with 14N 
spin electrons as linear combinations of 16N orbitals V,,, and U,, so as to make the 
energy of the system minimal. However, if in addition there are 2N electrons with a 
spin, then available orbitals are all filled with @ spin electrons. Similarly more 2N 
electrons with ? spin will fill up all the orbits of 2p- and 3d-type of O~~ and Ni** ions, 
the wave function of this system being uniquely described by a single Slater determinant. 
We may as well require the 2N missing orbits for @ electrons, which we denote with 
$y, and gb, as linear combinations of V;,, and U,,. We primarily consider the case of 
@ spin electrons. The following argument applies also to § spin electrons. The total 
energy is written in terms of the coefficients of V;,, U;, in the expressions of Dyk Cone 
In this case the number of coefficients is less than when we require 14N orbits and the 
calculation will be much easier. We assume #, and qy, can be expressed in terms of 


Vi, and U,, as follows : 


6 10 
Pure — (1 si aj;) Vike a 2 biz a ee CY ix , (5) 
t= i=6 
6 10 
Por = (1 + Ay) Vox + 2 Byun + 2 CV ix - (6) 
i= i= 


The mixing of Vx, ---, V5, into gy, and of Viz, Vor Vary Voy into Yo, may be small 
as we neglected the direct overlaps between Ni” ions. 

Our total wave function is such as follows: we fill up 16N orbitals with @ electrons 
assuming as if there were 2N more electrons and set up a Slater determinant with 16N 
electrons. We can rearrange without changing the wave function the 16N orbits so as 
to make 2N orbitals equal to and qo, then we drop these 2N orbits out of the 
determinant and set up a new Slater determinant involving only 14N electrons. It is 
hard to write down this Slater determinant. However, the density matrix corresponding 
to this determinant is that of the state of 16N electrons minus that of ¢,, and ox. 


It is easier to handle with this density matrix than with the wave function. 
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As we shall see later (eqs. (28), (29)), bir and B,, are expressed in st of 
integrals whose integrands are products of Uy, and Viz. We assume, like Loewdin, that 


the overlap between adjacent Ni** and O~~ ions is small, So we regard b,, and By, as 


well as overlap integral between V’;,, and U,,, 


Su=\ Veg (1) Uae) do, (7) 
as small quantities of first order. Similarly cj, and C,,, are regarded as small quantities 
of the second order, as we shall see later in eqs. (30), (31). 4 is expressed in terms 
of b,, and c,, from normalization condition of $y: 


10 


act a+ lal? = — >) Su BS) —>5 bun => Neue!” 


saat 6 =o 
~ >» >| (bieCireS ti si bin€ineSit) — 2 (Gy i154 a2 yb 4511) . (8) 
t=1 i=6 t= 


A similar equation holds for A,. We develop the density matrix of 4x and ¢, in 
powers of a, b,c, A, B and C and retain up to the fourth order terms. For instance 


from eq. (5), using eq. (8), 


Pix (2) Pin (1) =V V+ >\{b, VU,-SVV,) + comp.conj.} +53|6,|?(U,U,—-VV,) 
i t 


10 " _ " 10 k . 
+ lo ViVi tS) 6. (OV;—S,VV,) } +comp.conj.]+ 5) lc |? ViV%.—VV,) 
7=5 t=1 i=6 


‘tt 


6 = = = = 
ae {ab, V,U,—S,VV,) + comp.conj.} + bby CL . (9) 
t=1 


In the above equation, ae for instance, is the abbreviation of V ue(Z) Uge(1) cand 
the dependence of b,,, V;,, etc., on k is not explicitly written. VU, is regarded to be of 
the first order, while V,V;, (i=1, ---, 53 i/=6, ---, 10) and U,U, (t*<t’) are regarded 
to be of the second order, Then the first term of the right-hand side of eq. (9) is of 
the zeroth order, the second and the third term are of the second order and the rest 
is of the fourth order. As mentioned above the a@ spin part of the density matrix of 
our total wave function is the density matrix of 16N electrons, which we denote with 
M,(2,1), minus those of ¢,, and ¢,;. The latter is Pik Pin + PonGor, where Cin, Pox 
are the orthogonalized orbits constructed from ¢,, W;,, and can be expressed in terms of 


Pins Yor and we retain up to the fourth order terms. Then the a spin part of the 
density matrix of our wave function is 


M, (2, 1) =M,(2, 1) pose + [Siol?) (Pu (2) Pare (2) + Pore (2) Por (1) ). 
+33 Sufix (2) (hoy,(1) +-comp. conj.), (10) 


where 


Som Phar (1) Pox (1) dv, =>) (BS +b,Sy+5,B,) . @l 1) 
t 
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M,(2,1) can be expressed” in terms of various overlap integrals and products like 
i, (r,—R’)v,(r,—R). Any integral whose integrand is a product @,;(r,—R) u, (r,—R’), 
R’ being a nearest neighbouring lattice site of R, is regarded as a small quantity of the 
first order. Any product v;(r,—R) u, (r,—R’) is also regarded as a small quantity of 
the first order if R’ is a nearest neighbouring lattice site of R and is neglected if R’ is 


more apart from R. We develop M, in powers of the small quantities and retain up 
to the second order terms. Then eq. (10) is 


M,=MO+MP+MS, (12) 
where 


MY =M,+ M5, (13) 
My? = 25°M,+ 38° (M;,+M;) —S(M¢+Mo) 
—S{BVU,—-S,V V2) + comp.conj.} 2 |B? (U,U,—V.V,) 
th. i 
—314{b,V,U,—S,V V,) +comp.conj.} ae [b, 2} (U.U.—V,V,), (14) 
th 4 
M?= —311S8 2? OV, +VV2) +> ee (BV ,U,+b,UV.+6,B,U,U,) + comp.conj.} 
K Ke t 
10 = z 
= SICPOV.—VV,) 
k& i=6 
10 Ac es E : 
—S SCH: +35 B,(UV; —SieVV 0) } + comp.conj. ] 
k i=6 t 
= 2 { AB, (V,U,—S,,VV) +comp.conj.} — me > B,B,U,U, 
10 > 2! 
i} lee? VVs—ViV 1) 
k i=6 


10 e Le i. a 
—S [a (ViVi +D) 6. (OV, -—SiVV,) } ++ comp.conj. | 
k i=6 t 


3 {ab,(V,U,—S,VV,) +-comp.conj.} et 2 bby U,Uy , (15) 
M,=>) 4%, (r2—R)u,(r,—R), (16) 
tk 
5 
Mi= >) >) %(r;—-R)o, (r;—R), (17) 
R i=l 
5 
Mz=>) > a (r.—R)u(r,—R), (18) 
R t= 
Me= >)" >) 0. (r,—R) a, 2k), (19) 
RR! 
Me =>) 314, (r2—R) u, (Fi—h); (20) 
RY Bl 


where in (19) and (20) R and R’ are nearest neighbouring lattice sites and v,(r—R), 
u,(r—R’) are those 3d-, 2p-orbits which are axially symmetric about the axis connecting 
t 
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the R and R’ lattice points. S is the overlap integral between these two orbits. We 
have neglected the contribution to the fourth order density matrix from M,. We have 
seen that the contribution of this term to the energy difference of the parallel and the 
antiparallel state is rather small in the case of the four electron model”, 


For ? electrons we develop the density matrix in the same way, 
M,=Mj+MP+M, (21) 
then the total density is 


M(2, 1) =a@(2)a(1)M, (2, 1) +8 (2) 8) M4, (2, 1) 


=MO+M®?®+—M®, (22) 
where M® =aaM. + 23M, 


M® =aaM+ BBM, (23), 
M® =aaM+ 83M. | 
The total energy of the system is given” by 


MU, i)? MOe2) |" ee 


dudes | (24) 
M(2, 1) M(2, 2)| 


| HM(1, 1)dv,+ 3| 


where H, is the sum of the kinetic and potential energies arising from all the atomic cores. 
H, operates only on the second argument 1 of M(1,1) in the integrand of the first 
term of eq. (24). On substituting (22) in (24), ' 


e=| HeiM™ Oy 1) a eer, 1) id A, } de 
il M°(1,1)4+M°(,1) M@q, 2)4+M@(,°2)| & 
J) M (2, 1) +M® (2, 1) M2, 2) +M® (2, 2)| 1 
pets 1) Clee) 
M” 2.5 MoO e 2) 


a Seen 
PATE 2, 1) Md ase) 


dudvy 


e 
dv,dv» 
Lee 


e 
dv,dvz 
Tio 


aA \toees Aebhed Meeicae 


2 
e 
) dudv, 
“J | Mo @ 1) M Or 2) Usd V2 


19 


MY il) MO Gases 
MO 2st) ya OO 25) 


=| H,M (1, 1) dv, +3] dae 


Tie 
+| A(1) (M@® (1, 1)4+M°, 1)}dv, 


+4200 Mea, 2) 


2 
@ 
M® @ 1) M® CG 2) ——dv.dv, 


Tho 
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M® (1, 1) M® (ixayive 
a dU, 
sala (2. 1) M® CS 2) rio Uy Vo 
M® (1, 1) M® (1, 2) 
if Lan 
M® (e 1) mM (2, 2) Tis U{a Vo (25) 
where H(1)=H,+ | M” (2, 2) /rndv,—e | M (2, 1)Pyo/ty» dv. (26) 


P,» is a permutation operator which permutes the argument 1 and 2 and operates only 
on the second argument 1 of M” (1, 1) +M“(1, 1) 

We now determine 6, B, c;, C; so as to make (25) minimal. 6, and B, are involved 
in the second order part as well as in the fourth order part when (13), (14) and (15) 
are substituted in (25). We determine B, 6, so as to make only the second order terms 
minimal and insert the values thus obtained into the fourth order part, the error being 
higher than the fourth order. The part of E which involves 5, in the second order is 


— Dall {(U,|H|U,) — (V,|H|V,) } } ~DiLbt VilH|U,) — SV, |V)} + comp.conj.] 


—¢* o3 24 (busbun| ae (1) Cas (2) (ers) Vier 1) Ux. (2) dv,dv,+comp.conj.} 


74 


where (U;|H|U;) =| DG) H GLA de, ete ce 


The first and second terms come from | H(1)M® (1, 1)dv, and the last term from 
‘ M® M” 
a| M® M®| 7, 

assumed to be of the form (U,;,\4|V,;,.) where h is some one-electron operator with the 


dv,dv,, The last term of (27) is rewritten as —Q,dyxlba|, if bx is 


translational symmetry of the lattice and further if the Coulomb integral between v, (r—R) 
and u,(r—MR’) is assumed to be independent of the position of R’ when R’ is a nearest 
neighbouring lattice site to R. We write this integral as Q,. Then the minimum of 
(27) is given by 


b= (U,|A— Vi|AIP;) |V) /1 Ai) AIV) — (UU) — Qu} 
= (U,|H— (V,JHiV;) V1) /41- (28) 


The denominator of (28) is independent of k, according to our initial assumption concern- 


ing overlaps between atomic orbitals, so we have written it as 4,. Similarly 
By, = (U,|H— (V,|H|V2) |V2) /4). (29) 


(V,|H|V,) is equal to (V,|H|V,). because H(1) has cubic symmetry about a lattice point 
and V, and V, are of d7-type. We write it as E,. Similarly we write (U;,|H|U,) as E,,. 
Inserting these values, eq. (25) involes as unknown quantities only c, and C,; which 


we determine according to the minimum principle. Then 
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«= {1/(Ex— VilH|Y) —Q))} (HI) + | —-E.|U) (U,|H—E,|V;) /Ai} 
(30) 

C= {1/(Ex— Vi) —Q)} {Al AIYe) + Ve|H—Ea|U) (U,|H—E,|V2) / 4} 
(31) 


which, we can see, vanishes for i=8, 9, 10 (d&-type) from symmetry consideration. Q, 
represents Coulomb integrals between two dj-orbits which are 2R, apart from each other, 
R, being the nearest Ni’ '—O~~ distance. We neglected small differences between these 
integrals which arise from the combination of d7, and dy,. Then the denominators of 
(30) and (31) are identical for i=6, 7, which we write as J. E,—(V;,\|H\V,) does 
not vanish even for i=6, 7. It is the energy difference of an electron when it is on @ 
spin Ni** ions and when on / spin Ni’* ions. 

Now that we have determined the values of the unknown parameters, we can express 
eq. (25) in terms of various integrals. However, we want only the difference between 
eq. (25) and the corresponding expression for the parallel spin state. We give here 
only the expression of the part of eq. (25) which are needed for the calculation of the 
energy difference. Using values for b,,, etc., expressing Bloch sums in terms of atomic 


orbitals and summing over k, 


M® M® 
M® M® 


| Hide, +3| du dv, 


T19 


=24N(p?— 4S’) Cp’ + 2q°) /AP— 12N{p (u|H|u’) + 4pq (u|H|u’’)} /4? 
aoe 12N|| (vyu| wv) a) (uv, |vv,) — (uv, |Vye) } (4 (vu |ury') 71/4, 


(32) 
where p= (u|H—E, 


v1), Pra (u|H—E,—Q, |r); ce (ul | H—E,|v,), 


2 
(ag) se) =laaye OS ROTOR EL 
19 
The configuration of the various orbitals appearing in the above integrals is shown in 
Fig. 2. v, and v, have an angular dependency of the form (3z°—r°) /r? and (x°—y*)/r* 
respectively. For the later calculation we give also the expression for M to the second 


order. Inserting b,,, etc., given by (28), (29) and summing over k, 


M” +M® =a (2)a(1) (M,+M,) +8 (2) 8 (1) (M+), (33) 
where M,= (44S) M,+ (1435?) Mt—SM3, 
M,= (3+ S*) M+ (1+35°) Mz —SMg, 

M,= (+ 9) My -+31Mp 1 Mi, ere 


M,= (+S? —1) M,+ 3r?Mz—1!M6G, 
r=p/d;, — r' =p'/A,. (49) 
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vg and vo’ are of the form (x?—y?)/r? and located 


on the lattice point A and B respectively 


Fig. 2 Configuration of various or Wits 


§ 3. Energy of the parallel spin state 


In the ferromagnetic state all available orbitals are filled by @ electrons and there 
are two holes of # electrons on each Ni** ion. These holes may appear with a certain 
probability on O7~ ions, and the total energy can be minimized with respect to this 
probability. The procedure is quite analogous to the antiparallel case and here we give 


only the result needed for the calculation of the energy difference. 


M 4+M® =a (2) a(1) (M,+M,) +3 (2) 8G) (M,+M,). (36) 
M® M” 2 
| HM a, ido +3{ ppoiep ine LOE 


=24N (p?— 42S") (p?+2¢°) /42+12Np"{ (p'/4)°— 5} /4, 
—12N{p (u|Alv’) +4pq (ul|H|u!’)} /4/. (37) 


$4. Energy difference between the parallel and the antiparallel spin state 


The energy difference between the parallel and the antiparallel spin state comes from 
the fourth order parts of (25), since the zeroth and second order terms in the parallel state 
are identical with the respective terms for the antiparallel state. The difference of the 

M® M® 
term [ HMedn+a)) M® M“ 
difference between (32) and (37), which is 


se dvu,dv) of eq. (25) in the fourth order is the 


ng 
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AE, = (37) — (32) 
=12N/4 {| (v,uluv,!) —p {p— (weyers) — (wea| ear) / Ai" | ae a 

+ 12.Np*{ (p'/4,)*—S*} /41. (38) 

M°+M® M®+M® 


ur’) 


i dv,dv, in (25) is from (33) 


The difference of the term 3 


M® + M® M®+M” ee 
and (36) 
4E,=—| preg er a dv,dv, 
J| M,—M, M,—M,| v1. 


=—2N(p/4,) 4{2 (u,u,|uu.) + (uu, 


U,U,) } 
—s 12N(p/4,) 4 { (uv, |v,u) = (uv'y |v") j 


+12N(p/4,)? (uulv,v,) —24N (p/4,)* (uu|ur,) . (39) 
Here u, and u, are those 2p-orbits of an O~~ ion which have angular dependency of the 
| M® M® | 2 me : 
form x/r and y/r respectively, The term of ape Fi ie is identical for the 


two cases up to the fourth order part. Thus we have given a spin dependent energy of 
NiO crystal in the band formalism. The first term in the right-hand side of (38) favours 
the antiparallel state and comes from the fact that in the antiparallel state the alternant 
bands mix, thus lowering the energy. The first term of (39) may originate from the 
fact that when two 2p electrons transfer simultaneously to two Ni** ions, the energy of 
the resulting oxygen atom is lower by Hund’s rule when the two electrons have the same 
spin and this is so in the ferromagnetic case, thus favouring the ferromagnetic state. 
The second term of (39) may correspond to the original mechanism of Anderson for 
superexchange interaction in Heitler-London scheme when S==0. However, exact parallelism 
between the energy difference given by the second term of (38) and (39) together and 
that by the Heitler-London scheme was not found. 

We have estimated values of (38) and (39) using s-orbits instead of 3d-orbits of 
Ni** ion, 4+Q, is approximately the third ionization energy minus the second ioniza- 
tion energy of nickel. We estimated this to be about 15 e.v. Q, is approximately e?/2R,= 
3.45 ev. d, is estimated by the following expression 


(4a — je ee 


where @ is the Madelung constant of NaCl structure, E, is the electron affinity of O~ ion 
_ and I, is the second ionization energy of nickel. Then 4, is about 11.6 e.v. As the 
radial part of u, and. s-orbit mentioned above we used the nodeless Slater type function 
R(r) = ¥ 40°/3 r exp(—dr), with 0=2.16 in atomic units. When u, and the s-orbit 
are apart by the actual lattice parameter of NiO crystal, then S=0.0625. Absolute values 
of by, and cy, are of the order of |p/4,| and | (v,uluv,’) —p{p— (uv,|v,v) } /4,|/4 
respectively. They are 0.045 and 0.007 which are small compared with unity, thus 


confirming our initial assumption, Our estimate is as follows: 
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first term 
second term 
first term 
second term 
third term 


fourth term 


of 
of 
of 
of 
of 
of 
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(38)= 0,00690N ev. 
(38) =—0,00125. _,, 
(39) =—0.00004_,, 
(39) =—0.00167 ,, 
(39) =—0,00031 ,, 


(39).== 0.0017 nee 


The total energy difference is 0.00534Ne.v. The first term of (38) is the largest of all 
terms. —p{p— (uv,|v,v,)}/4, is about five times larger than (v,u|uv,') and gives the 
main contribution to the first term of (38) and also to the total energy difference. 


Though our rough numerical estimation dces not allow us to speak in quantitative terms, 


it may be said that mixing of alternant bands plays an important role in the superexchange 


interaction. 


The author wishes to express his cordial thanks to Prof. J. Yamashita for his kind 


advice in the course of study. 
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On the Spin-Lattice Relaxation 
Process in Ferromagnets 


Fukunaga Terasaki and Isao Mannari 


Department of Physics, Kyoto University, 
Kyoto 


August 20, 1957 


Recently many kinds of mechanisms have 
been proposed for ferromagnetic relaxation 
process. However, there is not yet any 
reasonable explanation for the experimental 
result, In this paper we calculate the spin- 
lattice relaxation time in ferromagnetic 
matter. 

We consider the exchange integral to be 
modulated by lattice vibration where we 
assume the adiabatic approximation to be 
useful, and that atomic distance dependence 
of exchange integral has an exponential 
type ie. J’ exp (—a@R), and expand it in 
the deviation u from lattice point. Ac- 


cordingly, the Hamiltonian is : 


H=—J36)18,, Fok 
5,6 a 


ae 
(0-u;—U;_5) ($;°8;3). (1) 
The first term is the common exchange 
coupling and the second the spin-lattice 
interaction Hamiltonian which we required. 
a is atomic distance, 0 the vector to the 
nearest neighbour lattice point and j the 


lattice site label, In the wave number 


space”? the above interaction Hamiltonian 


is written as 


2]Sa / om = —1797 1% 
— ef eS Wat, | Gh gag 
a v SMNiGos Lataoby 


x Dy oiyl (Gf) a dy agb*05.+~G(6,f4)|, (2) 
where 


F(G, #1) = (ee-6) (1—e*) 


Aint oa 


1 


x e! —é¥*) > 
| G) 
G(G; #1) =D) (e,.-9) A—e*") 
6 
xX (1—e *°*), 


However, our interaction Hamiltonian is 
different from that used by Kittel-Abrahams” 
in their discussion of spin-lattice relaxation 
process. They used the phenomenological 
magnetoelastic interaction”? which is derived 
from the anisotropy energy the origin of 
which is believed to be the interaction be- 
tween spin and lattice systems through the 
partially quenched orbital angular mo- 
mentum. 

In the present calculation the spin and 
the phonon systems are assumed to be in 
thermal equilibrium at temperature T+ dT 
and T’, respectively. Then the change of 


phonon number is 
dm,,./di=P,—P», (4) 
where P, and P; are transition probabilities 
which are given by 
Ar PS 
RMN eee ae 


XmiuwlGA+e, iD) |?0 (E,—E, ? (5) 
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47 J?S?a? 
MNa’»,; 
X | FCA, #) |? (E> Ey)’. 


P= Dh On 4.41) rm 


Adopting the long wave approximations for 
F and G, we calculate the energy transfered 


to the lattice per unit time which is de- 


fined by 
dQ/dt=SweE idm, / dt. (6) 


Now we take account of only the case of 
longitudinal wave of phonons and finally 
take three times of those results to include 


the two transversal waves. We develop 


dQ/dt in term of 4T/T and obtain 


dQ AT 3a°%Nad (kT)? j" edz (” 
dt Peseta Mr Ge)? Fe! —1 I 5, 
e'dy 


To at 
Intel) o 


iC aaa Ca 
where 


Qhex'!* Hae 
(2) S@kT) 2 


Re 
dub ow: s[0. 2jS@RT 


an min| 72 ( Se re 
a Tae) Er SERE 


Qhex'!? 
Csatry? 4: (8) 


ety) 7 3 is 
4n/ 


The spin-lattice relaxation time T’; which 
is the time constant in the exponential 


decay of JT is given by” 
T= CsC 7) Cy C,-4T/Q (9) 


where Cs and C,, are specific heats of spin 
and lattice systems, respectively. Cys is 
estimated by the use of spin wave and C,, 
by the Debye approximation. In the case 
of pure Ni, the numerical values are given 


by 


J=2,.8X 10 ers, C=5X 10° cm /sec, 


M=10-™ gr, 4=2:5 10cm 


diay SEMEN K=9.29 X10. a 10) 


where « is the compressibility and T, the 
Curie point. The parameter @ is estimated 
from the experiment’) which shows the 
variations of the Curie point with applied 


Pressure i.e. 
aa = AJ/AR-a/J=1/T,-3/« 
‘dT Ap= 3,13. ,.(11) 
Eqs. (7)~ (11) tell us that 
Ly 232. 10sec ((ates002K)? 
=5;,0 X10" “sec (at 160 °K). 


The value at 300°K is the same in 
order with but slightly shorter than Bloem- 
bergen’s estimation 5X107'sec at room 
temperature.”” Because the long wave ap- 
proximation is not really valid in such a 
high temperature range, so that an under- 
estimation of JT, is expected actually, 
However, it is clear that we cannot neglect 
the above mechanism playing at least an 
important part in the spin-lattice relaxation 
process. In ferromagnetic resonance absorp- 
tion, the heat capacity of spin system is 
so large that spin-lattice relaxation may not 
be estimated by Bloembergen’s experiment, 
and in addition also the use of the Bloch 
type equation in this case is not fully 
justified. There is, however, a method to 
single out the above process by measuring 
the absorption of ultrasound in  ferro- 


magnetic substance.” 


The authors wish to thank Professor K. 
Tomita, Mr. K. Sugihara and Mr. S. 
Takeno for their valuable suggestions and 


helpful discussions on this work, 
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The Artificial Satellite and the 
Relativistic Red Shift 


Anadijiban Das 


Department of Physics, University of Calcutta, 
Calcutta, India 


September 25, 1957 


Recently a suggestion for the experimental 
verification of general relativity has been 


put forward by Singer.” 


He proposes to 
equip an artificial satellite and to measure 
directly the time dilatation by electronic 
device. 

The formula that Singer derives for this 
purpose has been extended by Hoffmann”? 
who has taken into account two not less 
important factors, viz., the rotation and the 
eccentricity of the earth. But the way 
he treats the rotation is rather artificial and 
does not follow directly from the solutions 
of the field equation. We shall do that 
here. 

The metric tensor in the field of the 
rotating earth, as given by Clark,» Das,” 
is the following set* 


* The solutions are approximate (upto the terms 
ate ; . : ; 
containing *) and in the spherical polar coordinates. 


S ees AR; wo 
Ry+h 7 (Re+A)?* 


x(1 a cos’), 


\ 


Ji =m 


Joo= — (Re +h)? 
x |1- ee ; sin’, 
21 (Ry +h)* 
933== — (Ry +h)? sin’ 


| Perel <0 . sin’, 
J 7 (Ry+4)* 


g =—]-—— 2M = AR; w* 
Hs Rothe Who hie 
x (2 —sin'#), 
3 
2S oe 
Ge tas : sin 24, 
21(Rz+h)? 
2Aw ; 
—— —- sin’é, 1 
Jos Reb sin (1) 


where M, A, w, R;z are the mass, angular 
momentum, angular velocity, radius of the 
earth respectively and 4 denotes the distance 
of the test-satellite from the earth’s surface. 

For a satellite moving circularly in the 
fixed plane 0=7/2, the ratio of its proper- 
time to the coordinate time (as calculated 


from (1)) is given by 


(42) = == 23M aa 6 WM Aw 
dt, R,+h (Rg +h)*? 
5AR; wv 3MAR; w* 
ra a tt Els @) 
42 (Ry +h) 14(R,+4) 


In the coordinate system freely rotating 
with the earth the metric tensor in the set 
(1) transforms into 


G4 = Gast 209s, +0? Js, 8 etc, 


Therefore, for a clock fixed w, r, t, the 
rotating earth (i.e. h=0) the ratio of the 
proper-time to the coordinate time is 
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Dede proxPrne 2M ce 
os ~1— Ry — R,? w’ sin? 4 
2Aw* 27 Aw sin? 6 
+ “t- eet 3 


From (2) & (3) 4, the relative shift 


comes out to be 


d= 4s ~ (M/R,) 


E 


x [1.5(1+4/R,) 1-1] 
—— Rto8sin?— (YM Ae) / (Re +h)°” 


5% di re eee! at = 
2 84 (R,-+4)* 


(4) 


The numerical magnitudes of the last 


zs Aw ti 1 
7 Rx x3 


three correction terms* for the colatitude 
@=7/2 are respectively 1.7X10-", 3.4 X 
10-”, 1.05X10-* and falls outside the 
experimental range as given by Singer. 

The first order eccentricity term as 
introduced by Hoffmann is the same as 
that following from Hinstein’s linearised 
field equation. 

In order of relative importance next to 
these corrections come the influences of the 


But for the 


practical purposes these can be safely ignored. 


moon and the other planets. 


For the perigee motion of the satellite 
the effect of the earth’s spin is not negli- 
gible. In fact, the ratio of the first order 


spin correction to the Einstein term is 


40T /157(1+h/Rz)?~0.03. 


1) S. F. Singer, Phys. Rev. 104 (1956), 11. 

2) B. Hoffmann, Phys. Rev. 106 (1957), 358. 

3) GL. Clark, Proc. Camb. Phil. Soc. 43 (1947), 
164. 

4) <A. Das, Prog. Theor. Phys. 17 (1957), 373. 


* Our corrections, as given by (4), are not exactly 
applicable to the Russian satellite! This is because 
it will move from the north to the south and so 
cannot have any fixed orbital plane. 
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Efficiency of Acceleration of 
Relativistic Particles in 
the Crab Nebula 


Satio Hayakawa* 
and 


Yoshinosuke Terashima** 


*Research Institute for Fundamental Physics, 


Kyoto University 
** Yoshida College, Kyoto University 


October 2, 1957 


The energy density of cosmic rays com- 
parable to that of star light suggests the 
surprisingly high efficiency of converting 
the thermal energy into the kinetic energy 


Although _ the 


storage of cosmic rays in the galactic 


of relativistic particles. 


magnetic field lowers the overall efficiency, 
there must be some objects, in which the 
acceleration is very efficient, since most of 
stars, like the sun, are known to be rather 


In this 


note we would like to show on the semi- 


poor producers of cosmic rays. 


quantitative basis that the high efficiency 
is really seen in the Crab nebula, the 
remnant of a supernova in 1054. 

Our arguments are based on the hypo- 
theses, which seem to be plausible, that 
(a) the electromagnetic radiations are caused 
by the synchrotron radiation of relativistic 
electrons” and (b) the so-called rapid 
process of forming transuranic elements 
took place in the explosion of the super- 
nova in 1054.” 

The hypothesis (a) was examined by 
Oort and Walraven’? who were able to | 
deduce the rate of energy consumption in 
the form of relativistic electrons. According 


to our revised analysis of the spatial and 
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energy distributions of the electrons, their 
mean lifetime due to the diffusion through 
nebulous magnetic fields is estimated at 
about 100 years; consequently, the rate of 
energy consumption is obtained as about 


10* erg sec’. 


If the escape of the electrons 
through the diffusion were insignificant, the 
rate of energy consumption would decrease 
to 10” erg sec~’, this being the lower 
limit. 

The hypothesis (b) is successful to ex- 
plain the light curve of supernovae as well 
as the origin of heavy elements. According 
to Burbidge et al.” the yields of various 
nuclides are determined by referring to the 
light curve and the abundances of heavy 
elements. Within the arbitrariness of the 
determination the present rate of energy 
generation is estimated to lie between (3~ 
VO}eXMO> ero \sech Loe this Ge, Is 
found to give the largest contribution. 
The balance sheet with regard to the out- 
come and income of energy, applicable to 
the present Crab nebula, is shown in Table 


ike 


Table 1. Rates of energy supply and consumption 


(erg sec™!) 
Consumption Supply 
Electromagnetic ae ee, 3X 1036 
dadiaticd 6X10 Radioactivity 21037 
(svip 
Electrons oY | 


1088 | 


Table 1 shows that the energy supply is 
just enough or may be insufficient to make 
up the consumption due to high energy 
particles. The situation is more serious, 
if one compares the energies per particle 
in these two cases; of the order of MeV 
for the radioactive decay products and on 


the average tens GeV for the high energy 


particles. The above comparison suggests 
us that the energy sources other than the 
radioactivity are mainly responsible for the 
acceleration of the high energy particles, 
electrons and nuclear particles; the latter 
ones turn into cosmic rays and their rate 


of energy consumption may be as large as 
that of electrons. 

The largest amount of energy is contained 
in the expanding motion with velocity of 
about 1.1X10*cm sec’. The turbulent 
velocity is about one third of the above 
one, and the turbulent energy is regarded 
as large as the magnetic energy ; the cor- 
responding magnetic field strength is 10~° 
gauss. These forms of energy are supposed 
to be generated chiefly in the initial stage 
of explosion, perhaps within a year after 
explosion. Excluding the first fifty days, 
the rates of energy consumption and supply 
are integrated over the last nine hundred 
years, assuming that the rates vary slowly 
in time as the radioactive energy generation 
rate. Thus we obtain Table 2, in which 
various modes of energy are compared, 

From these sequences and the energy 
contents in Table 2 we can draw the 
(i) The efficiency 


of acceleration of relativistic particles is 


following conclusions. 


surprisingly good; the turbulent and 
magnetic energies may be converted almost 
completely to relativistic particles for a 
rather short (ii) The Fermi 


acceleration is not a major cause of accele- 


period. 


ration, because this would result in the 
cosmic ray energy some thousand times 
larger (proportional to the mass of particles 
accelerated) than the electron energy, much 
larger than any form of energy. This 
conclusion is also supported by the analysis 


of the energy spectrum of electrons alone.” 
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Table 2. 


Energy contents (erg) in various modes 


rr 


Expansion | 3x 10% 
Turbulence | 3x 1038 
Magnetic field 3X 1048 


| Electrons 


| Radioactivity 


Electromagnetic radiation (0.5~0.9) x 1048 
(0.3~3) X 1048 


(0.6~1.5) X 1048 


Table 2 suggests the following sequences of energy conversion : 


| expansion >| magnetic field is. Z| electrons >| radiation | 
AY 


radioactivity |—> | turbulence 


ee ™| cosmic rays | 


(iii) The moving light ripple, which was 
suggested by Oort and Walraven’ as te- 
sponsible for the injection of relativistic 
particles, should not be regarded as the 
motion of a gas, because the kinetic energy 
of the gas would correspond to the rate 
of energy consumption as large as 10” erg 

1 


Seco 


energy supply. 


Detailed discussions on the bearing of 


far larger than any ‘other rate of 


our analysis will be given in a forthcoming 


paper. Our thanks are due to Professor 


C. Hayashi, with whom we enjoyed stimu- 


lating discussions. 


1) J. H. Oort and Th. Walraven, Bull. Astr. Inst. 
Netherland, 12 (1956), 285. 

2) G. R. Burbidge, F. Hoyle, E. M. Burbidge, 
R. F. Christy and W. A. Fowler, Phys. Rev. 
103 (1956), 1145; E. M. Burbidge, G. R. 
Burbidge, W. A. Fowler and F. Hoyle, Rev. 
Mod. Phys. in press; we are grateful to these 
authors for sending us the preprint of this 
paper prior to publication. 

3) Most of numerical values used here are based 
on L. H. Aller, Astrophysics, The Ronald Press 
Co. (1954). 
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A New Approach to a Bound State 
Tsutomu IMAMURA 
Department of Physics, Osaka University, Osaka 
(Received July 22, 1957) 


The extended wave matrix which generates not only the eigenvectors for scattering states but also 
those for bound states from those of the free Hamiltonian is introduced. By using this operator, the 
problems in the non-perturbation approach are discussed in a general fashion in the case of the 
system involving bound states. 


Tatroduction 


3) 


In the recent approach to the quantum field theory,”~* the eigenfunctions of the total 
Hamiltonian play a great part. In this field of physics, there still remain many complicated 
problems even though a number of assumptions such as the existence of the true vacuum 
were accepted. For example, one often assumes the unitarity of the wave-matrix, under 
which many definite conclusions can be derived by means of the ‘representation of the 
incoming fields.’ If the unitarity condition of the wave-matrix is violated, as in the case 
of the system including some bound states, all the eigenvectors of the total Hamiltonian 
cannot be covered either by a set of functions generated by the wave matrix from those 
of the free Hamiltonian or by the set of eigenfunctions in the ‘ incoming field representa- 
tions.’ -® On account of this situation, we cannot prove the positive definiteness of the 
weight function, 7(—a), in Kallen’s work,” and also cannot remain in the framework 
of Lehmann, Symanzik, Zimmermann’s formulation.* Therefore, it is worth while to 
study how we can obtain some information on the eigenfunctions which enable us to 
formulate or to discuss the problems in a general fashion in the case of the system 
involving bound “states. For this purpose, we shall construct an operator tentatively called 
an extended wave matrix, which plays a role of the wave matrix,” but is wider than 
the latter, namely, it generates not only eigenvectors for scattering states but also those 
for bound states from those of the free Hamiltonian, 

We shall give a general procedure to construct, the extended wave matrix under several 
assumptions which will be mentioned in detail (§ 1). In the first step we introduce the 
‘intermediate Hamiltonian’ which has a similar spectrum to that of the total Hamiltonian 
and same eigenvectors with those of the free Hamiltonian. One of the equations, which 
define that operator, supplies the condition which determines the energy of the bound 
state, In §2, the above procedure is illustrated with the example of the Lee model.” 
The possibility of restoration of problems stated in the beginning will be discussed in § 3 


by using this extended wave matrix. 
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§ 1. General procedure 


In spite of the general conjecture’)~"” that the series of perturbation expansion may 
diverge, it may be expected that the similar character to that of the free Hamiltonian 
will be very useful in the future theory because its particle-like description seems to be 
suitable for the description of the experimental results, We shall firstly assume that 
A) any eigenvector (7), of the total Hamiltonian H, converges weakly to an eigenvector 

,, of the free Hamiltonian Hj, when we make the coupling constant y approach to 

zero. (We shall say that %, corresponds to , in this case.) 

It is not needed to assume the regularity of 7 ,(y) at the origin of complex g-plane. 
We only assume the existence of the limit of V,(g) for gy>+0 along the real axis. 
The convergence of the state vector in this limit may be weak, that is, we do not assume 


the convergence of its norm.*’ 
Treating some models, we can get an information that the bound state corresponds 


in the above sense to the lowest state of the continuous spectrum of the free Hamiltonian.**’ 
In the nuclear physics we know that there are not two stable bound states with the same 
charge and mass numbers but with different energies. Accordingly it is reasonable to 
assume that 
B) any stable bound state /% corresponds to a lowest eigenstate J,“ of H, belonging 
to the i-th class defined below. It must be remarked that in this case no other 
bound states can correspond to @,“. 
Since each eigenstate of H, can be characterized by the number of the particles present 
and the total momentum, the Hilbert space can be divided into a set of subspaces mutually 
orthogonal to each other. According to this division, the energy spectrum and _ the 
eigenstates are respectively classified into a set of classes of energy levels. The ‘ class’ 
used in the above assumption should be read in this sense. For example the state with 
a proton and a neutron at rest belongs to the same class as that of a proton and a neutron 
with some kinetic energy and the zero total momentum, while the two-proton-state and 
the two-neutron-state belong to the different classes. 

For the sake of simplicity we assume that the state vectors of total Hamiltonian 
consist of one class of eigenfunctions, {¥%“} which corresponds to a class {@”}, and 
that the bound state Y"% involved in {/} corresponds to the lowest state , belong- 
ing to {@}, The total functional space made of all the eigenfunctions of Hy is divided 
into two mutually orthogonal subspaces 36" and J6™; to the former the set {PO 
belongs, while the latter consists of the set of remaining eigenfunctions {@} of H,. 
In other words, the whole space {/} spanned by the eigenfunctions of H weakly tends 
to 6. in the. limit g—>+0, while J6O Hiewelso necessary, as will be shown later, to 
represent {V"} in terms of the eigenfunctions of H, in case of g3<0, With regard to 
the continuous energies H, we shall use the notation YJ," to represent a state with same 
energy E, as that of a state %,"” to which the state Y',") corresponds under the assump- 
tion that the energy-renormalization has been made in a suitable way. 


Cf. eq. (2-4). ; 


Concerning the relation of these two states, there is Suura et al’s discussion.!® 
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Let us introduce the following Hamiltonian, 


Hy =Hy+ (dp dn DAL 0,®, (1-1) 
v=v—f de Dun DMO, (1-2) 
where —d4 is the binding energy E,—E, (E, is the minimum value of the continuous 


spectrum {%,'"}) and |df means the integration with respect to quantum numbers. 
Eigenvalues of H,/ are similar to those of the total Hamiltonian, while eigenvectors of H,/ 
are nothing but those of Hj. By using this Hamiltonian let us introduce the operator 
Q(E) defined as a solution of the following integral equation 


Oi at OV (EY Eee ee 
arte OE) QE)=lim 2). 0-3) 

If the limit Y(E,) %,(4%0) exists and is not a zerovector, then this is an eigenvecor 
of H which corresponds to Y,. The assumption that no eigenstates of H ‘correspond 
to’ @,” suggests that the limit Q(E,) 9, does not exist or is a zerovector.*) On 
the other hand, the outgoing solution of the total Hamiltonian which ‘cortresponds to’ 
M,” is customarily written as Q(E,) M,. It is very likely to assume that 2(E,) 0, 
(42=0) represents the non trivial solution. For the discrete energy E=E,, however, we 
may encounter the difficulty as to the singularity of right-hand side of (1.3) in the 
limit €—++0. In order to avoid this difficulty we shall add the subsidiary condition 


(0,19 (Ex) %%) =0(e*) a0." (1-4) 
This subsidiary condition shows that 2(E,) %,) is the eigenvector of H which belongs 
to eigenvalue E,. This enables us not only to determine the binding energy of the 
state concerned but also to guarantee that the statevector (E,) Y\” actually represents 
a bound state, that is, particles are localized only in the restricted spatial region.” 
If we define the operator W as follows 
(9,W ,)=(9, 2 (E,)%,)q »X0 


CUs3,) 
(DP, W @.) = (D, 2 (Ex) Q,) Co» 


where c is a normalization constant, we can write the state vectors of the total Hamiltonian 


as 


* For example, see eq. (2-11). 

** Tt seems sufficient to take @>>0 in order to give the definite meaning to the right-hand side of 
equation (1.5). The proof that 2(Ep) @) is an eigenvector of H belonging to energy Ez, however is, 
made by multiplying @(Ex)@ by the factor (Ex—Hy+1€) and by neglecting the term of order O(€). For 
the 9)‘-component the above procedure means to multiply by the factor i€. Therefore the neglected term 
must be of the order O(€!t%) (a>0), that is 1€(D), ¥Y—O)) =O(E1*2). The condition (1-4) introduced is 
in this way. We can see that if we take a=0 we cannot get a binding energy from (1-4) for Lee model. 
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poy oO”, p90, (ine 
VE p=W e,. 


Thus, we have obtained the operator which produces the eigenvector of H by operating 
1 


(a f 7 
to {PM}. If we assume the completeness of sets {ge ©) Oo) and {@,}, namely, if 
any vector of the one set can be represented by a linear combination of the vectors of 
the other, the following equations can be proved : 

Wt W=1—PHo0) 
se (1-7) 
WW* zt 
where P42) is a projection operator on the sub-space H®, Here, the existence of the 
limit Q(E,) @, is assumed. It is interesting to compare equations (1-7) with equations 
for the ordinary wave matrix 1”, that is, 
tO daaeiey © ag 
(1-8) 
YP OA, 
where P, is a projection operator on bound states. Corresponding to the ordinary in- 
coming operator 


OO @) = 2° OL) 2%, (1-9) 
we shall define the modified incoming operator 
O'"(t) =WO'()W*. (1-10) 


Here O/(t) means the operator in the intermediate representation, where the temporal 
change of the operator is generated by H,’. The fact that the operator O’” satisfies the 
same commutation relations as those of O’ can be derived from the situation WH CH” 
and from the assumption OH CHE”. We shall see in § 2 that such a restricted 
operator O’ is enough to discuss the eigenvectors of H. 


§ 2. Example 


We shall illustrate the above mentioned general procedure, taking the Lee model as 


an example.” Here the relation 


m ( fixed) >my +p 


is assumed, where m, is a bare mass of V-particle and is considered to be fixed, that is, 


independent of gy. The eigenvectors in the subspace spanned by one bare V-particle states. 
or N-+@-states are well known, that is, 


i= bac eeet aig  ae . {1— : SSH C8) 


NY Veer. my+o—m +i€ My tw—m+-ie N’V Zeal 


x —t - {9+ d yy gy) * : Ors | ? 


o—w! +i€ NVV~V 20! wo—w'!+1€ ae 
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= gq fo) ae Sif ai! 
pe (ES sp PR OG Oo fe) 


on - — = dnt 2e2 
\ 20 (E—my—w)? NVV~ 20! (m+o—E) oy 


Here E is determined by the following equation ; 


Peis oe emu =C(g? E Dae 
(£) Z| LOA ecw p, (2-3) 


We can easily see the following relations : 


lim F=P5(9,), 
lim °° E=E,(=hiy+ 2); (295) 
a>git0 


where /, is the solution of the equation 
my —My—P=C(G,, my tH). (2-6) 


It must be noted that, in the present case, namely, in the case of m, being independent 
of y, the bound state % of N and @ can be dissociated into a kind of scattering state 
with the energy E,=my-+/4 before g vanishes. The coupling constant g, determined by 
(2-6) is just the critical magnitude of gy mentioned above where the dissociation of N 
and @ begins. Therefore, in this example we can attribute V7, 7, D, and M, to {Vr}, 
P,, {P and {PM} in § 2 respectively. The assumptions in § 2 are satisfied in this 
case, 

Applying the general procedure to this example, we can get the following expected 
results. Firstly, the solution of eqs. (1-4) and (1-3) gives the usual binding energy 
(2-3). Secondly, we can derive the usual eigenvectors (2-1) and (2-2) by making use 
of the equation (1-6), that ts, 


Pe =Ww D,,, 
T=W 


(2-7) 


Thirdly, if we introduce modified incoming operators 
O’" (t) =WO'(t)W*, (2-8) 
we can write (2-7) in such a form as 


4, U 
pt =dy."* dn * Pia ? 


(2-9) 
ah ibis pb y"* ee 
where * means the creation operators and ¥,,,, is defined by 
Dé =W @ rin (2 x 10) 


These expressions for eigenvectors can be considered as an extension of the usual one 
written in terms of the incoming field-operators. It is worth while to mention that the 
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operators a’ and Wy’ satisfy the condition O96 CHE” but g,’ does not. The algebra 
of (,/" is not the same as ¢,/, but it does not make our procedure difficult because we 
can construct all eigenvectors of H without using the operator (f,/ by virtue of the assump- 
tion m>my+p. As we expected in $1, we see that Q(E)I6™ actually represents a 


zero vector, that is, 
W?,=0. (2-11) 


§3. Discussions 


1) he introduced the indefinite metric into 


In Gupta’s quantum electrodynamics, ”~ 
the Hilbert space, by means of which he could succeed to get rid of the formal difficulty 
concerning the Lorentz condition at least in the case of the free radiation field. Recently 
Sunakawa” extended Gupta’s approach to the case of the system of charged particles in- 
teracting with the radiation field by using the so-called incoming field-representation under 
the assumption of the nonexistence of the bound states. Now from our viewpoint so far 
mentioned, it seems possible to apply Sunakawa’s line of thought even to the system 
which involves the bound states, 

As an example we shall consider a system of electrons and protons interacting with 
the radiation field. According to our classifications of the energy spectrum of H,, the 
class which has the state with energy m,-+m, as the lowest state is composed from states 
with one proton, one electron and n photons (n=0,1,2,-:-). It must be noted that the 
number of photons present is not effective for the classifications of the energy spectrum 
of H, owing to the zero rest mass of photons. It seems natural to consider that the 
ground state of a hydrogen atom corresponds to the lowest state of the class considered 
above, namely, to the state where one proton and one electron exist but no photons are 
present. Thus we see that the term of the energy renormalization \dv0,, 0, >d< 
(=H,'’—H,) does not involve any photon operator. Accordingly the field equation for 
the operator A’ in the intermediate representation is just the same one as that for the 
usual free operator. We now introduce the operator W(t) by 

W (t) —eilt e tolt 


(3-1) 


t 
= +i(7() V(t!) de! 
0 
where V/(t) =e! 7! ec" Let us take the limit lim W(t) following Sunakawa’s 
treatment for the usual wave matrix,” then we get ve 
W(—c) =14i| “WE ee” det (3-2) 


It is easily seen that W(—co) is equal to our W. The following equations can be 
derived in similar manner as his proof : 


A, (x) =W (t) A,! (x) W* (8) 


=A, (x) —\" xx’) jl) ae (3-3) 
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A,!" (x) =W A,! (x) W 


= Al (3) + | Ae) jute’) dy (3-4) 
and 
A, (x) =A," (4) =| AG —2) jn) de (3-5) 
where we have used the fact that 
WW =1 (3-6) 
[ A,’ (x) ed Gee 10,4 (x—x’). (3-7) 


Thus we see that Sunakawa’s results can be completely reproduced even in the case of 
the system involving bound states with exceptions that in our case W is not unitary and 
A’ or A’ respectively appears in place of A” or A in Sunakawa’s articles. This situation 


is essentially due to the fact that in the derivation of eqs. (3-3) —@G-5), the relation 
WW Wet Pon (3-8) 


has not been used. Namely the expressions (3-3) — (3-5) do not need the unitarity of 
W but only the character (3-6). (3-7) is guaranteed by the fact that the field equation 
and the initial condition of our A’ are the same as those of the usual free operator. By 
using the equation (3-5) and the adiabatic switching off procedures, the Lorentz condition 


is written as 


(0A,!"/0x,) OU =0. (3-9) 


According to the present definition of the class of the energy spectrum of HH), it is easy 
to see that AH CH, Therefore from the remark stated in § 1, we see that the 
algebra {A’*"} coincides with that of A’.**) Thus we arrive at the conclusion that Gupta’s. 
formalism can be applied even to the system with bound states, because we can obtain 
the same expression (3-9) for the Lorentz condition as that derived by Sunakawa in 
addition to the same commutation relations as the usual ones.***’ 


The creation operator for the ground state of the hydrogen atom is given as 
W thy'* (p—h) b* (kW 


where p is a total momentum of the ground state and k is a momentum which makes. 


the energy Vv (p—k)* +M,+ Ve+M? minimal. The above expression makes it difficult 


* To any vector in the sub-space (0), there is no corresponding eigenvector of H. 

*k Jt seems natural to assume that, if there is an eigenvector of H which corresponds to one eigenvector 
of Hy belonging to the class {0}, there should be an eigenvector of H which corresponds to each eigenvector 
belonging to the class {0 }. 

**k The same line of refinement of the proof in the case of the system involving bound states, can be 
; : ner os 
made by using the Lorentz condition (0A,/*"/0x,) ¥=0 instead of (3-9) and the limiting process.~~) 
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‘ ; / hr 
to represent the ground state in the x-space because the equations for ¢f,/ and ¢,/ are 


different from that of the free fields owing to the fact that the term of the renormalization 


of the energy involves the operators of the material fields. It is due to the special 


character of the Lee model that the lowest state of the continuous spectrum can be written 
as a)’ Wy (p) Prue without regard to the total momentum p, and that a,/(k3<0) satisfies 
the free equation because of the infinite mass of N-particle. According to this situation, 
we see that a,’ alone is responsible for making the bound state, while other a,’ (k0)’s 


can be transformed into a/(x) in the x-representation which satisfies, of course, the free 


equation in x-space. 
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Nuclear Magnetic Relaxation in Liquid Hydrogen 
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A theory of nuclear relaxation time T, in solid Hs given by the present author and Motizuki 
is simply extended to the liquid case. In liquid, the distinctive feature is the diffusional motion of 
the molecules (¢,~107!" sec.) which modulates. the anisotropic intermolecular forces. The correlation 
functions of the rotational angular momentum, (¢ J,(¢) J_), etc.:.., which appear in the expression for 
T, are calculated by using the Kubo-Tomita formalism for motional narrowing adopting some 
simplifying assumptions. The calculated values of T, agree with Bloom’s recent measurement in its 


order of magnitude and the qualitative character of the temperature and the concentration dependence. 
$1. Tntroduction 


Nuclear magnetic resonance in hydrogen molecules has been studied by several authors 
and much interesting information on the properties of hydrogen molecules, especially in 
their solid state, were obtained*. Recently, Bloom” measured precisely the relaxation time 
of the protons in hydrogen molecules related to their magnetic resonance absorption in 
the gaseous, liquid and solid states. The result in the gaseous state was analyzed by 
Schwinger’s theory’? and the cross sections for collisions in which reorientations of 
molecules take place were obtained. As for the solid case, the experimental result seems 
to be well explained by the theory given by the present author and Motizuki in the 
preceding paper”, referred to as I below. For the liquid case, however, the experimental 
result has not yet been fully explained, though we gave a simple qualitative explanation 
of it in the preceding paper I. 

The most important nuclear relaxation mechanism in hydrogen molecules is. due to 
the intra-molecular interactions, i.e., magnetic interactions between two nuclei and between the 
nuclei and the rotational magnetic moment, modulated by the reorientation of the molecule. 
In the gaseous state the reorientation of the molecules takes place by collisions while in the 
solid state it arises from the continuous interactions among the molecules. In the liquid 
state, the state of affairs is similar to that in the solid, though the inter-molecular interaction 
is modulated by the diffusional motion of the molecules. Bloom has calculated T, by 
using a correlation time for, the reorientation of the molecules estimated from viscosity 
data following the B.P.P. theory”. The result was inconsistent with the measurements, 


ie., the temperature end the concentration dependence were wrong**, This disagreement 


* For the bibliography see reference 3. | 
** The agreement in the order of magnitude seems to be due to the accidental fact that the ani- 


sotropic intermolecular interaction is of the order of B/t-. 


568 T. Moriya 


seems to be due to inadequate application of a simple classical model for H, molecules 
whose reorientation caused by intermolecular forces is much frequent without any effect 
of the diffusional motion or even in the solid state. Fora cofrect treatment it is required 
to calculate quantum mechanically the correlation time for the reorientation of the 
molecules in terms of intermolecular forces. The object of the present note is to make 
such a calculation, simply extending our theory of relaxation time for solid hydrogen to 
the liquid case, and to make a comparison with Bloom’s experiment. 

Another relaxation mechanism due to inter-molecular dipole-dipole interactions will be 
negligible in the gaseous and the liquid state because of the very rapid diffusional motion 
of the molecules’) (r,<107"sec. in gas, T,~10~™ sec. in liquid).| This mechanism is 


important only in some cases in the solid state”. 


§ 2. Calculation of the relaxation time 


A general expression for the nuclear relaxation time T, of H, molecule due to the 


intra-molecular interaction can be written as (see I) 


ro s I 2 : 
Fe ae “deem 2 («—3d/2) (JS. ny > +eJ2() Je) 


+24 (C.F OFF) + J-OLOLI-) 
+ (J.J: OJ-J+ J: OF OFI->) 
+d (c=34/2)( —J-OInI)+T- OFI2- Ge OI- OF.) 


+I. OJe OL ~ Se OFI-+I OL-JD 
(J, OLOIY+TOL OL) 


+2 a(2OJ)+ 012), (1) 


where J denotes the rotational angular momentum of a molecule, c and d the coupling 
constants for the I- J coupling and the dipole-dipole interaction between two protons in 
a molecule, respectively, and w) the nuclear Larmor frequency. 

In the case of solid we could calculate in I almost non-empirically the correlation 
functions appearing in (1) by using the intermolecular interaction Hamiltonian. 

In the gaseous state, the reorientation of molecules takes place by collisions between 
two molecules. If we assume that all the correlation functions in (1) can be expressed 
by a unique correlation time tT, in the form of e~"i/*e, we get 


ee 
T, 


[ (22/3) + (15d?/2) ] [ae eT ltl I%0) tw t 


=[ (28/36) + (15d°/2bt) J "2 , (2) 


+ea/r2 


Nuclear Magnetic Relaxation in Liquid Hydrogen 569 


This is the Schwinger formula. 

In the case of liquid, with which we are now concerned, the anisotropic intermolecular 
forces, which give rise to the reorientations of the molecules, are reduced owing to the 
averaging effect of the translational diffusion of the molecules. As temperature rises the 
diffusional motion becomes more rapid, the reorientations of the molecules less frequent 
and T, shorter. This explains the experimental temperature dependence of T,. In 
Practice, we calculate the correlation functions by using the Kubo-Tomita formalism*® for 
motional narrowing. The Hamiltonian for the rotational and the translational motions 


are written as D, and §,, respectively. Then the correlation functions (J, (t)J_) etc... 
become 


Chi (fake jepeis, (3) 
(=o | Gof @)ds, (4) 


o2 = Us G2], SelJ-) (5) 
J.J-) 


geht IRs SIGES So OM aN (6) 
f@ CU es Del; Dr] HB t 
where 
Gp (thet Or GB pe HOT - 


We shall now put a simplifying assumption, as in the case of gas, that for all the 
correlation functions in (1) the values of o are equal and f(t) are also equal. In solid, 
f() =1 and the values of o are almost equal for all the correlation functions”, so that 


this approximation will also be good for liquid. Eq. (1) is then simplified as 


1/T,=[(22/3b") + (15d*/26")]| dee ¥O~M! 


== EN ay >. 10" dt e~¥O- #4, (8) 


The numerical values of c and d are seen in I, We shall further assume simply 
a) — pelt /Fo ; (9) 
and get 
gh (t) =0°t,? [exp (— |t|/t>) —1+ |t|/to]. (10) 
Inserting (10) in (8), we get 
1/T,=3.324 X 10°F (ot) /o, (11) 


where 


eee rr 
Bihan ie See ST 
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Numerical values of F (x) 
are shown in Fig. 1. 
We have now only 
to evaluate o and tT). TT) 
can be obtained from 
viscosity data using the 
relation t)=0*7/6kT”, 
where 7 is the viscosity 
and 0 the mean length of 
a jump of a molecule in 
the liquid. The tempera- 
ture dependence of 7, is 
the same with that of 
7/T which is shown in 
Fig.2.* Though the order 
of magnitude of 7 is 
estimated as ~10~™ sec., 
it will be better to deter- 
mine 0 so as to make 
the calculated T, fit the 
experimental data. The 
value of o will be of the 
same order of magnitude 


as in the case of solid. 
In the case of solid, o” 


is proportional to the 
ottho-concentration K and 
T, to “K_ as was seen 
in I, In the liquid case, 


we may write 

=O +02K,. (13) 
taking account of the 
intermolecular interaction 
common to the ortho- 
ortho and ortho-para inter- 
actions, which we neglect- 


ed in the solid case because 


* The values of viscosity were 
taken from the compilation of 
the National Bureau of Stand- 
ards [Vol 41 (1948), 379}. 
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of the cancellation due to the hexagonal close packed arrangement of the molecules (see 
I). -@gp atl @, can; in principle, be calculated adopting a proper model for liquid 
hydrogen. Actually, in solid we saw that wy™~10" by calculating it in terms of the 


intermolecular forces between ortho-molecules. In the present case we shall determine wp, 
and Ww, so as to make 


the calculated T, fit the 


experimental data within 


theor. 
° 79,%-ortho 
A930 


the reasonable range of 
' 


their magnitudes. ce 


We shall chcose the 


following values 


== 2,02)%107" see: 
Sel 5s Bd oo Wa A a iy 
Mp 0,913. x10, 


Ge /@-=0058) (14) 
The calculated values of 


T, using the above values 


are shown in Fig. 3. The 


order of magnitude and 


the temperature and the 
concentration dependence 
of T, accord well with 


experiment considering 


that the theory is very 


simple. The values of 
the parameters seem to be 
reasonable. 


Though the values 


of T, change somewhat 


when we change the values 


of the parameters within 


Fig: 3: 


their reasonable range, the 
order of magnitude and the qualitative characters of the temperature and the concentra- 


tion dependence are not altered. 


§ 3. Discussions 


We shall in this section discuss on the rather small quantitative discrepancy between 
the calculated values and the experimental ones. The discrepancy is not much improved 
by any choice of the numerical values of the parameters. If we choose such numerical 


values of the parameters as to make better fit in the temperature dependence of T', the 
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' ‘ - 
fit in the concentration dependence becomes worse, and vice versa. Bloom’s data at 17.5°K 


show the concentration dependence like 
T,=a+5K, 


which makes us expect that oT)<1. However, when this is the case T, should be 
proportional to 7/T, resulting in too strong temperature dependence of T’,. 

To improve the agreement, it seems necessary to refine the theory by considering 
more precisely the state of liquid hydrogen, though we shall not here get into this 


direction. The simplest refinement of our assumption, f(t) =e" "/*9, will be to assume 
é 
(h(t) | (:—t) (wgce 4 weKe™) dr, 
0 


where T, and 7, are naturally different. When +,<7t,, the temperature dependence of 
T, at low ortho-concentrations will become stronger than is expected from the theory in 
§ 2. Further improvement will be expected if we adopt a model of isotropic diffusion 
such as used by Torrey” in improving the B.P.P. theory for T, due to the translational 
diffusion. In practice, however, theory becomes complicated especially in treating the 
intermolecular interaction common to the ortho-ortho and ortho-para interactions, and the 
numerical calculation will be very much laborious. We shall here content ourselves with 
the simple theory in § 2. 

Bloom measured also the relaxation times for protons in HD and for protons in H, 
in liquid sample containing approximately 94% HD, 3% Hy, and 3% D,. The former 
has been discussed by Bloom and the latter seems to be not inconsistent with the present 


calculation. 


The author should like to thank Dr. M. Bloom for informing him of his experi- 
mental data prior to publication. He is also indebted to Prof. R. Kubo and Prof, M. 


Shimizu for their kind interest and discussions. 
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The method of Kramers to represent a two-component spinor is revised and developed into a 
consequent formulation of the quantum mechanical theory of a non-relativistic spinning particle (§ 4). 

Furthermore the method is unified with the hydrodynamical representation of the Pauli electron 
theory established in the previous article, giving the picture of the Pauli field as an assembly of very 
small rotating bodies (distinct from usual rigid bodies) continuously distributed in space (§ 3). The 
formalistic and physical features of these new representations are considered. 

Also some remarks are given on the characteristics of the former hydrodynamical formulation 
(§2). Particularly it is pointed out that Planck’s constant enters this scheme only as the constant 
signifying the magnitude of the spin. 


$1. Introduction 


The quantum-mechanical theory of a non-relativistic particle with spin is ordinarily 
constructed by combining the general principles of quantum mechanics with the concept 
of a two-component spinor. On the other hand it was shown in our previous paper” that the 
same theory can be constructed in quite a different realistic manner, i.e., we can formulate 
the theory in a form of a specified hydrodynamics of a fluid carrying intrinsic angular 
momentum to be called “spin”. In this scheme, the assumptions of the general concepts of 
quantum mechanics and the properties of a spinor in the usual formulation are replaced by 
a coherent set of assumptions to define the physical properties of the underlying model. 
It is observed furthermore that Planck’s constant is then introduced into the scheme only 
as the constant signifying twice the magnitude of the spin, The theory takes form of 
a classical one and is interpretable as such. It must, however, be emphasized that the 
model possesses certain novel characteristics different from any ready-made classical model, 
though they are in themselves consistent and coherent: The first is the condition which 
connects the vorticity of the hydrodynamical field to the gradients of the spin field in a 
specified manner, and the second is the fact that the adjacent spins interact in a manner 
of the “exchange interaction”’ type. 

Now the main purpose of this paper is to give another “‘realistic’’ representations to 


describe the same theory (quantum mechanics of a Pauli particle). The new representation 


* This work was completed in March 1957. Cf. Séminaire Louis de Broglie (1956/57), Exposé n° 3, 
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is the development of the Kramers’ idea” of representing a two-component spinor with 
an orthogonal set of coordinate axes, and it can be unified with the above mentioned 
hydrodynamical scheme in a very natural way. Then the method depicts the Pauli field 
with the motion of an assembly of very small rotating bodies continuously distributed in 
space,* and thus amounts to giving a more concrete model to the “ particles ” constituting 
the fluid defined in the hydrodynamical representation. For instance, the “intrinsic” 
angular momentum of particle is now interpreted as the angular momentum of rotation 
of such body. It must be noted that by “‘ rotating body” we only mean a certain body 
whose rotational orientation of internal rotation has a definite meaning and do not assume 
farther properties of the usual concept of rigidity. Really our rotating body has a novel 
property distinct from a customary rigid body: The direction of the angular momentum 
of rotation is fixed to the body, while the angular velocity of rotation points to the direction 
of the “effective magnetic field”’ acting on it and fluctuates over the body. (§ 5). 
Formally speaking the present theory is characterized by first the introduction of a 
new variable A which is conjugate to the density ” and serves to secure the independency 
of the model of an arbitrary gauge-transformation, and second the resolution of the spin 


variables S,, (i =123), into conjugate pairs fa, a such that 
a? ? af g eee J 
SS aval, wo ae. 


It is important that this theory realizes the mew canonical fermalism of the Pauli field 
keeping to the realistic representation. Thus it will allow us to make the second quantiza- 
tion of the theory in such form. The result will then represent the many particle system 


and would be useful for various practical problems. 


§ 2. Remarks on hydrodynamical representation 


a) Brief review 
It is convenient first to recapitulate the hydrodynamical scheme previously established” 
for the sake of future references. The usual description of the quantum-mechanical behaviour 


of a single non-relativistic spinning particle is given by a two-component spinor function 


/ 
=(%), which changes according to the Schrédinger-Pauli equation : 


(/i-8+H)$=0,"  (8,=0/81) (2-1) 
with the hamiltonian 
1 e 2 eb 
Hea, ee | yas Ho, .2) ** 
i 2m P c A) wee ZING =a (2 2) 


where (A, A,) is the external electromagnetic potential, H—=curlA the magnetic field 
strength, and o the Pauli matrices, 


* Similar picture was given by Bohm, Schiller and Tiomno”, who investigated hydrodynamical aspect 
of the Pauli equation on the basis of the Euler angle representation of ¢. 


ie ee ae ae 
Underlined are g-numbers. We are considering, for simplicity, in the lowest non-relativistic approxi- 
mation. 
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This theory can equivalently be grasped as a special hydrodynamics with intrinsic angular 
momentum, in which first the Pauli spinor # is replaced by a set of scalar and vector 


quantities, i.e., a scalar //, an axial vector S, and a vector v: 
10, %, iS. Q)3)* 
They are all real and gauge-independent quantities, and are restricted by following subsidiary 


conditions : 


Si /4, (I) 


cuppa &:. 50,9, 1; 5) ——"— Bh, (fk) ~~ 023). (IL) ** 
mb- mc 
Those quantities are regarded as defining a spinning hydrodynamical field; ¢, v and. S 
meaning the density, velocity, and spin (i.e., intrinsic angular momentum in classical 
sense) of the hydrodynamical field respectively. The condition (I) simply means that the 
spin is of a constant magnitude 6/2 everywhere; while (II) shows that the vorticity of 
the orbital motion stems, apart from the ‘‘Larmor part”? — (e/mc) H which is due to external 
magnetic field, only from the spatial variation of the spin field through a specified relation. 
Corresponding to the evolution of ¢, (2-1), of the original Pauli-theory, the basic 
field quantities (2-3) obey the following set of equations of motion: 


/ dy p+div (vv) — (III) 
b hiep = Kj 29,7, 15,0; IF > 2-9; (705,045), (IV) 
| mc mo 
$= © [Sx H]+—*—[Sx9, (3.8) ], (V) 
i mc mo 
where 
. ==d/dt=0,+07 ; (2-4) 
is the time derivative along the motion of each element of the fluid, and 
K=cE+ (e/o) [ux H], (2-5) 
(with E,=— (1/c)0,A,—0;4,=electric field strength) (2-6) 
is the Lorentz force acting on the element of the fluid. Also we used the abbreviation = 
II (PES be, | (Fp)? ea. Ap SS i Ae 4, (2 J a) 
4m. \ 20° ? 2m po (2 


The energy density of the hydrodynamical field is given by : 
2 7 y\2 
K=p} Lier Ns Pree | Ks panacea ae eel A OE 
2 c oe 2m 


m 8m 


+ We use the same notations as in the previous paper!) excepting p and S [appearing in eq. (2-9) ] 
which were written formerly as P and (o) respectively. * a 
** g) , denotes perfectly antisymmetrical symbol of the third order with €23=1 3 (ijk) ~(123) signifies. 
that (ik) ‘is an even permutation of (123). Summation convention for repeated indices is understood unless 
otherwise stated. Finally 0;,=0/0xz. 
hae | S|°= 0% Sz-0% Sz. 
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Eq. (III) is simply the equation of continuity. If we associate the magnetic moment, 
{t= (e/mc)S (2-8) 


to the spin S of each particle constituting the fluid, then the 2nd term of R.H.S. of 
(IV), the Ist term of R.H.S. of (V), and the 3rd term of R.H.S. of (VI), represent 
the usual effects due to the coupling between ft and H; i.e., the Stern-Gerlach force, 
the torque causing the precession of 2 by jthe magnetic field, and the potential energy, 
— WH, respectively. On the other hand the 3rd and 4th terms in R.H.S. of (IV), 
the 2nd term in R.H.S. of (V), and the 4th and 5th terms in R.H.S. of (VI) 
correspond to quantum-mechanical effects separated from the purely classical effects, each 
of them being the order of 6°. We have stated several different points of view to grasp 
them in the previous paper. Now the following part of this section is devoted to some 


further considerations to interpret the character of those effects. 


b) Internal potential and internal magnetic field 
Using the spin density, 


s= 0S (2-9)t+ 


we introduce two quantities H’ and //* by 


1 
Hi=—a,( a, s)s (2-10) 
e P 


2 7s|’. (2411) 77 


We also define H* by: 
H*=H+#H’. (2-13) 
Then eqs. (IV), (V), and (VI) are cast in more compact forms as follows : 


ones e 
mig= K+ BIT* +" 8, Hy* Sy, av’) 
Set Sey, | (v"”) 
mc 
= ( : mv +edy——*_HS+II*), (VI) 
2 mc 


} This quantity of course satisfies the condition 
a. s°= (67/4) 0. (V’) 
Tt It is easily verified that between H’ and II* there holds the relation: 


2 


2p — SEE St b 
mc 


diy Ao, (2:12) 


due to (I’). 
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Furthermore, (VI’) can equally be expressed by the help of (2-12) as 


I =H! + (#/4m) Ap, (2-14) 
with 


6" = p( 4 mv® +eA,——*- H*S—II*), (VI") 


2 mc 


but the term (6°/4m) do in (2-14) does not contribute to the total energy ie Ben, 
and so we may take JG’, in place of 26, to be the energy density. : 

Now the forms, (IV), (V’’), and (VI") exhibit that the motion of the fluid is con- 
ducted in such a way that each element of the fluid moves like a classical particle; subjected, 
besides to the usual Lorentz force, to the actions of internal scalar potential —II* and 
also of total effective magnetic field H* which acts on the magnetic moment (2-8). 

Furthermore it is important that Planck’s constant # disappears in (2-10), (2-11), 
Iv’), (V”), (VI’), ot (VI"), entirely. This means that the quantum effects are 
represented by the occurring of the internal potential //* and a kind of internal magnetic 
field H’, which themselves are determined by the gradients of s-field, as indicated in (2- 
10) and (2-11), and can be regarded as classical actions without involving #. Planck’s 
constant enters into this scheme only through the constraint (I), i.e., as the magnitude 
of spin. It is particularly a remarkable situation that in the hydrodynamical representation 
of a simpler Schrédinger particle (without spin) there appears the ‘‘ quantum potential ” 
IIT of the form (2-7) involving 6, whereas in the present case (Pauli particle) this 
IT disappears, being absorbed into the classical quantity //*. 


“ internal 


We here remark that the above separation of the quantum effects into the 
potential” and the “ internal magnetic field”’ is arbitrary to the following extent. Namely 
the equations (IV’’), (V’’), and (VI) are invariant to the transformation from (H’, 


Tipe) Rta CH! oT ~). by 
H/ =H’ +fS, (2 N53) 
tae 
IT,* =/1* ———_ ——f, (2-16) 
4° mc 
where f is an arbitrary scalar function which may depend on /”, v, and S. If we choose 


f such that f=c/e- {(pp)?/~?—4o/p}, then the resulting /7,*, Hy’ and H,*=H+ HH’ 


are exactly the internal potential, internal and effective magnetic fields which were adopted 


in the previous paper denoted as —JT, H™, and H°" respectively : 


IT=/1® —|VS|?/ (2m), (2-17) 
H™= on 0,(/9,8); H“=H+H". (2-18) 
e 


We adopt, however, the form (2-10) and (2-11) which is the most suitable one to 


physical interpretations. 
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c) Comparison with known interactions 

The interactions working inside the fluid have thus been represented by the quantities, 
internal scalar potential //* and internal magnetic field H’, 

On the other hand we have associated the magnetic moment (2-9) to each particle 
of the fluid. This must mean that the fluid has the magnetization 


=>. 


MU =pp= ae Se (2 2:2) 


mC 


Now, the classical electromagnetic theory tells us that generally a distribution of magneti- 


zation -A( (x) produces the magnetic field, 


Hy (x) = 1 | My) 0,0,( > ) dw, (2-20) 
a mF 
= : {a 0,’ Mi, (x’) ‘ - dx’, (2 : 20’) 
4r ; Yr 


(r==|x—x’'|, 0,/=0/0x,/) 
and accordingly accumulates the total energy of magnetic dipole interaction 
HM = — : : + |[ 1.) Me) 3,3.(7 ax dx’. (2-21) 
T 2 v T 


We see then that our internal magnetic field, which may be written : 
pasdt 1 ; , 
To ? 


(7) =e?/mc =classical electron radius) 


= > 
in terms of -( of (2-19) has a dependence on -( different from (2-20’) especially as 
this is a locally determined quantity. In similar manner the energy density of our field 


due to the internal interaction, 


1 il 


276 ? 


OL Pe |P-AM|?, (2-11’) 


makes up a total internal energy differing from (2-21). 

On the other hand our interaction represented by (2-10’) and (2-11’) have similar 
forms with that of the exchange interaction, which has an origin different from the dynamical 
coupling between magnetic dipoles, arising as the result of quantum-mechanical treatment 
of many electron systems. Herring and Kittel indeed introduced the interaction of the 
type of (2-11’) in their phenomenological approach to spin waves in ferromagnetic media. 

Roughly speaking the features of our hydrodynamics are first the kinematical condition 
(II) which defines the relation between vorticity and spin, and second the fact that the 


neighbouring spins interact in the manner of exchange interaction type. 


d) It would be better to insert here the following remark. In our hydrodynamical 


theory the main subject was to prove the equivalency between the c-number Pauli field 
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and a certain hydrodynamical field having a definite physical structure and therefore the 
theory provides us with a new realistic picture of the behaviour of electron in nature to 
the extent that this may be reflected by the cnumber Pauli field. It is straightforward to 
illustrate this fact for special examples such as scattering, interference, etc, 

On the other hand the behaviour of a quantum-mechanical Pauli particle has aspects 
connected with the eigenvalue problems and the problem of measurement, there is also 
the problems related to the regularity conditions of the (/-function, 


The applicability of the hydrodynamical scheme has partly been examined in the 


Previous paper,” i.e., concerning the problem of expectation values of various physical 
quantities. More sufficient study may be carried through along the pattern which was 
given for the case of a Schrodinger particle.” It is obvious, however; that it then comes 
out that the hydrodynamical field, for the representation of a single quantum-mechanical 
particle, must be taken in a somewhat fictitious sense (i.e., as the probability fluid), at 
least in so far as we keep to the usual interpretation of quantum mechanics, 

On the other hand the hydrodynamical field will attain more real sense for the 
representation of many Pauli particle system, although in this case it becomes a field of 


operator and so is associated with quantum fluctuations. 


§ 3. The Lagrangian and unified representation 


Now we enter the subject of introducing new variables into our hydrodynamical scheme 
to make physical model more concrete, attaining at the same time the variational principle 


of the theory. 


a) Introduction of new variables 

In our hydrodynamical formalism the spinor ¢ was represented by the set of scalar 
and vector quantities (2-3), which were related to ¢ as bilinear quantities in ¢/* and i), 
meaning density, velocity, and spin. On the other hand Kramers” pointed out that the 
Pauli spinor ¢ can be represented by a complex zero-vector € which is related to f asa 


bilinear quantity in ¢ and its contragradient, 


p= (y, a) =(¢2, —¢), (3-1) 


such that 
G= Foy, (3-2) 
w 


This ¢ assignes an orthogonal coordinate system to each point in space. Namely, if we 


put 
Gas 7B - CBO NBS sxeal) (3-3) 
then RxD and B®, together with the spin density vector s of (2-9) constitute a mutually 
orthogonal set of vectors, each having the same magnitude (6/2). We can fue re- 
present the spinor # by the orientation of that orthogonal system, together with y. 
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Kramers, however, could not go farther. We shall now develop this idea into a consistent 
formulation of the Pauli theory and also combine it with the hydrodynamical method 
It is important first to revise the above definitions of B® and B®, since these ar. 


not gauge-independent quantities. For that purpose we put 


dv =exp (A/b) -f, (3-4) 
and regard that 1 and ¢’ above transform, under a gauge-transformation 
Hisneie Ae, Ses (3-5)* 
like ‘ 
A>A+——aA, 
‘ (3-6) 


y’ : invariant. 
We then define the corresponding quantities (€’, a”, a) by the relations similar to 
(3-1), (3-2) and (3-3), using here ¢’ in place of ¢, such that** 


C=O i), (3-7) 

fa” Gay (3-8) 
2 

=OPE a. (a>, a@ = real) (3-9) 


The ¢/ is now represented by the set 
Wi Wage Me Ba fe Ge ok (3-11) 


If we denote the unit vectors in the directions of a’, a® and s, as aS, (€=123), 
=) ~ —— . . . . 

these aj’, (¢,k=123) signify the coefficients of the orthogonal transformation transferring 

the fixed laboratory coordinate system into that defined by (a, a, s). Thus a{*> 

satisfy the following relations 


a = b e 
ee = 
a mee ate: (F=1, 2) (3-12) 
7 Wes 
ere a™, (3-13) 
dy ay =O 55, (3-14) *** 
Ce eae 
ay asV = 0.4. (3 215) 


* (Az, Ao) is of course the external electromagnetic potential acting on the particle. 

** The new quantities are related to the former quantities by 
‘=exp(—2iA/b) -8, 
a) = 9) cos(2A/5) + B® sin(2A/6), (3-10) 
a) = — ‘8 sin (24/6) +8 cos (2A/h). 


Te isto b in af i i 
e noted that € in aj") is not a vector suffix. The summation convention is applied to this 
suffix also when repeated. 
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We also note the relation 
s=[a® xa], (3-16) 


vb account of (3-14), (a{?) implies 3 independent quantities, and we can say that ¢ 
is represented by the set 


‘ 


Wigs, GL hr ac. k=a123)), (3-17) 


In this method a are gauge-independent, only A changing according to (3-6). 
Eq. (3:4) with the condition (3-6), however, does not define A in a unique manner. 
When we transform (3-17) by the relations : 


A>N= A+ 7, \ 
| 

a >a” =cosy7-a™ +siny-a®, | (3-18) 
a >a®” = —siny-a™ +cosy-a™, | 
(e, a : invariant) . 


then {/’, p, a”} represents the same physical state as (3-17). Thus the values of 
{A, a, a®} have the arbitrariness by one scalar function 7(x, ), which means the 
angle of rotation of a, a™® axes in the plane normal to a®. Every physical result 
must of course be invariant to the transformation (3-18). 

Since we can thus represents a state of a quantum-mechanical spinning particle by 
(3-17), it must also be possible to represent the equation of motion in terms of these 
variables in a closed form. We shall really give such formalism in § 4, which we call 
as “rotator representation’, contrasted to the “‘ hydrodynamical representation ” reviewed in 
§ 2. Both are equivalent and transmutable to each other. It is furthermore natural to 
unify both representations. This unified representation, is especially suitable for the Lagrangian 
formalism,* and it is the latter standpoint that we begin with in the following. On 
the other hand, the rotator representation suits the canonical formalism of the theory. 
The introduction of the variable A is essential to making those new representations possible, 


as well as to making the corresponding model gauge-independent. 


b) Lagrangian 

Our purpose is, first of all, to reveal the realistic structure of the Pauli field in a 
physically interpretable sense. Our hydrodynamical representation has already met with 
that purpose, but we shall now combine the method of § 3, a) with it to make the model 
even more concrete. 

In the hydrodynamical scheme we have regarded the Pauli field to be a fluid 


constituted of a continuous distribution of particles having intrinsic angular momentum S, 


* Lagrangian formalism is also possible in the pure hydrodynamical formalism, although we do not 


enter it here. 
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Now we consider that each of these particles is really a very small rotating body* and 
S means nothing but its angular momentum of rotation while at? just specify the orientation 
of the rotating body. Namely we consider that the orientation of such body is epecees 
by an orthogonal coordinate frame fixed to the body just as in the case with a usual rigid 
body. We shall see later that our rotating body has a property distinct from a customary 
rigid body in respect to the relation between the angular velocity and angular momentum, . 
but in other respects we may regard it as if it be a usual rigid body. 

Formally speaking, the above picture corresponds to describing the Pauli field by the 
set of variables which comprises (2:3) and (3-17) ; ie. 


{A, p, a, v}. (3-19) 


Naturally such increasing of variables results in certain additional constraints among them. 
The most remarkable one is the relation (3-13), which means that the angular momentum 
of each rotating body is fixed to that pseudo-rigid body** with the constant magnitude h/2. 
We must now find the field equations satisfied by (3-19). To do this we may 
start from the original Pauli equation (2-1), but it is more profitable to achieve this by 
finding out the Lagrangian density £ of such matter field by the aid of a more physical 


argument. First we consider the angular velocity w of each rotating body. It is derived from 


the rotational orientation of the body at’ by the relation” 


Op=Wy—d> a) | 
= (O,+u,0,) af? aS, } (3-20) 
(ijk) ~ (123) 
which satisfies of course 
AOS es == aCe CG) 
ade == — ay a» 
‘eho 
iky Oxy Oj; = — 5g 


on account of (3-14). 
On the other hand the angular velocity @ in the coordinate system fixed to the 
body is given by 
Se Oa aca Gye 


= gpg a — gi g®, (3-22) *#* 


Now it is natural to assume that, corresponding to the rotational motion of the 


pseudo-tigid body, the Lagrangian density £ contain the term 


4” — — a, 8, Sis 


ponds, (3-23) 


*“ We may regard the spatial dimension of such rotating body as infinitesimally small; in that limit 
it becomes a “ point rotator”. 


** And just in that direction was taken the third axis (¢-axis) of the coordinate system fixed to the 


body. 
KK Using formula (A- 15) . 
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which may also be written* 


£O—— 99%” bag gp, 
2, 2 


Next, < must involve also the part 


0 =(e,A+e4) +o —3,A-+—— A,)} ; 
\ c 


(3-24) 


(3-25) 


Such A-dependent part is required for £ to derive the equation of continuity (III) ; 
and the above combination of the derivatives of A (which we now identify with the A 


introduced in § 3,a)) with A, and A, is necessary to secure the gauge-invariancy of the 


expression. 


Furthermore we recognize from (VI') that < must have the term — ~IT* correspond- 


ing to the characteristic internal actions working inside the fluid. Adding purely classical 


terms and the part to secure the constraint (3-14), we finally anticipate the Lagrangian 


density to be of the form 


L=p|(—A-eA,+ £ pA) 
\ (& 


sh b a q+ eb a Hi 
Zz. Z 2mc 
eg GN) 12 Ce SF 
>o 8 — {0, (pa} ye + A;p (a} qj —Oin), 
mp 


where the arguments are (3-19) together with 4,, : 
{A, Re ay, Uns Ain} ; 


4;,, being a symmetrical tensor 


Kop Ans « 


c) Derivation of the field equations from the Lagrangian 


(3-26) 


(2727) 


(3-28) 


Now we shall examine the field equations resulting from the Lagrangian (3-26), 
and then prove that they are indeed equivalent with the hydrodynamical representation 


stated in § 2. 
First, taking variation of £ in respect to A, we get (III). 


e bo» ay oa) 
mv, =0,A——— ig accetiy 1 dang?) 
i 


while the variation in / gives 


* Using formula (A-16). 


The variation in 1, gives 


(3-29) 
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2 b 2 b 3 
Aes 6A, ep Ase? eae A SEY § Fis) 
c 2 2 2mc 
| Bar, (3-30) + 
& in Oo 
ee Po aa ie 
8m" 4m ? 
The variation in a$(€¢=1, 2), yields 
oa) = —— SONGS Te (3-33) 


where &,, is the antisymmetric symbol of the 2nd order : 


(Een) =(_} Zn (3-34) 


Finally the variation in af” results in 
e eff Oe (8) 
= -0H; ao 4; 545 (3-35) 
mc b 
Wiehe e? = He? Sng (09 oP yee (oe 18). 
2e0 


The set of eqs. (3-33) and (3-35) is also written in the following form : 


0 : e 3 4 
0 (aQ? a? —a a) = —_—_ pa Hf*®# —__4,,. (3-36) 
mc b 
The antisymmetrical part of this equation gives* 
LG e 3 off 
i= Carl, (3-37) 
mec 


Incidentally, we note another relation following from* (3-33) and (3-35) : 


dD dae a 0g ee ee (3-38) 
mec 
Here we insert the following remark : We have explained in § 3,a) that in the choice 
of a and a there is an arbitrariness by a scalar function 7(x, #) as seen in (3-18). 
The condition to fix the coordinate axes a“ and a“ to each rotating body is evidently 
expressed by : 
dy/dt=0. (3-39) 


T By use of this we know that for a permissible motion 


de = — (62/4m) A ; 
and therefore ON) 48; CE) 


& = | Le dx =0. (3-32) 


* We use the formula (A-4). By the way the symmetrical part of (3-36) serves only to solve d;; 
in other quantities. d 
* We employ the symmetry of A;j and antisymmetry of a das” ini andj. [see (A-2)]. 
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In fact, however, throughout the treatment of this section we have not assumed this condi- 
tion, and therefore a™ and a™ can be any axes* such as orthogonal mutually and at the 
same time orthogonal to S. It is easily verified that, under the transformation of (3-18), 

— (6/2) a a® is invariant, but / is not, nor aS), a® separately. Only when we 


restrict the transformation to those satisfying (3-39), A and Q=—a™a® become 
invariant separately, 


d) Transition to the purely hydrodynamical representation 
The equations of c) derived from the Lagrangian are written in the variables (3-27). 


We shall now show that when we eliminate the excess variables 
esti, 2 Aa (3-40) 


from those equations, we are exactly led to the hydrodynamical representation stated in 


§ 2. 

We have already obtained eg. (3-37) not containing the variables (3-40), but this. 
equation is nothing but the former equation (V). Next, we take d/dt of eq. (3-29) 
and 0/0x, of (3-30), and then add the results. Using there again (3-29) to eliminate 


0,A, and also (3-38) to eliminate a” d,a® —ad,a™, then we reach eq. (IV). 
Finally, we rewrite (3-29) (by (A-4)) in the form 


Nt, =O, A A+ Esmn d,s? a -a®, (3-41) 


and then take the curl of both sides. Then we get 


mov, = ad eee Da Eoat (O,4$- 0, ay, ae ay : 
tj *) Cc 4 ¥=1,2 
+3 ,a{? a 3,40) —[j, ff, G2 
(ijk) ~ (123). 
Taking account of (A-9) and (A-11), this becomes 
mo Oi —— eee ce ee ee Cts led) a 0, ch ee (3 -43) 
(5 ? 


which is exactly the condition (II) of § 2. We have thus derived all of the fundamental 


equations of § 2. 


§4. Canonical formalism and the rotator representation 
a 


From the Lagrangian (3-26), we can at once obtain the canonical conjugate P[Q] 


for each variable Q, as follows: 


I 


=~ On the other hand in the treatment of § 4 we shall put the condition (3-39). 
Oe Here [j, &] signifies the expression resulting from the preceding one by commuting suffixes j and k. 
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(Pl A|= =p, Plas? }=— ae aae), (4-1) 


Plv]=P[v]=Pla] =P ah? ]=P [Ag] =0. (4-2) 


Energy density function HX is also calculated from £ by the standard formula. Transform- 
ing this result by use of (3-29) we obtain 


yw ey 2 fo 


mC 2m 


He = peAy+— \s\?, (4-3) 


which is nothing but the equation (VI’). 
We can overcome the difficulty of the vanishing of the conjugate variables for /, 
v, a, a, and /,; by the following procedures: we take (4-3) as the hamiltonian 


density of the system, which is now regarded as the functional of the variables 
(A, PLt]=—p, af, Pla]=a?} (4-4) 


only ; the quantities » and s appearing in JO are taken as dependent variables expressed 
in terms of the basic variables (4-4), such that 


Ps Pe ny ee (4-5) 
fe ? 
s=[a? Xa], (4-6) 


Eq. (4-5) is the same thing with (3-29), while (4-6) with (3-16). 
We can really verify that (4-3) is the hamiltonian of the system under considera- 

tion: We calculate the field equations to be derived from this hamiltonian, i. e., 

(A. A= —3'4 /3'p, A, =0'H /0'A, (4-7), (4-8) 

(aa)? =3'26 /'a, Byaf—=—3'6 /B'a (4-9), (4-10) 
where 

8'I6 /0'Q=9H6 /8Q —O, (16/9 (A,Q)). (4-11) 

First we find that (4-7) takes the form 


(ak oh if 
0, A= ——_v?—eA, — v%,0,4a9>- (4-12) 
DY v 
which is rewritten 
| A=" 04,4" vA 2 
| 2 one F +/1 ‘) (4- 12’) 


oe 
by using (4-5). Eq. (4-8) simply gives (III). 
On the other hand (4:9) and (4:10) become: 


ap ea ai"! ie FT, +- ee ae xs) (4: 13) 
71C 


(€¢=1, 2) 
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where ¢=1 corresponds to (4-9) and €=2 corresponds to (4:10). From (4-13) we 
can get the similar relation for a$”, too, owing to the relation a® =[a\? Xa]. If we 
use the quantity H*—H-+H’ defined by (2-10) and (2-13), all of them are put in 
a single form: 


(Se, PO) Aa 
a a ae “HF lo (€=123) (4:14) 


We see the above results of the hamiltonian formalism are simpler than the cor- 
responding results in § 3 c) of the Lagrangian method. In the present case the basic 
variables (4-4) are just the same with the set (3-11), and so the above representation 
means that we have established the formalism in terms of the modified Kramers’ variables. 

In this formalism the equations of motion for A, a, and a” do not contain 
arbitrariness any longer. This corresponds to the fact that they are invariant to the 
transformation (3-18) only under the restriction (3-39). In other words a“ and a™ are 
“fixed” to each rotating body. Also it is important that in this representation Planck’s 


constant does not appear in the formalism except in the single relation : 


(GO) 4, | (4-15) 


We also remark that the canonical formalism for the spinning hydrodynamics have been 
made feasible only through the introduction of the variable A and also factorizing the 
spin vector s into a‘? and a in the manner (4-6). 


Various Poisson brackets are calculated in this formalism, especially we see that 
be, lease. ok) (123) (4-16) 


conforming to the condition for angular momentum. 

Now the fact that the present formalism be equivalent with the hydrodynamical 
formalism is easy to ascertain. The equation (V) was already obtained, while the equation 
of motion (IV) is derived from (4-5) and (4-12’) in the similar manner as was carried 
out for the case of §3 c), but in a simpler way. The condition (II) is naturally 
obtainable from (4-5). 


§ 5. Further remarks on the features of the model 


a) Velocity field 

The velocity field of our theory was written as (3:29), which shows that 1, CVEE 
a play the role of Clebsch parameters for the velocity variable. It must be noted, 
however, that this velocity field does not correspond to a most general vortical field, on 
account of the fact that a$*”s are restricted by the constraints (3-14). 
b) Angular velocity 

The equation of motion (4-14) exactly shows that each rotating body has angular 


velocity of rotation 
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w= *_H*=—* H+ Z x ( : a8). (579) 


mc mc m ? 


Namely, the angular velccity points to the direction of the effective magnetic field, which 
is not collinear to the angular momentum S, nor is fixed to the body. Thus in our 
model, the angular velocity and angular momentum have disparate characters, since they 
are not connected through constant moments of inertia as in the case with a customary 


rigid body motion. 


In conclusion the authors would like to express their sincere gratitude to Professor 


L. de Broglie for his kind interest taken in this work, 


Appendix 


a) Formulas on the coefficients of orthogonal transformations 

Since our theory deals with the motion of a continuous assembly of orthogonal co- 
ordinate systems each attached to each point of space, we write here some formulas con- 
cerned with it. They are simply mathematical relations following from the definition of 
orthogonal transformation, (3-14) and (3-15), where a{*”’s are functions of space and 
time coordinates. We take the right-handed system so that 


Cignh dd. =—1, (A-1) 

First it is clear from (3-14) and (3-15) that 
daf- aS = —daS. a antisymmetric in i and j, (A-2) 
da + ab? = —da\ - aS =antisymmetric in € and AG (A-3) 


where 0 means 0,, 9,, or d/dt. 


Next, we have the well-known relation that 
GO Sa ies a Seas (A-4), (A-4’) 
($7 €) ~ (123). 
Similarly we have 
dP =€.,, as? ay, yk) ~ (123): (A-5) 
(A-4’) and (A-5) are also expressed in the form 


(Fes ay? ay? = Exp a (A-6) 
Ecqe a P= Sip a, (A-7) 


Also it is easy to show that 
() ONL 2)\ oe 
Emm Ij4 = — (O;a a) af”, (A-8) 
Chin 0, a - On a ‘ any =0 f) (A 9) 


both for $¢== 15.2, 
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and 


NVI) eC (8) \ (2 3 
Conn Oday: a, ay i San da} ue a ay = — das» , ay . (A 1 0) 


me 


Next we prove the relation 


(s) §) 8) = 3 3 3 
any ep On aj 4 aS 0; as ? an Cnn as : 0, a On as y * ‘ (A “el 1) 


For that purpose first we express the left side in the determinant form 
d,a 9,4 O,a® 
aS (A: 12) 


Aja B,a A, a| 


and multiply each column by a$”, aS, a§” respectively, and add, then (A-12) becomes 
a O.d Ona, Vora.’ . 
5! 2 
Bo fuchom.Ao-caiPisb say (A-13) 
SLE day 
@) @) 
0 0, a3 0, as 
Noting (A-3) this equals 
‘ (3) (Ce) | (3) (3) 
ad S 0, a - a dg ay Ibe ii ay O,4§ 0, as | (A itp 
ae (3) (3) (3) | (3) 3) 3) y ) 
= q 0; a5 0 as } a |0 a5 0, as | 


On the other hand it is easy to see that the right side of (A-11) equals (A-14). 


Finally we note two simple formulas concerned with «,; defined by (3-20) : 


a 


(es a =a, (A-15) 
Eu ogj 40? = —2af a), (A- 16) 


b) Euler angles 


We have employed the set of quantities a“ which served to specify the orientation 
of the rotating body. In place of them we may use the corresponding Eulerian angles (0, 
G17) eu). pen the relations between both sets of quantities are given, as is well known, 


by 
— (cos cosy cosy +sing siny), —cos@ sing cos 7+cos¢ sin Y, sin 4 cos 7 


(a,°) =| —cos@ cos¢ siny +sin¢ cos7, —cosf sing siny+cos¢ cosy, sin siny 
sin 4 cos Y, sin @ sing, cos 4 
(A-17) 


These Eulerian angles are related to the spinor ¢’ as follows, 
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$= 7? cos exp | —¢) | ; 


x! = pt? ath . exp| : +9) |. (A-18) 


In other words (¥,', gs’) /'? are just the Cayley-Klein parameters for (4, 9, 7%). 
In terms of Eulerian angles, the velocity field, for instance, is represented as 
b 


mv,=90,A —- A, + ig (0,4—cosf-0,¢). (A-19) 
c 


In this form, A+ (6/2) 7, cos@ and ¢ play the role of Clebsch-parameters. 


c) A generalization of Pauli field 
The fact that the Pauli hydrodynamics corresponds to quasi-irrotational mode of flows is 
a remarkable feature common to any hydrodynamics representing a quantum wave equation. 
Now, in order to generalize the hydrodynamics so as to include general vortical mode 
of flows, we are to introduce new degrees of freedom ¢ and 7 and add the term COn7 
to the right side of (3-29). This corresponds to adding the term 


— ps (dy/dt) = —p& (07n/Ot+v,9,y), (A-20) 


to the Lagrangian density (3-26). When we derive the field equations from this modified 
Lagrangian, and then go to the hydrodynamical formalism by eliminating the excess 
variables, we reach the following theory : The basic equations (1), ({II), (IV), (V) do 
not change at all, while in the right side of (II) there appears one additive term 


(1/m) 045-9417 (A-21) 
and besides them we have the equations of motion for ¢ and 7 
d¢/dt=dy/dt=0. 


This means that the theory is the generalization of the Pauli hydrodynamics so as 
to include general vortical flows without affecting the equations of motion and the condition 
(I). This hydrodynamics involves two more degrees of freedom than in the Pauli theory 
and cannot be described by a spinor ¢ alone. , 
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The theory of irreversible processes based on quantum statistical mechanics is formulated in the- 
framework of the quantum field theory, for the purpose to investigate whether the hydrodynamical. 
description is applicable to the meson cloud as considered in Landau’s theory of the multiple produc- 
tion of particles. The hydrodynamical quantities are defined from the field-theoretical operators. 
by means of the averaging procedures in quantum statistical mechanics. Through the discussions 
about the relation between the equation of state of meson-nucleon fluid and the feature of interactions,. 
it seems possible to conclude that at extremely high energy the equation of state assumed by Landau 
holds in the case of the first kind of interactions (having the dimensionless coupling constants), while 
it is not the case in the systems with the second kind of interactions (having the coupling constants. 
with dimension). In particular, the violation of Landau’s equation would be serious in the case of 
interactions with derivatives. Next the formulae are presented to calculate the phenomenological co- 
efficients to be considered as the representatives of the properties of the fluid. Such a formulation 
includes the calculations of the relaxation time, the time for a system to reach the local equilibrium. 
There the methods are also prepared to estimate deviations from the macroscopic values of physical 


quantities predicted by the hydrodynamics due to fluctuations. 


§ 1. Introduction 


From recent experiments of high energy cosmic rays, we could derive the following 
conclusions: (i) the sharp angular distribution of the energy flow of secondary particles 
in air showers, (ii) a small ratio of the number of heavy unstable particles and anti- 
nucleons to that “of pions compared with that predicted by Fermi’s theory”, (iii) the 
multiplicity proportional to E,\/~"", E, being the energy of an incident particle in labora- 
tory system, and (iv) the value 0.2~0.7 of the inelasticity. The qualitative behaviors 
of the above characteristic features seem to be interpreted most successfully by Landau’s. 


theory” *** using a hydrodynamical model for the excited meson cloud formed in a 


* This article was read at the Meeting of the Physical Society of Japan, Kyoto University, Oct., 1956: 
and the primary report was published in the Nuovo Cimento 6 (1957), 245. 
*k This article was completed while this author was at the Tokyo University of Education. 
* In Landau’s model so far considered, one cannot calculate the inelasticity because of the implicit as- 
sumption that the entire initial energy 1s released from the colliding particles into their clouds. However, 
there may be a possibility to calculate the inelasticity in the framework of Landau’s theory with some: 


modifications. 
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collision, although it may be possible to explain the phenomena by other models and the 
above experimental results are not definite yet. 

Along Landau’s line of thought, we consider the phenomena in such a way that the 
hydrodynamical expansion will begin after the particles (or the proto-type of particles) 
have been rapidly produced in the initial excited cloud. That is, the phenomena are to 
be understood in the following three steps. (i) Directly after the collision, the meson- 
nucleon cloud surrounding two colliding particles is suddenly excited into a furious thermal 
motion and goes rapidly into a local equilibrium because of strong interactions in high 
density. At the end of this period the cloud would be considered to be a system with 
the volume 2™,/E in the state of an approximate equilibrium, where @o== (40/3) 
(R=Compton wave length of pion) and E is the incident energy in the centre-of-mass 
system. The effects of interactions in this period are taken into account only through 


the initial condition that demands one-dimensional motion of the cloud in a subsequent 


stage and the formation of a local equilibrium. (ii) The next period is characterized by 
the hydrodynamical expansion of the cloud, in which Landau has used the assumptions 
of the perfect fluid and the equation of state p=4¢ for the fluid, p and ¢€ being the 
pressure and the energy density, respectively. One may consider that the final interac- 
tions among diverging particles would be taken into account in the hydrodynamical equa- 
tions. (iii) Since owing to the expansion the cloud becomes cold and dilute, there 
occurs the particle character and the cloud splits into free particles after cooled down to 
the critical temperature (equivalent to meson mass). 

It seems true that the above line of consideration would be a correct way to analyse 
the phenomena, because the experiments of the multiple production of particles in nucleon- 
nucleon and nucleon-nucleus collisions may be interpreted by Landau’s theory.” His 
theory is, however, only a phenomenological one, whose relations to the present quantum 
field theory cannot be clarified by itself. In the present paper we shall search the pro- 
cedure to formulate the hydrodynamical equations in the framework of the quantum 
field theory and to investigate whether the experiments of the multiple production can be 
considered as a tool for testing the present field theory. Our main interest may lie in 
the following problems: (i) Does the present quantum field theory permit the hydro- 
dynamical description for the motion of the meson-nucleon cloud? (ii) Are the initial 
boundary conditions acceptable? (iii) What kind of equation of state and pheno- 
menological equations should one assume, i.e., either the perfect fluid or the more com- 
plicated viscous one? (iv) How much deviations from the values predicted by Landau’s 
theory are caused by fluctuations ? 

Now one handles only a few quantities such as the local velocity, the pressure and 
the energy density, while the many quantum numbers must be required for description 
of the systems participated by many particles, This situation comes from the fact that 
the hydrodynamics is associated with the averaged motion of the system, Thus it needs 
the statistical mechanical methods for the irreversible processes as in the molecular theory 
of the ordinary fluids. 


We shall firstly define the hydrodynamical quantities from the field-theoretical 
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operators on the analogy to Kirkwood’s classical theory” for the systems of non-relativistic 
particles and look over the types of equations of state for several systems with various 
interactions (§ 2). Next we shall obtain the formulae to calculate the phenomenological 
coefficients, such as the thermal conductivity and the viscosity coefficients, and the relax- 
ation times (§ 3). Finally brief discussions will be given for estimation of the deviations 
due to fluctuations (§ 4). In Appendix the macroscopic theory of the relativistic hydro- 


dynamics is outlined together with the thermodynamics for irreversible processes. 


§2. Definitions of hydrodynamical quantities and 
the equation of state 


As stated in Appendix, in order to describe the motions of the meson cloud hydro- 
dynamically, we must define the energy-momentum density four-tensor T,, and the mass 
flow four-vector J, in such a way that they have reasonable physical meanings. On the 
other hand the field theory is completely determined by the Lagrangian density LL which 
is a function of field operators; hence it is necessary to define T,, and J, in terms 
of the quantum operators* derived from L. As the physical meanings of T,,, and J,, are 
well understood in the classical theory, we shall consider first the relativistic classical theory 
which is a relativistic extension of Irving and Kirkwood’s formalism®. Next we shall go 


on setting up a quantum mechanical analog of the classical theory. 


2-1 Classical systems 

We consider a classical system consisting of N particles, the motion of which is 
described by relativistic mechanics. For the sake of simplicity we treat a free particle 
system without external fields and mutual interactions as the limiting case of very weak 


interaction, though the system in the complete absence of interactions never becomes the 
fluid, 

Now a state of the N-particle system can be represented by a point in the 6N- 
dimensional phase space with 3N coordinates X,, %2,°--%y and 3N momenta p,, py°-py. 
The probability distribution function in this phase space f(x,,---%y3 py':py3 t) obeys the 


Liouville equation 
Af/9t+ 3 Gr/Es) Pag f=0 Qy" 
and satisfies the invariant normalization condition 
foo] he ad bbe Ge Ry Pus Pw3 =i, (2-2) 


where E,= V pi+m,?. The transformation property of f is determined by the condition 


* In what follows we shall denote the quantum operators by the Gothic type, while the arrows stand 


for the three dimensional vectors. 
** Throughout this paper we use the unit h=c=1. 


594 M. Namiki and C. Iso 


(2-2). The expectation value (a; f) of a dynamical variable A(X ky 3 Propy) for 
the distribution f is defined by 


(a; A=|-f dx, dxydpy--dpy@ (X,-Xy 5 PrvPx) x 


fGr-%x5 poops 8)- t2<3) 
The mass density J,(x, t) and the mass flow TCG, t) at x and t of the system are 
given by 
= > => \ 

Jo(% #) = Drm H—%) 3 fs (2-4) 
= Ne, Fa 

JG, ) =3}(mPt3@—) 5 f), (2:5) 
k=1 E, 


or they are unified to a four-vector 


are 


bt iP Gare 
JG, ) =>} a Mf ps (2-6) 


where m, is the mass of the kth particle and p,=(p, iE). Using the Liouville equa- 


tion, we easily prove the equation of continuity of mass 
Von ae, (2-7) 


As the quantity nu (x—X,) 3 f) is invariant, it is evident that /, transforms like a 
& 
four-vector. With this mass flow one can define the local velocity u(x, f) at x and f. 
iG, =I, )/W& #) 
at Px Vs> as pg Nes > 
=D mB oa) 5 AS mbG—2) sf), (2-8) 
as prescribed in Appendix. The right-hand side of (2-8) explains that u(x, t) is the 


velocity of the center of mass of the system in a small volume surrounding the point x 
at the time ¢. 


The energy density 4(x,¢) and the momentum density g(x, t) at x and ¢ are 
respectively defined by 
N 
Jo (x, t) es (E,0(— Xp). fs (2-9) 
SSS sub > > 
Gg (xt) = 214P:9 G—4); f). (2-10) 


By using the Liouville equation we get 


Og an t) aa au (a > > ; 
oo Se .. 9 > Jeo) —Xx,): = 
Ot 2 hI Ex e x) : f) a 
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Ago (%, t) /Ot-+0,-G(%, t) =o, 
-which can be collected in the equation 
VT .,=0, Q=1 1) 


where T,,, is the energy-momentum density tensor defined by 


Tn Sii Peabo) “9 (x Xz) : f) k (2- 12) 


I’, transforms like a four-tensor as is easily seen. 
Following the prescription (A-12) and (A-13) given in Appendix, we can derive 


from the above energy-momentum density tensor the heat flow and the internal stress 


qu (%, £) Put (Px) el = [ (pe) y—m,U,}0 (%—2,) ; f) ; (2.513) 
buy (x, t) a3 = (Pe) wm wll (Pe) v—m, U4] 8 (x—X;,) :f) > (2 , 14) 


respectively, where (A,) ;=A,4,, denotes the space-like component* of the vector A, 
perpendicular to U,. Here we have used the relations 


AS, ( px) iF Bagg (Pr) y—m,U,]=[ (px) u—m,U,, |, ’ 
— (p.),Ui= (Pear, P+ me, 
2m), 


and the equation of continuity, besides the trivial equation (p,),°==—m,°. Since the 
right-hand side of (2-13) represents the average of the invariant relative kinetic energy 


density pyr (pr) y—m,U,]?-0(x—x,) carried with the relative velocity | (px) ,—mzU,])/Ex 
2m, 

to the fluid motion, we may just interpret it as the heat flow. For (2-14) ¢,, can be 

regarded as the internal stress tensor, As emphasized in Appendix, these quantities are 

designed to have the most definite meanings in the local rest system, that is, in the system 


u=O0 we get 


q (x, t) =>) (E,—m,) 0 (—%,) ; f) 


k= (2-13’) 
qo (z, t) =0 
> Set UP CPE) AS ets ) DEAE Ee a 
* a S1( AEE OATES I F(X —X,) ; fore 1, 232 
tg Gy =D POP G—B) 5 f) for ij asin 


bay 638 t) = 0. 


‘On the other hand, in the non-relativistic case (|u|<1) we get 


Aya, =0,9FU, U,, see Appendix. 
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Ae p=>((Pe fee ) gk Gi— mit) 3 Ay); f) 


2m; (e140 
Gas t) =0 
NY} z ae p 
tis, ) =D1(m( Pe i) k —i) 1%); f) \ 
k=1 . My, my, 4 (2- 14’) 
for i, y=1,°2, 3 
tie Os t) =0 


which coincide with the formulae given by Irving and Kirkwood” in the non-interacting 
case. Thus we see that our method is a proper generalization of Irving and Kirkwood’s 
procedure to the relativistic system. 

Now one can derive from ¢,,, to be interpreted as the internal stress causing the 
transport of momentum, the expression of pressure p which turns to the thermodynamical 
equation of state in an equilibrium state. Calculating Tr(T,,) by (2-12), (A14) 
becomes 

~ 
spae— Si MEd G4); f) Se (2-15) 
=i 
In the case of the extremely high energy the second term of the middle part of this: 


equation can be neglected in comparison with €, Consequently we get 
3p=€ (2-16) 


which is nothing but the equation assumed by Landau.” 


2-2. Free quantized fields 
In order to define the hydrodynamical quantities T,, and J, in the framework of 
the quantum theory of fields, it is favourable to utilize the correspondence of quantum 


quantities to classical ones.” 


For simplicity we consider the free neutral meson field as 
an illustration. 
Let the operator (1/ 2 )$*(x) be the plus or minus frequency part of the quantized 


free meson field (x), which is connected with the creation or annihilation operator 


A*(x) as follows : 
(7) — 1 4e 
¢* (x) = VE, (x), 


<5 onae pe 2 : 
where E,=m’—V? and V E,, is an operator defined by means of the Fourier trans- 
formation, 
After subtraction of the zero point terms, it is natural to define the total mass 
operator and the total mass flow operator by 


sl -e ; : atns ie . 
Irving and Zwanzig have made use of Wigner’s distribution function for the purpose to extend 


Irving and Kirkwood’s method to the case of quantum theory. Hewever, it is so complicated that it is not 
useful in the relativistic field. 
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[Ao @)md- Hae= | $ @mb,G Wd 


p (2-17) 
JF Om Pew eim [6 Omi oa 
p 
where p= Z Pr, and the total energy and the total momentum by operators 
i 
[A @E4 Wdt=[o WEY OE 
(2-18) 


| 4° @34-@ P= | $* EBS a, 


The density operators are, therefore, defined by the corresponding integrands, provided the 
appropriate symmetrization is performed.* Thus the mass flow operator is given by 
J,.(x) =" (x) mB, o (x), (2319) 


where $= (1/21) Gea . Note that here the arrow on I’, does not denote the vector 
but the direction of differentiation (right or left). The mass flow in hydrodynamics is 


defined by 

Ju @) = Sy ); (2-20) 
where the symbol (A) stands for the quantum statistical average of an operator A, given 
by 

(A) =Tr (pA), (2221) 
p being the density matrix of the state in the corresponding transport process. The 
explicit form of will be discussed in § 3. The energy-momentum density tensor is 


obtained by 
T= OPPO () D- (2-22) 


Using such definitions of T,,, and J, and the prescription of Appendix, we can write 


the expressions of i, q, and t,, as follows : 
ug (Xt) =(P" (xX, t) mB P(x, t) )/CP* (x, tmp (x, 4) ) (2-23) 
for i=1, 2, 3 
qu(X, t) =Ch* (Xt) (B,—mU,) | (1/2m) (Pi —mUj)*6 (Xf) ) (2:24) 
tyy (x, t) =(p* (x, t) (P,—mU,) 1 (PY —mU,) 19 (%, 4) D: (225) 


where the differential operator p', should not be applied to U,. From the above forms — 
of the quantities, it is evident that they have the correct transformation chatacter and 


* Since the operators written in terms of ¢+ do not contain 1/E,, the symmetrization is easily performed 

; : ' ne 

if E,, is replaced by the differentiation with respect to time. On the other hand, in Irving and Zwanzig’s 
o + . . . . . . r 
method, one must symmetrize the operators written in terms of A+, as the description is given by Wigner’s 


distribution function. 
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the proper physical meanings to be expected. Here the quantity (b* (x, t) 0” (x, t) > is 
to be compared with ‘o> : HG 2,) oP in the classical theory. 
\ I: E, / 
After a few calculations, one can get the equation of state 
3p=e— mb" (x) P(x) SE, (2-26)* 


which reduces to (2:16) at extremely high energy. | 
Now one may say in general that the prescription to obtain the hydrodynamical 


ly 


by its vacuum expectation value, derived from the Lagrangian. Consequently we can 


is the quantum statistical average of the symmetric energy-momentum tensor, subtracted 
Ly 

i i i -existi stem of several fields. The mass flow 
easily obtain T',, in the case of the co-existing system o Se 1 
js the sum of those of all fields. For example, the co-existing system of nucleon and 


meson fields has the mass flow 


Ju (x) = Cb" (x) mp9 @®) +E” OO) Mr (+42) MrPe(x)), (2 20’) 
where ¢ is the nucleon field with mass M and @¢, is the charge-conjugate field. 


2-3. Interacting quantized fields 
In the present subsection we treat the interacting fields with the Lagrangian density 
L. According to the above considerations, it seems natural to define the hydrodynamical 


energy-momentum density tensor T,,, by 


TCO SOR = OO) mae (2-27) ** 


where @,,, is the symmetric energy-momentum tensor derived from the Lagrangian density 
L by means of the well-known technique. The definition of (A) is given by (2-21), 
but (A),,. is the expectation value for the true vacuum, On the other hand, unfortunately, 
it seems that one does not obtain so useful definition of the mass flow for the cloud in 
early stages of the multiple production as the classical or free field case. However, we 


know that the operator 


J) =T (SJ, ()) (2-28) 


represents asymptotically the mass flow associated with real particles’), where J, is the 
mass flow operator without interactions, S the S-matrix and T the chronological ordering 
operator. J, may be also interpreted as the mass flow existing when the interaction is 


switched off at the time ¢, Thus we shall tentatively define the mass flow by 


* In derivation of (2-26) we have dropped the unphysical terms which are to be canceled by adding 
an appropriate term (T),,’ satisfying 7, T,,,/=0 and \ Tus’ d°x=0, ) to the energy-momentum tensor. 
Such a term has the form proportional to Fulv—Oy Ll) (éte-). 

** As in Irving and Kirkwood’s paper), all the densities might have to be averaged over a small 
volume arround the point x. However, it is taken into account by mears of the statistical averages with the 
‘density matrix as given in § 3, provided that A,,(x)’s can be chosen to be slowly varying functions. 
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Ji.) =i @® > 
or —<S -(a) Jp x) S (ay), 
where S(c) is the transformation operator obeying the equation 


9S Core 


Oo (x) 


(2-29) * 


=H, (x) S(o), 


H;,, being the interaction Hamiltonian density. For the meson field, (2:29) may be 
rewritten as 


Ji (x) ae eo (x, o) mp, (x, o) Mids (2 - 30) 


in which $* (x, 7) =S7'(o) $* (x)S(o) is the plus or minus frequency part of the 
operator defined by Yang and Feldman”® and x must be put on o after the differentia- 
tions. Now the mass flow (2-29) satisfies the equation 


MOR RIOe \ Hy (x!) doy} ojo (2-31) 


Although there may be some ambiguities in the definition of the mass flow, the discus- 
sions below will not suffer essential alterations. 

In the remainder of this section we shall discuss the equation of state for the fields 
with various interactions. 
(i) The neutral meson field with Schiff’s type of interaction. 

From the Lagrangian density 


L=-3{ 0,9)? + might“ g', (2-32) 


one can easily derive the symmetric energy-momentum density tensor 
6,.=4 Vd O+V OF ob} + L0,, 


Using the equation of motion and dropping the unphysical term proportional to 


FV y— Out) e, we get 
Tae =(4( Bubs +“ a9) @333) 


where the vacuum expectation term is suppressed.** From T',,, the equation of state 


* Ju(x) has the g-dependence, since the right-hand side of 
BJ, (x) [Bo (x’) = —i(S (6) [J (x), Hint) 1 S(o)> 


never vanishes unless the distance between x and x’ is over (1/m), even in the case the vector x,—x,’ is 
space-like. However the effective correlation distance between x and x’ might be reduced to a smaller length 
in very short time interval passed in the expansion of the cloud. Otherwise, the o- “independence of Ja would 
have to be considered asymptotically. The authors are indebted to Mr. Z. Maki, Mr. Y. Onuki and the 


other members of Nagoya University for interesting discussions about this point. 
*€ In what follows, we will always suppress the vacuum terms and disregard the unphysical terms. 
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can be derived in the form 

3p=€—m*$"), (2-34) 
where the equation of motion has been used again. 
(ii) The nucleon-pseudoscalar (or scalar) meson field with the pseudoscalar (or scalar) 
coupling. 


The Lagrangian density is given by 


L=—i{ V9.) 2b mb 2 +B (77 ,+M+Jabs0Te) Y 
+ 6(—70,+M+ -b20Te) (2-35) 


from ‘which we get the hydrodynamical energy-momentum tensor 
Day =(2 9G. +7) f+ Fu PPP. +40 080.98.) 5) a (2 : 36) 


where a stands for the isotopic index. In this case the equation of state becomes 


spe — MUG) — (Bet). (2:37) 

In spite of the existence of the interaction, in these two cases the equation of state has 
the same form as that of the free field. Consequently one may expect that at extremely 
high energy the equation would reduce to the simple form (2-16) assumed by Landau. 
It is, however, noted that in the case of the flowing fluid the pressure p must, in general, 
contain the viscous pressure besides the hydrostatic one (see Appendix). Thus, in a 
local equilibrium the pressure p in our equation, 3p=€, does not necessarily coincide with 
that in the equation used by Landau, because the latter contains the static pressure alone. 
Nevertheless it is surprising that simple equation, 3p=<¢, holds in an equilibrium, 


Now, let the interactions in the above two case alter into 
“7 iene. ; : 
GO we (= 4 in the case of (i) 
n 


ii’) guOt."(n>1), in the case of (ii) , 


so the terms 
Kg (1 me =) and Ja POT ub.” Ce 1) (2 ; 38) 


must be added to (2:34) and (2-37), respectively. Hence we see the explicit appearance 
of the interaction terms in the equation of state. Such terms become serious in the 
region with the high density of mesons, but it seems possible to neglect them at extremely 
high energy if the cloud has expanded to some extent. Thus one may again expect the 
equation, 3p—e, in this case, 

However, the situations are quite different if the interaction contains derivatives of 


field quantities. 


(iit) The nucleon-pseudoscalar (or scalar) meson field with the pseudovector (or vector) 
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coupling, 


From the Lagrangian density 
L=—3{0,6.)? +m$2 +9 Fn t+M+Ge(F ube) Outs) 


+6 (—70,+M+9. (7 b.) 0,7.) $}, (2°39) 


we get 


EBB = 5! Fuby = Vy >) ~ oe db, Pub be ar 49,00, to (F 1.) 


+1 IG O50 FG.) +9 bIG.F u(POyraf) ) (2-40) 
After some calculations, the equation of state becomes 


3p=€—m*{$,") — MCh) — mg OS , (PO 72%) >. (2-41) 


The last term in the right-hand side of (2-41) would be, in general, of same order of 
magnitude as that of € even at extremely high energy.* Consequently the violation of 
the equation assumed by Landau is serious. 

From the above discussions, it seems possible to conclude that the equation, 3p=€, 
holds in the case of the fields with the first kind of interactions (with coupling constants 
having no dimension), while it is not the case for the second kind of interactions (with 
coupling constants having the dimension)**. The cases (i) and (ii) are examples for 
the former, while (i’), (ii!) and (iii) for the latter. In particular, it is remarked that 
the equations of state for the fields with the derivative couplings would become quite 
different from (2-16). Since such conclusions are not altered in the more general cases, 
it may be possible to obtain some information about the type of interactions by means 


of comparing the results inferred from the equation of state with the experimental ones.*** 


§ 3. Irreversible processes in meson-nucleon clouds and 
phenomenological relations 


In the preceding section, we have formulated the procedures deriving the general 
scheme of hydrodynamics from the relativistic quantum field theory. Now we shall go 
on to the next problem to study whether the meson-nucleon clouds appearing in the 


multiple productions of mesons can be regarded as fluid and, if it is the case, what kind 


of fluid they are. 


** Note an exceptional case of the vector coupling between the nucleon and the neutral meson, where 


the last term in (2-41) vanishes because of the equation of motion. 

“* The same conclusion has been obtained also by Ezawa, Tomozawa and Umezawa” in their theory 
of static fluid. 

ie However, one may say that, if the higher energy parts of the interaction were cut off in the future 


theory, the equation, 3p=€, would still hold at the extremely high energy even in the case of derivative 


couplings. 
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It may be expected that, because of strong interactions in high density, the initial 
excited cloud would go rapidly into a local equilibrium which is determined by some 
thermodynamical parameters such as temperature but is irrelevant to the details of the 
initial condition, In order that the cloud can be regarded as fluid, it is necessary that 
the time spent till the formation of local equilibrium, namely, the relaxation time in the 
terminology of statistical mechanics is very short in comparison with the diffusion time of 
the substantial parts of the cloud. Furthermore, the rate of change from the local 
equilibrium to the macroscopic one is closely related to the phenomenological coefhcients, 
such as the viscosity coefficients and the thermal conductivity, together with the above 
relaxation times. Thus some essential parts of the problems presented in $1 would be 
able to be handled in the framework of the quantum statistical mechanics of irreversible 


processes developed by Kubo, Nakano, Nakajima and others’. 


3-1 Outline of the statistical mechanics of irreversible processes. 


Following Nakajima’s formalism”, we start from the density matrix 


p(t) exp(p0— \ Pg (®) de+>) \ (Bp /m) J &) dB 


pe 


+33] eG 9 an aR} (3-1) 


nr 


for the local equilibrium, where 2 is the free energy determined by the condition Tr(o) =1 
and S=(1/kT). A,,(%, 6), which is considered to be a measure of deviation of the state 
from the equilibrium, is assumed to vary with time to enable us to obtain the expectation 


value of an operator @, at time tf 
(a,)=Tr (0 (¢) a,) 
=Tr[ (0) exp tit| & (%) d°x} ayexp{—it | g, (@) d°%} ] 


and tends to zero as the state turns to the equilibrium. If deviations from the equilibrum 
are not too large, it would be sufficient to maintain only the terms linear in 4, in the 


average values of physical quantities, In this approximation, the rate of increase of the 


entropy, += —kTr(p log), due to irreversible processes is written as 
Wy = 1 2 > 39 
rar cae= SIG XE Oa Bt 


where X, and J,, are the thermodynamical driving force and flow, respectively, defined by 
X,, (x, £) = —kTA,, (x, t) ) 
dagen (3-3) 

In (3, ) =d( ay, @, 8) ),/de.| 


GB 2) is to be compared with the integral of (A-20). (Note that (d2'/dt) 
=) (F,S,)d°x). The average value of a,, is given by 


irr 
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(abn (3) Yoo) | PHAR, 2) Om, #5 9), G-4) 


™ 


where 
DP >) = a, 8 di >) > si BN 
ee x3 5) =a 9g sam ®) Sa s+is) /0 Ge5) 
t 


in which ¢-:-)) stands for the average value in equilibrium, From (3-4) we obtain ' 


d * ep re! = 
ar ee a, 7 i> —S} =G,7, sant) Cs oe ag! us 
Beg mF ER (3-6) 
where 
Gis jG x’) =A| dD, Ce &3 t) dt (3 4 7) 
é >; > 8 di . >) . > Ei) 
Dyn (x, X35 = astm (x’) &, (x, t+ 1A) )o. (3-8) 
0 


In derivation of (3-6), we have used the assumptions that @;,, (¢) damps, for example, 
as exp(—t/t,) and @;,, (0) =0, and that there is a sufficient long time interval, 7 >s ><, 


where < is the time passed till the macroscopic equilibrium revives, namely, 
T=p Prim (0) YN od : G3 ; 9) 


By the definitions (3-3), (3-6) can be rewritten in the form 


Ju) =33 | Gan 2) Xu, a, (3-10) 


nme 


which is to be compared with (A-24). Here it is noted that we have chosen the 


operators, @,’s, with the vanishing average values in the equilibrium. 


3.2. Phenomenological relations for the meson-nucleon clovd, 

In the present subsection, we shall derive the phenomenological relations as those 
given in Appendix by means of the prescription outlined in the preceding subsection. 
Since the coefficients contained in them are invariant as shown in Appendix, we have 
only to calculate them in each local rest system at each point. 

Here we shall derive the formulae of the thermal conductivity and the viscosity 
coefficients in the absence of mass action. In the rest system, the heat flow becomes 


q=<g) and is related to the temperature gradient as 
a @) =| KG—X) Peand®, (3-11)* 


while the internal stress is given by ¢,=(T;,) and 


* In the absence of external fields, it is easily shown that the functions K and Y depend only on the 
variable x—x’. 
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tex (X) =p, (*) du —{ Yo) (X=!) [ Velup ) +02; (x) ) 
poe Pe (Fae) de | Yo G2), PAD GAD 
3 


Here it is noted that these equations are to first order of the temperature gradient or 
the deformation velocities. Strictly speaking, we should investigate the order of magnitude 
of their higher order terms, but we shall not enter in this point, although Nakajima’s 
formalism perhaps permits us to calculate such non-linear terms. If the temperature gradient 
and the deformation velocities are constant arround a point, we have the so-called con- 
ductivity and viscosity coefficients such as «=| K (x—'x) d°x’ and 7=| Y (x —x’) dx", 
respectively. 

In a small region around the point in consideration, the state of the meson-nucleon 
cloud is considered to be in a local equilibrium deviating from an equilibrium with the 
definite temperature 1/3 and the zero local velocity by 4/3(x) in reciprocal temperature 
and by du(x) in velocity. Hence the calculations have to be performed only in a con- 
siderably large system which have the same variations in temperature and velocity as in 
above small region of the cloud. For the sake of simplicity we first neglect the cross 
effect between the heat flow and the mass flow. In this case we must take the choice 


of A, and @, in the preceding subsection as follows : 


S| Ayo =| [48g +P 4e®@ “BR Id. 


nm 


Thus we get 
Rae “awe, {| —48 (x) “kB (x) + Bdia (x) - <@@ »| d®z 
=I ree yo FAG) ~(T@)).: Fé@)) | d's, (3-13)* 


in which the last equation has been derived with the aid of 


$ DAP BR =O 
ay ee > > (3-14) 
4 BO +P PR x0 


and the integration by parts. The prescription given in 3-1 yields the equation 


d *3 ool oP ee 2EP/ es! > 327 
“<8 @) = | 6@-#) (—43@) a, 


where 


ok ° 
The double arrow denotes the second rank tensor, while the double dot stands for the contraction 
of two tensor indices. 
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= 2/ = / edd Py 4 3 | 
GR #) =| de | Ca @) Bold +i) >, 
et 


By making use of (3-14) and the integration by parts, the above equation turns to 
(3-11), namely, 


8@) =| KA-2) aa ae, (3-15) 
i 
where 


Keke = | te | tie Gime i), (3-16) 


Here we have used the condition (g))=0 when r2=0 and the isotropy of the fluid. 


In the same fashion the equation of the internal stress becomes 


(Ti (3) Yo= (Tn @) Y= | Vinson EPP iy 2) (3-17) 
where 
Yin.im @—¥) =| de [di Tin @) Ta @ +12) Yo (3-18) 
vO 0 


The first term in the right-hand side of (3-17) turns to the hydro-static pressure p, Oy 
on account of the isotropy of the fluid. Taking the same property of the fluid into 
account, we can easily show that the last term does not contain the anti-symmetric part 
of the tensor /,u,, and that the tensor Y,, ,,, is reduced to the sum of two scalars cor- 


responding to the decomposition of the symmetric part of V’,u,, such as 
Sym. CF (tm) =3| CF Meal mio) — 2010 -aj+ 20 im! “t. 
Consequently, one can obtain the desired form (3-12) with 


Yin @-#) =B( de | Ty @) Ta, (+i ) (3-19) 
0 0 


- 


Vin @—#) =A] de [ Ty, @) Ba t+) Do (3-20) 


In order to obtain the phenomenological relations with the more general form as 
given in Appendix, we shall mention below a straightforward but somewhat formal method. 


Although A, and @,, are usually chosen as 


| Ava, d a= — | AB (X) Bo (®) ri+| pdt (x) -g(®) d*x 


+33 | 4GH9 @) he @ /m?) a, 


it is convenient to make use of the form 
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| Side = 72@) |e) did°e-+| BPE) : | T (2) dtd 
A } | Te as 
+33 | GH &)-| I? @ /m') eas 


+> | 4H @)| A @ /m”) ded. (3-21) 


Of course this choice (3-21) is equivalent to the former if we take into account the 


formal integration with respect to ¢ of the equations 
rr / Se (é > i (é) * 
Og,/dt+V -g=0, Og/0t+V -T=0 OJ, J0ta-V - JP =A” (3-22)F 


and the integration by parts. We shall not consider the mass action, because we do not 
know whether the phenomena occurring in the meson cloud can be \represented by the 
chemical reaction as mentioned in Appendix. Such a discussion will be given elsewhere. 
Thus our choice of A, and @, is as expressed in Table I, where X, and J, are also 
tabulated. By making use of such choice, the formula (3-10) allows us to obtain (3-12), 


ge(@) =| K@—2) 4 PG) ad —S) | A® @—¥) OF" (Bu® @)) dR, — (3-23) 
‘ | 


Table I. Choice of variables. 


Ay, a, AG dpe 
> mas 1-. = 
—pB \ gdt BnA: (ee 
ay ot => Sey > 
aru \ Tat 27a T), 
= aie dia | =. ; 
7 (Bu) | (FO /m\) de Sern Ml (JO |m®), 


and 
[FR /mP BO | FO GRP BH) aw 
4] 
| A &@—%) : PBR) de, (3-24) 
where the coefficients are given by (3-16), (3:19), (3-20), 


The expressions of = and A’ are not given here but can be obtained easily, 


Now the relaxation time can be calculated in the above formulation as the damping 


* The last equation is the operator form of the equation given by (2-31). Tere the total flow must 
be divided into the flows of their constituents. 
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time of the integrand of the function 


KG—2) = | di 1g), BG 9} Yo, (3.26) 


where {A, B} =4(AB+BA). The absence of the /- -integral as in (3-26) is always proven 
fiche eeccuoki the correlation functions between two same quantities as pointed out by 
Nakano.” The relaxation of the internal stress is represented by the damping of the 
corresponding correlation functions in the integrands of (3-19) and (3-20). The relax- 
ation of other modes can be treated in a quite similar fashion to the above, but the 


correlation functions of the cross effects are never reduced to the simple form as (3-26). 


§ 4. Discussions 


In the previous sections we have shown the procedures how to formulate the hydro- 
dynamical aspect of the meson-nucleon cloud in the framework of the present quantum 
field theory and the statistical mechanics of irreversible processes. Besides these, in order 
to be able to regard the meson-nucleon cloud as real fluid, the following three conditions 
must be satisfied : 

(i) As we mentioned in § 3, it is necessary that the relaxation time is very short 
in comparision with the diffusion time of the substantial parts of the cloud, that is, the 
inequality T>s>7) (p. 603) is to be satisfied, 

(ii) The fluctuation around the average value of a quantity must be smaller than 
the average value: Since the hydrodynamics is constructed on the average values of some 
quantities, it is true that the fluctuations cannot be estimated in the formulation so far 
considered, but the estimation of the fluctuations is to be taken into account in the 
derivation of the phenomenological equations. For simplicity, consider only one variable, 


so that the phenomenogical equation becomes simply 
(a), = (a), +GX. (4-1) 


We restrict ourselves to first order of the thermodynamical force X causing the flow (a),, 


and , 
G=Bl a {4 (0), (bo (4-2) 


Under the special situation that the correlation function damps with increasing time in 
proportion to the factor exp(—t/t,), the phenomenological equation (4-1) is rewritten 
as 


(ay, = Cy + TK (& (0) )* 0X. (4-3) 


If the higher order terms in X were maintained in (4-1), we should consider the average 
values of the higher moments of a”. Thus it is necessary that such average values are 
small enough to justify the neglect of the non-linear terms of X in (4-1). The calcula- 
tion of these average values is nothing but estimation of the fluctuations. Consequently, 
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we must utilize the phenomenological equations after justifying* the smallness of the 
fluctuations. 

(iii) The quantum fluctuation around the average value of a quantity in a small 
volume must be smaller than the average value: we need to take an average procedure 
over a small volume around the point x such as (g(x) ), as pointed cut in the footnote 
for (2-27). Since in the case of the multiple production such a volume must be small 
in comparison with the dimension of the meson cloud, the fluctuations of the quantized 
fields localized in it might become so large that we could not permit the hydrodynamical 
scheme. Optimistically speaking, however, one may believe that there is an appropriate 
averaging volume with the dimention acceptable in the hydrodynamical aspect, because 
the high density of the meson-nucleon cloud would reduce the quantum fluctuations con- 
siderably, In other wards, we may choose the functions 4,,(x)’s for the density matrix 
(see the footnote for (2-27)) which are slowly varying in such a volume and compatible 
with condition tT>s> Tp. 

The detailed calculation will be done in a succeeding paper. 

Finally we remark the semi-phenomenological procedures to follow the temporal change 
of the fluctuations by means of Onsager’s idea.” It starts from the assumption that the 
fluctuations of the quantity @—(@), is described by the c-number random variable d=/dt, 


obeying a sort of the Langevin equation 


é Breiget ers (4-4) 


Here the fluctuation force F is tentatively characterized by the following statistical natu‘es : 
CPG e20 
(F(t) F(s) )=(F*)0(¢—-9) (4-5) 
Probability for the appearance of Focexp(—jF?), 


where (F*) is independent of time and 7 a constant determined by the temperature. 
Such a stochastic process is a stationary Marcoff one with the Gauss distribution, Con- 
sequently the temporal development of the probability for finding a value of € can be 
described by the so-called Fokker-Planck equation derived from. (4:4) and (4- 5) . Discus- 
sions along this line may be useful for the study of the deviations from the hydrodynamical 
results for the case in which the cloud splits into free particles before the equilibrium. 


The detailed properties of the meson cloud will be discussed in the succeeding paper. 
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One may expect the smallness of the higher order moments from that of the second moment. 
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Appendix. Phenomenological theory of relativistic hydrodynamics 


The macroscopic theory of a continuous system starts from the densities of energy, 
momentum and mass flows defined by an appropriate prescription. In order to make such 
densities obey the well-known transport equations, we must introduce the internal stress 
as a force transmitting the momentum and the heat flows, the latter being the residual 
part of the energy transport subtracted by the mechanical work. The general transport 
equations are the fundamental laws themselves (that is, the conservation law of energy, the 
equation of motion and the equation of continuity) irrespective of the detailed properties 
of matter. In order to take the detailed macroscopic properties of the matter into account, 
we must require the phenomenological relations, for example, Fourier’s law of heat con- 
duction, The fluid state is to be also represented by such relations. The transport 
equations supplemented by such relations become a solvable system of equations, for 
exaple, Navier-Stokes’ equation, 

The thermodynamical quantities (temperature, pressure and so on) of the fluid may 
be defined through the following measurement. Let the small volume of the fluid surround- 
ing the point in consideration be into contact with a system in thermal equilibrium. 
Then, if no thermodynamical change takes place, the temperature and the pressure of 
this system are considered to be those of the fluid at this point. (When such a measure- 
ment has the definite meaning, the fluid is, of course, in a local equilibrium.) | Consequently, 
the physical meanings of the quantities in the relativistic hydrodynamics could be properly 
interpreted in the local rest system. 

Now, in the relativistic hydrodynamics, the energy density gy and the momentum 
density g (or the energy flow S) are unified into the energy-momentum density four-tensor 


T., by the following connections : 


T= — Qo T,,=icg,= —_S, (i=1, 2, 3) 
(o 
(A-1) 
SS ar Giicg, ye (et, 2; 3534). 


1 


The energy-momentum density tensor T,,, should be a symmetric one (T,,=T,,) because 
of the relativistic requirement that the energy flow is equivalent to the momentum flow. 
In the closed system the energy-momentum transport equation is simply written as the 


~ 


four-divergenceless condition of T’,,, 


VT, =0. (A -2) 


The mass flow four-vector J,,= GV, icJ)) consists of the density J, and the current density 
He of the (rest) mass distribution and obeys the generalized equation of continuity 
V J.=A, (23) 


swhere A is the rate of increase (or decrease) of the mass, For the mixed fluid, denoting 


the mass flow of the i-th constituent of the fluid by J,,°, one may write 
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a ee, wpe Se Pak A= A®, (A-4) 


where A” is the rate of increase of the mass for the i-th constituent. 

In hydrodynamics an important quantity derived from T,,, or J, is the local velocity 
of the fluid. Though its definition is trivial in the non-relativistic theory, it is not the 
case in the relativistic one. Since in the relativistic case the energy flow causes the 
momentum transport, the momentum of the system never vanishes even in the absence of 
movement of particles if the pure heat flow exists. Consequently, there are two ways to 
define the local velocity of the fluid, that is, (i) by the mass flow” and (ii) by the 
momentum density”, On the former standpoint one must permit the local rest system 
with non-vanishing momentum, while on the latter standpoint there is the movement of 
the substances in the local rest system. In the present paper we define the local velocity 


u by the mass flow, that is, 


a(®, 1) =J RD /fp% 6) (A-5) 


which is interpreted as the center-of-mass velocity of the small volume surrounding the 


point x at time t, Hence one obtains the local four-velocity U,,, 


U,= (i/V1—(u/0)*,  ie/ V1 — (u/0)?) =cJ,/V —J,?. (A-6) 


Since U,?=—c and U, is a four-vector, the velocity u is transformed like a particle 
velocity under the Lorentz transformation. The relation between J, and U, is also re- 


written as 


Ju=U,= (1/v) U, , (A-7) 


where = (1/c) ¥ —J,? and ~=(1/v) are the invariant density of the mass distribution 
and the specific volume of the fluid, respectively. 

Using the local rest system, we can determine at each point in the fluid the local 
rest system, in which all physical quantities are to be defined through the correspondence 
to the non-relativistic theory. First we define the concentration c”’ and the relative flow 
I, of the i-th constituent by 


Ce Ce 2) Oe (A-8) 
1,%=4,,J,%=],0—],, (A-9) 
where 4,,==0,,+U,U,/c is the projection tensor to the spacelike direction perpendicular 


to U,. In the rest system they cee tong, 7 J, T® = and I,”=0. “Note 
Enate C= lms ee 


4 
Since in our rest system the energy flow remains as a heat flow, it holds, in 
general, that 


Fy Us=— «Uae (A-10) 


where € is the invariant energy density, becoming —T,, in the rest system, and q, the 
heat flow, turning to (7, 0) in the rest system. They are explicitly defined by 
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€= (1/2) U,T,,U, Gat) 

Wu eek ad DUS (A- 12) 
‘The internal stress t,, is formed as the space-like component of de fhat® is, 

tw=4 Tr dy ’ (A- 13) 


A . 1 . . 
which becomes the spatial part of Ty in the rest system, This is interpreted as a 
transmitting force of the momentum transport. The Pressure p is defined by 


p=3lr(t,,) =4€+4Tr (T,,), (AFT4) 


which is regarded as the equation of state when the fluid is in an equilibrium. Divide 
t,, into two parts as 


tuv=Ps4uy—Prvs (Avis) 
where the hydrostatic pressure p,d,, is independent of the deformation velocities /’,U,, 


while the viscous stress P,, is dependent on V,,U,. The form p,4,, is due to the isotropy 
of the fluid. Thus the energy-momentum density tensor T,, is rewritten in terms of €, 


9, and tas 
Tyv= C175 €U,U,+ (1/¢*) (Oe y+ U,44q,) + tay > (A; 16) 
or 
ie, = fey a5 i hee 
Thy = POu + (1/c°) (p+ €) UU, | (A-17) 


cn ee = (1/¢) (ULq ac Uy4,) et ’ 


where T,,\” is nothing but the energy-momentum tensor of the perfect fluid. 
If we start from another definition of the local velocity using the momentum density, 


then we must write 


T,U,=—€U, (A* 10’) 


in the place of (A-10), where € is defined by the same equation as (A-11). In such 
a fashion the local velocity U, is rather well defined by (A-10’) and (A-11). Equa- 
tions (A-13) to (A-17) hold with the same forms except for dropping the heat flow. 
On the other hand the relation between the local velocity and the mass flow should be 


changed as 
1 
FP AO ie f= -r dus (A- i) 
where jp’ is the invariant mass density, while q,’ has a close relation to the heat flow. 


Next let us derive some important laws of thermodynamics. Rearranging the equa- 


tion U,V/,T,,,=0, one can obtain the frst law in the form 
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Pl (EF py) U,+9u]= a 9,DU,+ PP WU, ? (A: 18) 
Cc 


or 


p(De,+p,Dv) = — (€.+ pv) A 
—(Fig.t 1 q,DU, ) +P? Uy.» (A- 18’) 
Cc 


where €,==€v and D=U,/,. This equation represents evidently the balance of energy. 
For the second law we have Gibbs’ relation 


De, +p,Dv— >} pO Dc =TDs,, (A-19) 


where T is the temperature, 2’ the eae potential of the i-th constituent and s,=sv 
the entropy in the specific volume, s being the invariant entropy density. Substituting 
(A-18’) and (A-8) in the term De,+-p,Du and c” of the left-hand side of (A-19) 


and separating the entropy terms, one obtains 
(Di AGP y= Lg, X43 OKO +P SUDA], (20) 


where we have made use of the relations “= arele © and ot €4-p.— pps Ty ibe 
thermodynamical driving forces in the right-hand ade of (A-20) are defined by 


(h i E f 1 
a |ar.T +4pu, | 


(A743 
Aaa he) 
ye oP 
and the conduction current of entropy by 
s 1 i a 4)° 
eel L ieee p! niet a . (A-22) 
By making use of the definition of the entropy flow 
§,=sU,4+1,, (A- 23) 


the left-hand side of (A-20) can be reduced to the simple form [7 ySy. It is easily seen 
that (A-20) represents the balance of entropy because its right-hand side is interpreted 
as the entropy increment produced in irreversible processes. 


Finally we write the phenomenological equations, representing the pie peetieg of the 
fluid as the relations btween the flows and the driving forces, 


Pie ia eA 
i 


(1) NV EO ( (4) TAG j 
f= Se ee eee ae 
dj 
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M==4Tr (P.) =Hwl Utd) L,.@© wo 


(p)(e) 


A°=L QP U, +S) LO Op Sea 
H] 


Py =P, — 114, =H Iuxdys a, EP.) ea ya Ue 


Strictly speaking, such equations may have to be written in the integral forms as given 
in § 3. It is noted that the phenomenological coefficients such as x, 4%, xs and so 


forth are invariant under the Lorentz transformation. Furthermore, we remark the equa- 
tion 


P=ps— 4) ULUz Fae LOoft” (A: 25) 
obtained by (A-24) and (A-15). 
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A model which is more convenient than the Lee model for studying the theory of the unstable 
particle is proposed. In this model, the decayed particles are distinguished from the parental ones. 
The production and decay of an unstable particle is investigated by the stationary treatment. The 
conclusion we reached is that it is possible to interpret the renormalization constant as the probability 
in the same way as in the case of the stable particles. 


Recently, many authors’ investigated the theory of the unstable particle by using 
the Lee model®. It seems, however, that we have not yet found any satisfactory way of 
judging whether we can interpret the renormalization constant as representing the probability 
for finding the bare state in a physical unstable particle. The cause which makes this 
question complicated is due to the finite lifetime of the unstable particle and the uncertain- 
ties originated from this lifetime. It is worth while to make a research of the properties 
of physical unstable particles in order to answer the above mentioned question. In the 
previous paper of the present author, some arguments were made concerning this problem 
by using the Lee model. This model was, however, inconvenient for studying this pro- 
blem because of the fact that the parental particles which produce the unstable V-particles 
are identical with the particles to which the V’s decay.” In the stationary treatment of 
the decay process, if the plural particles are produced by some collision, we can discuss 
the stability of the produced particles by introducing the relative co-ordinate of these 
particles, and by investigating the behaviour of the wave amplitude of the unstable particle 
without taking into account the decayed products. In this case, it is easily seen that the 
final particles produced from the unstable one should necessarily be different from the 
first particles from which the plural particles (at least one of them is unstable) were 
produced. 

In order to distinguish the decayed particles from the parental ones, we shall consider, 
following Lee, the four kinds of fictitious fermions, N,, N,, N;, N,, together with three 
kinds of bosons, 4, 7, and 4,, with the mutual interaction defined by the total Hamiltonian : 


HEH ey 
where 
i=4 t=3 
H,= Sim| dps (p) fap) +31) dora (b) a (h) 
t= aj tel 
and 


—3/2 i 1 
Ha= (27) "| dpdke 5 —( t, fi(ore) $o*(P) $i (P—B) 4, (B) 
d OK 
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sa Io fo (wx) p,* (p) ps (p= k) ay (k) +92 fs (wx) ¢h,* (p) p, (p= k) a; (k) ) 
+ Hermite conjugate. 


Here, m; is the unrenormalized mass of the i-th fermion and the masses of bosons are, 
for simplicity, taken to be equal to each other, The magnitude of the mass of each 


physical particle is assumed in such a way that N, is unstable? and can decay into N,+ 0, 
while others are stable ones. 


In the present paper, we shall investigate the behaviour of N; associated with 4, 
produced by an N,—0, collision and discuss the relationship between the renormalization 
constant and the probability for finding the bare N, in its physical state in a similar 
way to that used in the case of stable particles. 


The model stated above has the following six constants concerning the numbers of 
particles : 


N,+N,+.N;-+N,=constant, 
0, +N,+N,+N,=constant, 
N,+N,-+N;-+ 9, =constant, 
4, +N,+N,+ 9, =constant, 

N,+N,+ 9, =constant, 

0, + N,+ 0, =constant, 
where N, or 9; is the total number of N;- or @,-particle. Accordingly, the stationary 
state describing the N,—, collision can be expressed as 

|Z) =( | dka(k) ),* (p—k) a,* (k) + Bf.* (p) +| dky (k) ¢,* (p—k) a.* (k) 
+| dhdk!i(k, k’) ¢),* (p—h— kk’) a,* (ht) a,* (K') )|0. (1) 


The eigenvalue E of this state is given by 


Grae adyS en - ee 0, 


VY 20, 


(ig —E) B +-(21) 98 dn POH) (Hy + (am) anol frie). =o, 


2, 20, 


(m, +B) 7 () + (20) RELY g | de) 


20; of 


+ (22)- sala BD Ie filOw) i(k, k/) = 


20g | 


Pde Gane Ore lien?) A (onyan? nL ro 7 (k) =0. 


20py 
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We solve eqs. (2) with the boundary condition that a(k) represents the incident plane 
wave plus the outgoing spherical wave and /(k, k’) the outgoing one. After the straight- 


forward calculations, we get 


(hk, ki) =— (27) PB FMCW) 5 (he) (ng 4 +O —E—i8) G) 
Op 
—1 
y(h) = — (20) ALLOY 8m —y Een + 16) (4) 
20; 
=O kb On apoE Seis Meine a a: (5) 
20, 
and =(2m me BBs ko) |m ,-E- an) dh Ls fir) (m,+w,—E—ie) * 
20 ko 20; 
1]-1 
paee dhe f2 £2 (0) (m, —y(E—ay tie) ) Hs (6) 
2, 
where 
2 2 A 1 
ml DIL | dh Is fs (ox) = (7) 
NS 2a,  mg+O,—Z 
and. 


m,+o,,—E=0. 


When N, is unstable, m,—y(E—«,+i€) has no zero point in the real value of 
E—w, (cf. Fig. 1)”. 


Therefore in solving the last two equations in (2) 


y (x) 


with respect to 7(k), there occurs no ambiguity 
in dividing the both sides of the above equations 
by the factor m,—y(E—w,+i€), namely, we need 
no boundary condition for determining the 7(k) 
provided that the A(k, k’) is determined by its 
boundary condition. This situation is due to the 
fact that |7(k)|? represents the probability of 
finding the state of N, and @, traveling away from 
e the source and the wave function in the co-ordinate 
space corresponding to the above 7(k) rapidly 
vanishes in the remote point from the source as 
it should be in the case of the unstable state. On the contrary, in the case of stable 
particle, since the factor m,—y(E—aw,+i€) has a real zero point, we need a boundary 
condition for removing the ambiguity occuring in the formal solution of 7(k). 


To investigate the production of the unstable N,, let us examine the behaviour of 


i 
Sue re 

i 

l 

l 


x=maqt pu 
Fig. 1. The graph of y(x) 


es =| dk exp(ik-x)7(k) for the sufficiently large r=|x|. A short calculation leads to 


r(x) = (2m) “28. gil hdke ir Base) fee (m —y(E-o,+ie)) (8) 
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The path of this integral is shown in Pign2: 

In order’ to discuss the behaviour of +(x), it is of use to mention about the 
functional properties of (m,;—y(z))~1. The function (m;—y(z))~' has one branch point 
on the real axis of zplane corresponding to the creation of the @,-meson. This situation 
forces us to put a cut on the zplane from the branch point z, to ©o or alternatively 
a cut on the complex &-plane 


from —k, to +k, along the real oe me 
axis, where z=E—VR+ fee Ale 

: : SS Se C3” 
Besides these branch points, ac- C ~~: =e ieee aes 


cording to the paper of Araki 


=k —(k +1&.) 
et al., if E is sufficiently large, : as ‘ 


the function (m,—y(E—w, 


anes . ‘ 
+#€)) (the aga S OAL. number Fig. 2. The path of integral (8) The dotted line indicates 


i€ is necessary for determining that the path belongs to the lower Riemanian plane. Similarly 
the Riemanian plane) has a pole the pole A and B are on the lower and upper, Riemanian 
k, +1k,(k, > 0, &, > 0) and another Plabe epee 


—k,—ik, on the k-plane where the former can be connected with the latter by a curve 
crossing the cut (cf. Fig. 2). 

The pole on the E—vw, plane corresponding to the above mentioned poles is M—il’/2. 
(M>0, [’>0) which is given by 


e 2 p2 
ee eon) \ pda de (Oe 
2 i | 20,  mg+o,—M-+ (il/2) 


+3 VIR) =m) F a f= (2) —m) =m.) 


We assume that the magnitude of /’ is much smaller than M, since M and I’ are the 
mass and the reciprocal of the lifetime of the N,-particle respectively. 

For a sufficiently large 7, owing to the rapid oscillation of exp (ikr), the integrand 
for a large k has no contribution to 7(*). In the vicinity of the pole kik, the 


integrand approximately has a form as 


a ' X ae __etkr ee Paes, nhc) : 
= (k, + tky) Ch hey 
where 
aN Ares 2 20, (m,+o0,—M+11'/2)? 
70 / [Fey = Query ery Py need pl iC 
ery (M—if?/2—m,)*—" 9s fi 2 m,) 
and 


tan d=k,/ (k—ky). 


The phase change of the above expression at the point k~k, is approximately 
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dhe + do= di r— e 


where 4k is the variation of k at the point k~k, In order to get a non-vanishing 
contribution to 7(x), the phase change should be much smaller than unity. Accordingly, 
from the above expression of 4d, we see that 7(x) #0 if r<Sk? and JkOk, while 
if dk>k, or rk’ the strong cancellation of the integration occurs by virtue of the 
rapid oscillation of the phase factor. Therefore the path of the integral can be deformed 


in such a way as 
Cy $OQ>¢, to! +6 


if k> dk~k, (cf. Fig. 2). It is easily seen that the contribution from the path ¢4-c/ 
vanishes. Thus we have 


tkir .—xXar 
e 


p(x") — ¥ 20 Bgey——— OZ) 
r 


for a large r. In the same way, the asymptotic expression of AX soph) his 


ikar 
A(x, i.) wy _ pte Ia fsx) ‘Of, iff (k,) & E 
WwW; “fi 
/ : =f 
—7 (x) (7) eee my + Ow, Ay, pies I’) 5 (11) 
SMX OF eS 2. 


-where 


1(x, k) =| dk! exp (ik’,-x) A(k’, k) 


and k, is the positive root of m,+, +,,—E=0. 

In the case of the stable N;, where the damping factor exp(—k.r) does not occur, 
it is obvious how to interpret the each term of the asymptotic expressions of 7 and /, 
Namely, the 7(x) describes the state of the bare N, associated with 4,, while the second 
term in (11) that of the dressed N;, the sum of these corresponds to the state of the 
physical N; plus #,. The first term of (11) stands for the outgoing wave of ff,, 4, and 
N;. It may be quite reasonable to assume that the completely similar interpretation is 
also possible in the case of the unstable N;. From this interpretation the probability of 


finding the (,-meson at the point x(r=>k,') and at the same time N, at the origin 
is given by 


P .Z -3| g Is fs (Ox) pe i . ie 2 
Soe (1+ Cy | . 20, (m,ta, —M)?+ (1? /4) di Sole fee 


‘Owing to the damping factor in +(x), the probability (12) decrease for increasing r as 
we expect in the case of the unstable particle. 


The probability lost from P(x) as the point x goes away may be gained by the 


state of ,, J; and N,, That this is the case is seen as follows. Let us put 
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A(x, k) =A,(x, k) —7 (x) (20) 32 fae) ees 
V20, m+, —M-+ (if/2) 


and consider the expression 


iv (x) P+ dkla(w, k) r=] dicen Feil? 


= 2Re| dk (A (x, kk) (22) ~22 Pfau) 1 


75a, ni dom GTP) (x) )+ (x) 


(13) 


Now 4,(x, &) can be rewritten as 


a , Fees) iktr 
Sea dR’ ky me O(a, +0; +m,—E). 
/ 0 on 


Op 
Inserting this expression into the second term of (13), we have 


the second term of (13) 


= (27) “*Re( \ dk | ae Is fs (x) ky (k) 0 (op +o, + m,—E) pe +* (x) ) 


WO, m,+0, —M— GI'/2) r 
= 2Re( \, dk; (#) 9s fs E—m— Oy) V¥ Emm Oy Poe ox Cg) ) . 
; E aap 12) r 


(14) 


where a= V (E—m,— pe— pe . Now recalling the strong cancellation occurred in the 


evaluation of (10), we see that the domain of integration in (14) can be extended from 
—oco to +co without causing any change of the value of (14), if a pole of the integrand | 
does not exist in the vicinity of the path of integral added. In the case of the stable 
N;, since the integrand of (14) has no pole in the domain (0, a) we see that (14) 
vanishishes owing to the above mentioned cancellation without extending the domain of 
integral, On the other hand, if N, is unstable, we have a pole in the domoin (0, a). 


which give the result 


the second term of (13) 
= — ? Rel 1938 (M— (/2) —m) ¥ m= 2) ir) |* 5) 
Le N2H 


by following the line of reasoning stated in (10). 
Now the imaginary part of (9) leads to 


i -3 i oe te (w, ) 1 : 
eed 21 dk : - 
Me anlie ss Taogubn Gah, LI RS) 


=Re( gs! fe (M— (L'/2) —m) ¥ (M72) =m)?=/*). (16) 


Inserting (12), (15) and (16) into (13), we see that the second and third terms in 
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(13) cancel each other. This cancellation is nothing but the conservation of the total 


probability. 
From (12), the probability of finding the bare N,-state in the physical N,-particle is 


written as 


Ne=(1+ (27) ‘i di Hs fs or) —_ Ye (17) 
2, (m,tw,—M)*+ (I"*/4) 

We can easily confirm that N is taken as the renormalization constant for g,. The ex- 
pression (17) essentially depends on the method of approximation in evaluating 7 Cae 
Accordingly a slight difference in the expression N or /’ in the behaviour of 7(%) can 
be expected when another method of approximation would be used, but we can say that 
the difference may be of the order of /’/M and impossible to detect (cf. Araki et al.). 
Anyhow, it must be noted that the final expressions for N and P(x) have the type 
(17) and (12) respectively without regard to the kinds of approximations owing to the 
equation (3). ‘Therefore, we arrive at the conclusion that, even in the case of the 
unstable particle, we can interpret the renormalization constant as the probability. 

The author would like to express his cordial thanks to Prof. R. Utiyama: for his 
guidance and encouragement. Thanks are also due to Messrs. H. Araki, T. Imamura, 


S. Sunakawa and T. Kanki for the valuable discussions. 
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The inelastic continuum of scattered electrons by He! nuclei, observed experimentally by the 
Stanford group, is worked theoretically by using the conventional forms of wave functions for He}, 
He® and triton, respectively. It is pointed out that two kinds of scattering are involved in the cross 
section ; one is connected with the direct process in which a nucleon can be ejected through the direct 
interaction with the electromagnetic field induced by the electron and the other one, with the indirect 
process in which a nucleon is capable of being ejected through the intermediary of nuclear interaction 
with another nucleon which does interact with the electromagnetic field. The comparison of our results 
with the experiments appears to be rather good, though qualitatively, allowing for the approximate 
nature of our method of computation, and then the main nuclear reaction connected with the observed 
inelastic continuum is shown to be the ejection of nucleon from He‘ except for the low-energy tail 
where the pion production is observed to take place according to the Stanford group. 


§ 1. Tntroduction 


Although the theoretical analysis of elastic scattering of high energy electrons by 
various nuclei has so far been made extensively by many investigators” 
the shape of nuclear charge distributions, there have been relatively few who dealt theo- 
retically with inelastic scattering associated with the nuclear excitation and disintegration, 
In fact, elastic and inelastic scatterings of electrons by deuteron have been worked by 
Jankus” and the nuclear excitations in Be- and C-nuclei by the high energy electron have 
been dealt with theoretically by Morpurgo” and quite recently by Pal and Mukherjee,” 
using the nuclear shell model, whereas we do not have at present any theory treating 
inelastic scattering of high energy electrons by He* for the comparison with the inelastic 
continuum observed experimentally by the Stanford group. 

Scattering of electrons from He* nucleus has been experimentally carried out by 
McAllister and Hofstadter® at 188 Mev and by Blankenbecler and Hofstadter? at 400 
Particularly, the latter authors have actually observed, in some detail, 


in connection with 


Mev, respectively. : 
the inelastic continuum in the alpha-particle at 400 Mev for scattering angles of 45° and 


60°. The most probable reaction in He* nucleus accompanied by inelastic electron scatter- 
ing is conjectured to be the ejection of a nucleon, i.e., a proton or a neutron and then 
the scattered electron energy must be reduced by, at least, the binding energy of that 
nucleon in the nucleus in addition to the kinetic energy of an ejected nucleon, The study 
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of such inelastic continuum will, therefore, furnish valuable information about the momentum 
distribution of nucleons within the nucleus in quite a similar way to the case of the 
pick-up nuclear reaction. Moreover, the electrodisintegration of He* nucleus provides 
attractive features in two respects: first the interaction between electron and nucleus is of 
electromagnetic nature, which is now well-established in comparison with the more or less 
ambiguous features of the nuclear interactions responsible for the ordinary nuclear reactions, 
and secondly, for He‘ nucleus, we have some knowledge of the ground state wave func- 
tion, including, in some measure, the correlation among nucleons, through the variational 
calculation of the binding energy, in contradistinction to the case of heavier nuclei based 
on the nuclear shell model. 

The object of the present work is to compute the inelastic continuum of scattered 
electrons by He* nucleus by using the conventional forms of wave functions for He’, He® 
and triton. The comparison of our results with the mentioned experimental observations 
appears to be rather good, though qualitatively, allowing for the approximate nature of 
our calculation, and thus the main nuclear reaction closely connected with the observed 
inelastic continuum may be considered to be the ejection of a nucleon from He’*, the 
other possible modes of disintegrations of He* being negligibly small in comparison with 


the former, at least, at 400 Mev electron bombardment. 


§ 2. Cross Section of the Inelastic Continuum Accompanied 
by a Nucleon Ejection from He‘ 


Since the incident energy of electrons is high (400 Mev) and the target nucleus 
(He") is very light (2/137. 1), the first Born approximation can be applied safely to 
our problem and then the electromagnetic perturbation of He‘ nucleus responsible for the 


reaction may be described by the Moller potential.” 


aes (w’, w) 1 = 
A 4 ? ‘ — Re Ree GE. =a IN ore 
Ya (P.— Pe)? — (B= E!)? exp|i(p P ry ) i( é a) bi. (1) 
47th*e (ul au) . | 
2 oa : — p,!)r/b—i(E,—E,! 
pa ban Qi, Spee wy ytae Rae Pele ee ee Uri e z 


in which p, and E, represent the momentum and energy of an incident electron, while 
/ 
Pe 


and after the scattering and @ the well-known Dirac’s vector spin matrix. V denotes the 


and E,’ those of a scattered electron, respectively. u and uw! express the spinors before 


normalization volume and the other quantities have the usual meaning. 
Since the nucleonic motion within the nucleus is dealt approximately in non-relativistic 


way, the interaction energy of the nucleons with the Mdller potential is given by 
2 2 
Us va 


h ; 
0H,; and OHy, stand for a proton and a neutron, respectively, which may be written, 
after a simple calculation, as 
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Ns yee B(p., pe { (u’, u) Rae (u’, au) ‘ (S;+ T;) V/V, (4) 
OHy;=B(p,, P.’) (w’, au) i T,/V, (5) 
where 
Ry= —e' (1 — 4E,/2Me*) -exp|i(p,—p,’)rj/b—idE, t/b], (6) 
S;= (€*/bc) - exp|i (Pa Pe) r,/b—idE, t/b] (6/i)P;, (7) 
t= (te? /2Mc) Ip or xl; x (Pe— Pe’) ] 5 exp|i (P.— Pe’) r,/b rae idE, t/b] ) (8) 
AB BAR (9) 
and 
B (Pe > Pe’) = 4b? /| (Pe— P-’) 2 BE fc | . (10) 


M denotes the mass of a nucleon, the mass difference of a proton from a neutron being 
disregarded approximately, Gy; and 6,,; the Pauli spin matrices of a neutron and a proton, 


respectively, The y-factors of nucleonic, magnetic moments are given by 
Jp= +2.793440.0003 and gy=—1.9135+0.0003. (10’) 


R; and S;, which are due to the proton charge, induce the nuclear transition in which 
the nuclear spin does not change, while T,, due to the magnetic moments of nucleons, 
gives rise to the nuclear spin-flip during the transition. 


The cross section for the nuclear transition is given by 


do=V ae npc awk Bay Gees aro (11) 


Cc My 2. spins 


where the summation extends over the nuclear spins of both ejected nucleon and residual 
nucleus and, furthermore, over the electronic spins of both incident and scattered electrons, 
respectively. The factor 1/2 stands for the average with respect to the spin directions 
of an incident electron. ; denotes the final state density, 

As is shown later in the computation of transition matrix components, the following 


conservations of both momenta and energies of the concerned particles hold. 


k.—k,! = 4k, =k, +k, (12) 
Pk? Bk? 

Eppa te ie ey aM ye, (13) 

Sore + Sif OM. ( ) 


where the helium nucleus is assumed to be initially at rest, and bk, (or bky) and bk, 
represent the momenta of an ejected nucleon and a residual nucleus, respectively, M,. being 


the mass of a residual nucleus. 
The state density of the final state is, as usual, given by 


= a val JM Kd, die byl dey oa 
T b 4 


Pr 


by the use of (12) and (13), in which p,=bk., p’=6k/, 4k,=|k,—k,!| and Ory 
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represents the solid angle into which the electron is scattered, ¢, being one of the polar 
angles which specify the direction of ejection of a nucleon. 

For analytical simplicity, the Gaussian wave functions have been assumed for the 
nuclei of He‘, He? and triton since their use seems to be qualitatively good in the photo- 
electric disintegrations of the mentioned nuclei, as worked by Gunn and Irving,® and 
Flowers and Mandl,” respectively, and, furthermore, through the variational calculations 
of the corresponding binding energies. Then the total wave functions of both initial and 
final states of the nucleonic system may be written as follows. 


He’ at rest (initial state) : 
Ws (12, 34) = 0, (12, 34) - oe (a (1) 8 (2) —a (2) 8(1)) - (a (3) 8 (4) —a(4) 8(3)), 
(15) 


where nucleons 1 and 2 stand for protons, while nucleons 3 and 4 stand for neutrons, 
respectively. The bar signifies symmetry with respect to the interchange of the pair of 
particles and the tilde, antisymmetry. @ and /9 express the spin eigenfunctions of the 


nucleons. 


sae 1 4 ; 
D,(12, 34) re, exp THe 21 Ti ry ay. y (16) 
fe 


The normalization factor is given by 


N (pte) = 2°18"? (14/2). (16-1) 


An ejected nucleon+a residual nucleus in a ground state (final state): Since a 
nucleon’s spin is one half and a residual nucleus in a ground state has also one half spin, 


the final state is in a singlet or triplet state, and the corresponding wave functions are as 
follows. 


(a) Case of proton ejection (proton-+ triton) . 
Singlet state ; 


PS (12, 3, 34) + @,(21, 34)} 
x (a (1) 82) — #2) BQ) (a (3) 8 (4) —a(4)8()). GD, 
Triplet state ; 
PF (12, 34) = {,(12, 34) —@,(21, 34)} 


a (1) (2) 
x | Fe (@(1) 82) —a2)8G))} Z-(@@)R4) —2(4)2@)), (a8) 
92) 8Q) 
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@,(12, 34) =, ether eile (otro 1) BN (uy) exp[—/, st (r;—r,)’], (19) 
tS j=2 


N (fy) = 3°48"? (44, /2) 912, 9-1) 


(b) Case of neutron ejection (neutron + He’) . 

For the case of neutron ejection, leaving He* as a residual nucleus, the corresponding 
wave functions may be easily obtained through interchanging the role of the proton pair 
(1, 2) by that of the neutron pair (3, 4) in the equations of (17), (18) and (19). 

The initial spin of the four nucleons system is in a singlet state, while its final spin 
is in a singlet or triplet state. We, therefore, have to deal with a singlet to singlet 
transition and a singlet to triplet one according to the perturbations (3), (4) and Gye 

Thus, it follows, from (11) and (14), 


ra Eo OM. 


dV ae Bag Te Mean SAI FOE?) P| (FISH kya dp, 
(20) 
with (f'\oH |) = (0 (12, 34) |O6H| 2 (12, 34)) 
(f'|6H |) = (0 f(42, 34) OH | 7s (12, 34))}? ce 
and 
DH=B (pepe) (Cr 1) SIR + (Wl, a) SIS, + (Ws a) ST /Veo 2) 


The first two terms in the curled bracket expression (22) give rise to ‘a singlet to 
singlet transition, whereas the last term gives rise to a singlet to triplet one, since it 
involves nucleon’s spin operators. The summation over both spin states of the incident 
and scattered electrons in (20) can be performed in a straightforward way, making use 


of the projection operator, with the following results. 


3| Bf tee BCP. pe’) A 1 
Syl (aH ay pa {eed Pe 


x | (E.E./ +¢ (p.p-') +f) |R|?+ (E.E,’—2(p.p?) — |U/? 
+cE,(R(U* p,’) + R* (Up,')) +cE’(R(U* p,) + R* (Up,)) 


+e((U*p/) (Up. + U*p.) Up.) |, (23-1) 
7 y ss\ |2__ Bp se) : 1 oe ie = P43 2 
Sh) (Pee |e) Pf? Sa CE 2 (pep) 24) [Tm 
+2 ((T* P.) (Ime) + (En p's) EmnP.)) (23-2) 
where R= (Bf (12, 34) [RPE G2, 34)), (24-1) 


U= (7 (12, 34) ba We (12, 34)), (24-2) 
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~ ~ 4 ~ ~ 
DAS ZS 94) Sigil ee hz, <4) (24-3) 


and 


p=mc, (rest energy of an electron). 


Now we shall treat, at first, the case of proton ejection. Substituting (6) 7)3 
(8), (15), (17) and (18) in (24-1), (24-2) and (24-3) and carrying through the 


integrations with respect to the nucleon spin coordinates lead to 


R=—e(1—AE,/2Me) (9, (12, 34) + @,(21, 34) | Syet4e74| 0, (12, 34))/V2, 
1 
(2551) 


U= (eb /iMc) (%, (12, 34) + @,(21, 34) | ethers | 0,12, 34))/V2, (25-2) 
T= (ie?b/2Mc) Jp (Nn X 4k.) (P;(12, 34) 


—@,(21, 34) |eidber1 — ef Albe-r2|,(12, 34))/V2 (25-3) 


and 


= i ‘ 1 1 
SF S3 - F—? ? = 0, 0, 1 > (= re Ga 0). 25:4 


In the transition matrix components mentioned above, i.e., (25-1)~(25-3), two 
kinds of scattering amplitudes are involved: one is connected with the direct process in 
which a proton can be ejected through the direct interaction with the electromagnetic 
field induced by the electron, being represented, for example, by the term of (%,(12, 
34) |e'4hers|D,(12, 34)), and the other one is connected with the indirect process in 
which a proton is capable of being ejected through the nuclear interaction with another 
nucleon which does interact directly with the electromagnetic field, being given, for example, 
by the term of (%,(21, 34) jef4hers| D, (12, 34) ). Thus, such direct and indirect processes 
together with their interference terms can give rise to the total cross section. 

By the use of equations (16) and (19), the spatial integrations in (25-1), (25-2), 
and (25-3) can easily be performed with the following results. 


V2 m"?N (H4,) NY) 1 . 
See oe KP ; 26-1 
fey. + 3a) TV | (aie Ce 


_ V2 ?N(u,) NC) ih 
is g Zee © SB GN é 
UL wee (4, 31) 3 VV 0 Ck, +k,, dk,» (26 2) 


V2 PN (u,) N(t4) 1 
Gp ee ‘oe fet " F Py t : 
fe” (4, +3/4)° VV Dn * Obey +n, Ake? Ce) 


9 AE, =— =— 9 9 2 
Ko= “Tae 5) 0 te (ky, Ak,) [12 pe tea kp/12Ha— Ake [6 (4p0+3 4) \ ; (22 é 1 
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Uy= «| (de, — dk.) e in e112 


Mc 
es 4k, ) em hy?/12 ta — Ake? /6 (4 10 + 34) é (27-2) 
By PS 4u, +34, ) 


Te — i Ip (Nn x 4k,) 1e— (ky— 4k.) */12 ye —e ky?/12 He = Ak,*/6 (40 +31) } ‘ 
Cc 


(2783) 


The first term in each expression in the curled bracket of (27-1) to (27-3) re- 
Presents the contribution from the direct process, while the second term represents that 
from the indirect process mentioned above, the angular dependence of scattered electron 
upon those two kinds of terms being different from each other, Substituting (23-1), 
(23-2), (26-1) ~ (26-3) and (27-1)~ (27-3) in (20), we obtain, for the differential 
‘ctoss section of inelastic scattering of electron with the momentum bf,’ into the solid 


angle d.2;,,, accompanied by the proton ejection of momentum bk, from He’, 


= 12 1 AC af 7 7H/2 2 
do= —. Me, Fe dh Qn, - {B¢ PPO) eee | 
(any* Co" k, dk, E,! Ha (4p. +31) * 


x (E.E/ + (p.: p!) +) |R\?+ (E.E,/ —2 (p,: pp) — 2) 


U, 


2+ 2cE, R,(U,: p.’) 
2k f Ry (U, * Pe) +2¢ (U, -p?) (U, jr Pe) 


ae Sol E.EL—e Ge: p) — pf") Lael + 20 (1 a Pe) (Pino Pe) ae Ak, ky thy dg, 


(28) 
For the case of a neutron ejection, the equations of (20), (23:1) and (23-2) are 
still valid except for the matrix components of R, U and T, which are now replaced by 


the following quantities. 


V2 PN (Ha)N(H) 1 


= ee naka © 7 (29-1) 
: Pa (4a +34) * RE eines 
Oss gee NE) ea Uy! Sky +h,, Ake (29-2) 
Pa (4 Ha + 3p)? ae ty ao’, 
eS eta OOS arr Oly +Kp, Ake? (29-3) 
™ Vo (44, +31) 3 VV NV r? € 
where 
R Yrs aoe lea dE, em betta Mei 6 (Atta 3a! ‘ (30 . 1) 
‘= 
2Mc 
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(30-2) 
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9 


Tee — b Inv (Nn «x Ak,) fe —(ky— Ak.) 2/12 = ea ky? /12 Ma — Ak,?/6 (4poe+ Bie) } : 
(g 


(30-3) 


[4! represents the spread-parameter in the He’ wave function of Gaussian type, correspond- 
ing to /, for the case of triton, and bk, in this case denotes the momentum of the 
center of mass of He® nucleus. ky expresses the momentum of an ejected neutron, RK,’, 
U,! and the second term in (30-3) give rise to the indirect process, whereas, the first 
term in (30-3) alone is responsible for the direct one, which situation is a little different 
from the case of proton ejection. 

In order to compare with the observed energy spectra of inelastically scattered electrons 
at 45° and 60°, we have to integrate the obtained cross sections for both proton- and 
neutron-ejections with respect to the momenta of ejected nucleons, i. e., kn» Gy ot ky, 
(yx, in which case the following relations, derived from the conservation laws (12) and 


(13), are used. 


Ak, cos6,= (M,+M) k,/2M+[4k2/2—M, (4E,+24M) /6°]/h,, (31-1) 
or Ak, cos 6y= (M, +M) ky/2M+[4k2/2—M.(dE,+24M) /#?V/ky, (31-2) 
M,+M M,+M 

K-44 <b, or by SK + dh, (31-3) 

M,. 2(M, a, ( Rdk2 \P 
K=( eos 4E,+C4M-—-—___+__) , 31-4 
M ate ——_ 
4M=M,—(M,+M). (31-5) 


The mentioned integrations are performed through a straightforward but lengthy 
process, and adding the resulting cross sections for both proton and neutron ejection, we 
get finally, for the cross section of the inelastic continuum irrespective of proton or 
neutron ejection, 
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For the ultra-relativistic case of electron and, further, for JE,/M?<1, the above 


ctoss section may be approximately reduced into the following form. 


1 M, 1 
do (ke, ke!) = > SF 
as ) 3 (67)'” M Te 
COON ahi EET ES 1 
(4f,+314)° \ be» bAk, ke sin’ 0/2 
* 24 gy Ty tae, 2 \) 
> Be m. | fetes i: es are G i ie ‘ a att > 39 
“s m ane 4 ‘ Mc )( cos” 0/2 )t ie?) 
(ky- kee’) =k, ke! cos 0. (39-1) 


In the above results, i.e., (32) and (39), we have supposed that #,=/4,' and the mass 
difference of a triton from He* nucleus has been approximately neglected for simplicity, 
since such approximations can hardly be considered to introduce serious error into the 
qualitative behaviours of our results, in view of the similar binding energies of both 


nuclei. (B(He*) =7.74 Mev, B(H,;) =8.49 Mev). 


§ 3. Comparisons with the Experiments and Discussions 


The inelastic continuum of scattered electrons in helium at 400 Mev for scattering 
angles of 45° and 60° has been observed, in some detail, by Blankenbecler and Hofstadter.” 
The results are shown in Figs. 1 and 2. As is shown in the qualitative consideration 
by Hofstadter,” the inelastic continuum may be considered to demonstrate, in some measure, 
the reflection of the momentum distribution of the ejected nucleons within the nucleus 
in a similar way to the case of deuteron pick-up process. However, the tail part of the 
high energy side of the continuum is observed to be overlapped with the elastic peak, 
while in the low energy region the process of pion production is detected to superpose 
on the mentioned continuum due to the nucleon ejection. Therefore, the inelastic continuum 
purely due to the nucleon ejection can hardly be determined accurately in its shape and 
magnitude particularly in both tail parts of the high- and low-energy sides. Furthermore, 
the observed cross sections are expressed only in arbitrary units in the mentioned figures, 


In view of the above situation, we have carried out the numerical calculations of 
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400 MEV 


HELIUM 60° 


~1600 P.S.I. 


Elastic alpha particle peak 


t$——4— 


| 
Inelastic alpha particle 


Cross section in arbitrary units 


“Proton peak xX ——+ 
ackground 3.31 


Energy in Mev: 


Fig. 1. The elastic and inelastic scatterings of electrons from the alpha particle at 400 Mev 


and 60°. The area labeled “‘ meson” refers to negative pions produced in the target and 


emerging with the same momentum as the corresponding scattered electrons. The free proton 


peak is shown for comparison. 


(32) for a number of appropriate values of “, and #,. The actual calculations, however, 


reveal that the shape and magnitude of the inelastic continuum become less sensitive to 


the values of “4, and, moreover, the variational calculations of the binding energies of 


alpha-particle and triton, assuming, for example, a Gaussian well with appropriate parameters 


for the nuclear potential, give approximately 4,~ /4,. For the sake of simplicity, therefore, 


we have assumed that 4,=/4, in the following numerical calculations, which are shown 


in Figs. 3 and 4 together with 
the observed data of the Stanford 
group. Since the observed cross 
sections are described in arbitrary 
units, the scale in the figures of 
each calculated cross section is 
estimated through numerically fitt- 
ing its integrated cross section to the 
corresponding observed cross  sec- 
tion in the energy range from 260 
Mev to the theoretical maximum- 
energy which scales are denoted, 
in the mentioned figures, for each 
case. The general trends of the 
inelastic continuum appear to be 
well reproduced for the case of 
Pa” =4.5 fermi, allowing for the 
approximate nature of our calcula- 
tions, Particularly, the comparison 
of. our results with the observed 
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Inelastic alpha-particle 
200 [ distribution 


Cross section in arbitrary units 
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Fig. 2. Electrodisintegration of the alpha particle at 400 
Mev and 45°. The elastic peak is shown at A. The 
inelastic continuum BCDE is related to the momentum 
distribution of nucleons within the alpha particle. G points 


to negative pion production. 
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do|dQ2 dE/ 


230 250 270 290 310 330 350 376 
E,/ (Mev) 


Fig. 3. Comparison of our numerical results with the experiments (60°). 
(1) wa /?=4.5 fermi, scale of the ordinate=0.313 x 10-*? cm?/sterad. Mev. 
(2) py /?=3.65 fermi, scale of the ordinate=0.347 x 10-52 cm3/sterad. Mev. 
(3) pa /?=5.25 fermi, scale of the ordinate=0.321 X 10-%2 cm?/sterad. Mey. 


, 
e 


do/dQ di 


260 280 300 320 340 360 


! E,’ (Mev) 


Fig. 4. Comparison of our results with the experiments (45°). 
(1) we /?=4.5 fermi, scale of the ordinate=3.41 10-32 cm2/sterad. Mev. 
(2) wa /?=3.65 fermi, scale of the ordinate=4.75 X 10-32 cm2/sterad. Mev. 
(3) wa /?=5.25 fermi, scale of the ordinate=2.88 X 10-5? cm2/sterad. Mev. 
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behaviours in the high energy side of the continuum seems to be fairly satisfactory, The 
appearance of a small hump on the high energy tail of 60° data is well reproduced and 
may be mainly ascribed to the indirect process mentioned before. In the low energy tails 
of both 60° and 45° data, however, the appreciable discrepancies compared with the 
experiments are found to exist. Unfortunately, whether such discrepancies may be attribu- 
table to the crudeness of our wave functions or to the mixing-up of the process of meson 


production can hardly be determined at present. The reliable, experimental discrimination 


from each other process will be 
2.0 


highly desirable for the quantita- 


tive comparison in future. In +, 60°, CH ener na 
A ‘ fg"? =4.5 fermi | 
this connection, it should be eed, ie 


remarked that we have actually 


estimated the approximate orders 


~ 
» 


h 


of magnitudes of both contribu- 


tions from the deuteron emission 


from He’ and its break-up process 


into separate nucleons, which are 


(da/dQ dEe) x 10°” 
‘mee 
sh 


found to be, at most, ten percent 


of a nucleon ejection process under 0.4 L 


consideration and can hardly be 


responsible for the cause of the 
above discrepancies, 250. 270 290 310 330 350 
In Figs. 5 and 6 are shown ay ey) 


separately the -various kinds of (a) Cross sections due to the electric and magnetic interac- 


3 3 tions. 
contributions to total cross 


section (32) in order to estimate 
their relative importances. At 
400 Mev and 60°, the contribu- 


tion from the electric interaction 


the 4 A 
T magne—Fp +o 


is seen to become a little larger 


4 


than or approximately comparable 


with that from the magnetic 


interaction (a). In the contribu- 


(do/d2 dE,’) x 1022 


tion from magnetic interaction 


(b), the proton ejection is 


observed to become dominant 


compared with the neutron, as 
expected from the orbital current 
of the former. The direct 


process in the electric contribu- 


270 290 310 330 350 
E./ (Mev) 
(b) Proton- and neutron-contributions in the cross section 


due to the magnetic interaction. 
tion is seen to be predominant, Fig. 5. Relative contributions from the various kinds of 


compared with the indirect one, interactions (60°). (ftq7/2=4.5 fermi) 
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except for the high-energy 


tail where the latter process 
becomes appreciable in com- 
parison with the former Ke) 
giving rise to the small 2! 
hump. The relative contri- ° 

: , x 
butions of the — electric a 
interaction and the magnetic 
one as well as those of the ee, 
! seer é  +4.0-4 
direct and indirect ones in Ss Ne ite 4S) terms 
the electric interaction are 
observed to depend sensitive- 
ly upon the scattering angles, 
as shown in Fig. 6. 

270 290 


Next, in order to 
examine the validity of our 
wave function for He’, the 


Gaussian function (16) with 


310 330 350 


E,/ (Mev) 


Fig. 5. (c) Contributions from the direct and indirect processes 


in the cross section due to the electric interaction. 


a parameter of #;'"=4.5 fermi has been attempted to calculate the root mean square 


{r), the form factor of elastic scattering and the binding energy of He* nucleus, respec- 


tively. 


The calculated value of (r)=1.69 fermi should be compared with the observed 


one of 1.61 fermi and the resulting form factor is shown in Fig. 7 in comparison with 


45°, pa =4 5 fermi 


” 
meaqne 


/ 


made. 


260 280 300 320 340 360 
E,’ (Mev) 


Fig. 6. Relative contributions from the various kinds of 


interactions (45°).  (yg7!/2=4.5 fermi) 


(a) Cross sections due to the electric and magnetic interac- 
tions. 


the experimental results. The 
comparisons appear to be fairly 
satisfactory, allowing for our ap- 
proximate wave functions. 

As is well known, the binding 
energy of the nuclei depends 
sensitively upon the assumed wave 
function, and on the shape and 
parameters of the nuclear potential. 
For provisional calculations, the 
two-body nuclear potentials of the 
Yukawa-, Gaussian- and exponen- 
tial-types have been assumed and 
the nuclear parameters involved in 
each type of central potentials have 
been determined as usually done 
by fitting to the observed data of 
a deuteron binding energy, triplet- 
and singlet-scattering lengths, re- 


spectively. The resulting binding 


ud 
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« /?=4.5 fermi 


en 

indir 
S 
x 
Su 
hy 
= 
GQ 
> 
3 
— 

290 310 330 350 
E,/ (Mev) 
Fig. 6. (b) Contributions from the direct and indirect 


Processes in the cross section due to the 


electric interaction. 


fermi, become of 8.7 Mev to 8.5 Mev. 

Finally, some remarks should be 
added of the final state wave function 
(19), which assumes plane waves for 
the ejected nucleons. This approxima- 
tion will be permissible only when the 
ejected nucleons exist for the greater part 
of time outside the range of nuclear 


The actual 


situation, however, will be different more 


force of the residual nuclei. 


or less from such a case and the distor- 
tion of the outgoing waves of the ejected 
nucleon is to be taken into account in 
the more refined calculation, together 
with the of He’ wave 
function. it should be 


noted that the D wave function super- 


improvement 


Furthermore, 


posed on an S state one is shown to 
give negligible influence on the inelastic 
continuum under consideration. 
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energies of He’ based on our Gaussian 
wave function with py!” =4.5 fermi 
have been found to become of 21.9 
Mev to 23 Mev according to our 
assumed shapes of the nuclear poten- 
tials, which does not seem to be 
unreasonable in view of the approximate 
nature of our wave function, since the 
recent works by Clark" and Irving" 
show clearly that the mixing of D 
states wave functions onto an S state 
one is required essentially for the 
quantitative calculation of He’ binding 
energy. For the 


potentials, the binding energies of 


370 similar nuclear 


triton, calculated by the similar form 


of wave function with py'?=4.5 


1.0 


0.5 | 


0.2 


0.10 


0.05 


0.02 


0.01 


0.005 


0.002 


0,001 


50 
Scattering angle (deg.) 


20020 40 


Form factor. 
The curves denoted by (1), (2) and (3) represent 


the results of our calculations, corresponding to 


(1) py /?=3.65 fermi, (2) pe7!/*=4.5 fermi and 
CG) iene .25 fermi. 


The dots express the observed results of the Stanford 
group. The curve (A) denotes the result of calcula- 
tion based on a new form of Itving’s wave function 
of a ground state of He!. (Irving: Proc. Phys. Soc. 
(London) A 66, (1953), 17, Rustgi and Levinger : 
Phys. Rev. 106 (1957), 530). 
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It is shown that we can account for the photodisintegration of the deuteron near 11 Mey in consis- 
tence with nucleon-nucleon scattering at the corresponding energy. Some features of nuclear forces are 
elucidated in this analysis. It is shown that the phase shift of the singlet even state is somewhat 
smaller than that previously supposed, and the phase shifts of the triplet odd state are not small at 


such an energy. 


§ 1. Introduction 


The investigntion of photodisintegration of the deuteron is very important for under- 
standing of nuclear forces. However, its complete treatment has not yet been performed. 
The characteristic feature in the photodisintegration of the deuteron is that the isotropic 
part in the angular distribution is large.) Many authors have tried to account for the 


) 


large isotropic part from different points of view.” However, reasonable explanation has 


scarcely been given, and fair agreement between theoretical results and the experimental 
data is obtained only in a few treatments.” 

In this paper we shall show that we can account for the photodisintegration of the 
deuteron near 11 Mev” in consistence with p-p scattering at 18.2+0.2 Mev.” Then 
some features of nuclear forces can be elucidated in our analysis,” and discussions are 
made on these properties of nuclear forces. 

In the photodisintegration of the deuteron, most of the contribution comes from the 
electric dipole (e.d.) and the magnetic dipole (m. d.) transitions.” As is well known, 
the final states of e.d. and m.d. are °O (the triplet odd state) and 'E (the siglet even 
),*® and these states are just the only two states that are concerned with p-p 
scattering. Now the important point to be paid attention is that there exists large 
ambiguity in the determination of the phase shifts in p-p scattering,” and on the other 
hand the phase shifts are very sensistive to the cross sections of photodisintegration of 
On account of this we make use of the phase shifts, which fit p-p 
for the calculation of the photodisintegration of the deuteron, In this 
deuteron at E,=11.3 Mev corresponding to 18.2 


state 


the deuteron. 
scattering data, 
paper the photodisintegration of the 


Mev p-p scattering is treated. 
In § 2 the formulas for computations are given, and our method is explained. In 


————— 


* Small contributions from other states are neglected here. 
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§ 3 we show the calculated results and comparison with experiments. Then the features 


of 'E and *O brought out by our calculation are illustrated in § 4. Finally the conclusions 


are summarized in § 5. 


§2. Preliminary for our work 


The symbols used in this paper are as follows. 
E, : Energy of the incident 7 ray in C. M.S. 
M : Mean mass of neutron and proton. 


€ : Binding energy of the deuteron. 


P=M(EL-— Oye, a@ —Me/i?, k=m, c/b. 


/, +: Magnetic moment of proton, 

Lm» + Magnetic moment of neutron. 

U, : Radial wave function for *S, state of the deuteron. 

w, : Radial wave function for *D, state of the deuteron, 
fu: Radial wave function for °§,+°D, state of the deuteron. 
U, : Radial wave function for 'S, state. 


U, : Radial wave function for ‘D, state. 


U,; : Radial wave function for *P, state. 
0,’ : Phase shift for state of orbital angular momentum L and total angular momentum 
o., : Electric dipole cross section. 


Oma: Magnetic dipole cross section. 


o, : Total cross section. 

ot : Isotropic cross section arising from e. d. 
Oi. : Isotropic cross section arising from m. d. 
o;, : Total isotropic cross section, 


D, : Hard core radius of 'E. 


At our energy the situation is rather simple (because the energy is low). A number 
of effects which give merely small contributions can be neglected. The electric quadrupole 
(e.q.) cross section is about 0.2% of o,,;, and the magnetic quadrupole cross section 
is much smaller.” Therefore, these two may be safely neglected.* In o,,,, the contribu- 
tion from the exchange current is still small at E,~10 Mev,'™ and the transition to 
the continuous *S,+*D, state is only of the order of e.q. near our energy.) Therefore 
the transitions to be considered are only e. d. corresponding to *S,+°D,—>*P,, °P,, °P,, 
and m.d. corresponding to °S,->'§,, *D,>'D, without including the exchange current.* 

The formulas for these transitions are as follows. 


‘ : 3 : : s 
Although the interference term of e.d. with e.q. is not very small, its effect is unimportant as is 
seen in § 3. 
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= 
a 
I2= [rar U,.(U.— em). (3) 
7 mURES b y ME s . 
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(5) 
Iy= | Us Unde, Ing= | Upmadt. (6) 


In what follows we explain our method in detail. 
I. Wave function of the deuteron. 

In the calculation we used two sorts of wave functions of the deuteron. One is 
that obtained from phenomenological potential without hard core, which is given by 
Feshbach and Schwinger."? Its D-state probability is 2.5%. The other one is that derived 
from the pion potential, and it has a small hard core, which is given by I—O—T-—W 
The D-state probability of it is 6.4%. 

The former is obtained by adjusting the parameters of the Yukawa type potential 
without hard core, so that it can account for the low energy and the deuteron data. The 
latter is derived from the pion potential at r>1/k (because the inner potential is not well 
established, and the deuteron data depend on the behavior at r>1/k), and it can reproduce 
the scattering and the deuteron data. It is interesting to see what sort of differences 
will appear between these two cases. 

The approximate forms, which we used in the calculation, of the wave functions. of 


the deuteron for the above two cases are as follows. 


1) fz of Feshbach and Schwinger. 
U,= 1.042 VW ke (e~0-824er el ee : (7 : a) 


w= 0.2524 Wk (F—0.01939kr) =" — 9 140 Vc eer, (7-b) 
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2) fof 1-0-1 =, 
G,21.039 ke —1 3924 ke (8-a) 
W,=0,02624 Vk {1+3/0.328kr+ 3/(0.328kr) 7} e9 
= 12987 rkee. ale ar ely bee (8-b) 


The approximation of w, of (8-6) is not good at r< 1/k, and we used a smooth 
curve, so that it falls to zero at r=O in stead of (8-b) at r< 1/k. (The results are 
scarcely changed by the form at r<1/k for low energy reactions.) 

II. Calculation of e.d. and m. d. 

Now let us elucidate the computation of e.d. and m.d.” 

1) E.D. We discuss the e.d. at first. If 0,°, 0,', and 02 are given, o,, (and o% 
can be computed at once using the formulas (1)~(3). Because U;; is small at small 
distances, and because there is a factor r in [,,, the contribution from small r is 


unimportant, and we may approximate U,, by 


LU sin (kr + 0,°) 
r 


; —cos (kr +0,'). (9) 


‘There may arise a question that, U,, of (9) tends to oo at r=0, and therefore the 
approximation (9) may not be good enough. Nevertheless we can prove that the ap- 
proximation (9) is not bad. (See Appendix A.) 

2) M.D. In the computation of m.d. special attention is needed. As we can see 
from Ij) of (6), the contribution from small distances is important for this case. U, at 
. . . . NO . . . 
small distances is quite unknown, if only 0,” is given. However, we can estimate the 


lower and the upper limits of [jy (and therefore the lower and the upper limits of o 


ma 
ip 
and Oona. . 


The lower limit of Ih) can be obtained, if D, is given (The relation between the 
phase shifts and the hard core radius will be discussed later), by putting U, as 


kU, =sin (kr +0,°) (A—e7$ Ds), (10) 


and choose € so that it satisfies the effective range theory. 


The upper limit of I) can be: estimated as follows. The simplest way to compute 
the upper limit is to use : 


kU, =sin (kr +.0,°) . (10)’ 
However, to reduce the indeterminancy it is better to use 
kU) = sin (kr +. 0,°) (1—e7 77 Ds)) (10) 


with suitable values of 7. We choosed 7 so that (10)’ and (10) are differed by 1% 
at r=1/k, Values of € and 7 for various D, are given in Table 1 (See Appendix B). 

Generally speaking, the smaller 0,” is, the larger D, is. In the calculation we varied 
D, for given values of 0,°. If o'?, (and Tma) varies quickly by the variation of D, (for 


a y 0 . . * 
a given 0,’), then our method may become unreliable, because this means that Oa (and 
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Table 1. Values of ¢ of (10)’ and 7 of (10) 
as the function of D, is shown. 


Oma) cannot be determined only by 90,°. 
(Note that D, cannot be known by 0,°, 


D; (1/k) | c(h) | (hk) , although smaller 0,° corresponds to larger 
RAT. oi - as D,.) Fortunately the situation is not 
02 | as | oe so, as shown in the calculation in § 4. 

0.4 | 2.98 | 77 It should be noted that the magnitude 
4.83 115 of o'?, (and o,2) is determined ap- 


proximately by 0,°. Also it is to be 
remarked that the actual o%”, (and o,,,) 
is rather close to the lower limit at E,;=11.3 Mev, because the energy is not high. 

Up to now we have discussed I. There is no difficulty in the calculation of I,,. We 
can do it at once only if 0,? is known (in our case 0.°~0), because the contribution 
from small distances is unimportant for such a case. 

III. Phase Shifts of p-p Scattering at 18.2 Mev. 

We used the phase shifts of p-p scattering at 18.2 Mev given by Clementel et al.” 

and Iwadare et al.’ to the computation of the photodisintegration of the deuteron at 


11.3 Mev. These phase shifts are given in Table 2. The six sets corresponding to 


Table 2. Some sets of phase shifts (in unit of degree) obtained by Clementel et al. and Iwadare 
et al. to account for p-p scattering at 18.2 Mev. 


6° ! 6;° 6;! 6,2 
l ] 
A 43.7 19.4 —7.4 2.8 
B ” —14.6 10.5 —1.5 
(S | ” | 24.1 —4.3 —1.1 
| 

D | 48.3 | 16.7 —33 1.4 
A/ 50.5 | 35) —4.3 2) 
B/ ” —4.8 3.6 1.9 
(GE ” 6.3 — 3.2 0.3 


0. =43.7° and 50.5° were given by Clementel et al.” by the pure phenomenological 
analysis of phase shifts. The one corresponding to 0,’=48.3° was given by Iwadare et 
al." in the investigation of the pion potential, We do not discuss here the methods to 
obtain these phase shifts (The reader may refer to the original papers). In § 3, we see 
what results will be got from these sets of phase shifts, and what differences will appear 


among them, 


§ 3. Calculated results 


There is yet no good experiment at E,~10 Mev. The cross section at E,=11 


Mev given by Allen is as follows.’ 


Op=1.20+0.15 mb, (i) 
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and the main part of the angular distribution is 
a+b sin®@ (12) 
with a/b=0.05+0.02. (13) 


In what follows we show the calculated result, and compare it with the experiment. 
For convenience we denote f, of (7) by fi, (phe), meaning that it is derived from 
phenomenological potential. Also we denote fy of (8) by f,(7), by which we mean that 
it is derived from the pion potential. 

The calculated results, when we assume special values of D, in the computation of 
o®, and o», , ate shown in Table 3 and Table 4. Here we took D,=0 for f, (phe) 
and D,=0.2/k for f,(7) (Note that, the hard core radius of 2b is), 0 « for fe (phe). 
and 0.2/k for f,(7).). To show the situation more clearly the values of a/b of Table 3 
and 4 are presented in Fig. 1 and Fig. 2. 

In these tables and figures the relation between the phase shifts and the hard core 
radius is not taken into consideration. Although D, in the case of 0,’=50.5° may not 
be large, D, in the case of 0,°=43.7° might not be small. Therefore we over estimated 
o'?, (and o,,.) in the latter case. However, this causes only a slight effect on our final 
results, if we take the effect of hard core into consideration. This point is clarified in 

§ 4. Therefore we may see the aspect by Tables 3, 4 and Figs. 1, 2. 

From the calculated results we see, in spite of a large difference between f, (phe) 
and fi,(), the results of Table 3 and of Table 4 are quite similar. 

From these tables we see at once that 1) although there exist some differences among 
the calculated values of o,, all sets can account for o, within the experimental error,* 
2) the term sin?@ cos@, which is due to the interference of e.d. and e. q., is not 
interesting** because the calculated results of the seven sets are very similar, Therefore 
we shall not touch these further in what follows. 

The most important one to be paid attention is a/b which is strongly dependent on 
the features of the phase shifts, We may understand that special conditions are necessary 
to account for the experimental value of a/b (although the indeterminancy of a/b is 
still large). Concerning a/b we can comprehend the following properties of nuclear force. 
1) a/b’s of the first three sets corresponding to’ 0,°=43.7° fall into the required region, 
0.05+0.02, while 4/b’s of the last three sets corresponding to 0,°=50.5° do not. Also 
it seems that the set D corresponding to 0,’=48.3° would fail. 

It is owing to the largeness of o%”, and o%”, in the first three sets, which are obtained 
with the smaller 0,’ and the larger 0,’, that the first three sets can account for the 


experimental a/b (within the experimental error). We shall discuss this point again in 
§ 4 
S 4. 


* There exists important relation between op and. the triplet odd potential, about which we shall 
illustrate in another paper. 


ae z § ; 3 , 
Except a case in which the theoretical value is found to be different from the (future) experimental 
value. 
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2) The calculated results “are almost the same for both of fa(phe) and -f,(z). 
Generally speaking, the cross sections for fu(%) are a little larger than those for f, (phe) 
at our energy. Because the difference is not large, it shows that the influence of the 
wave function of the deuteron is small at low energies, as it is expected. 
3) From the dependence of o%?, (and Oma) On Oy’ we see that, the smaller 0, is, the 
larger o°?, (and o,,.) is. It indicates that smaller 0,° is favourable to the photodisintegra- 
tion of the deuteron. The physical meaning of this will be illustrated in § 4. 
4) From the dependence of o%” on 0,’ we see that as 0,* are larger (in absolute value) 


and more separated, o7” is larger. The physical meaning of this will also be discussed § 4, 


Table 3. The calculated result for tke transitions from fa(phe) at E;y=11.3 Mev using the 
Phase shifts of Table 2 is shcwn. In the calculation of m.d. we took D,=0. The upper half 
of the table is for the case when we estimate m.d. by its lower limit, and the lower half is for 
the case when m.d. is estimated by its upper limit. All cross sections are in unit of 10-29 cm?. 


Also in the last column the coefficient of sin? cos (8), which is given by the interference of 
e.d. and e.q., is given. 


TE SS 


3 | 2 | | 
ip | ip 
ed omd oT Fea md | Tip a/b | B 


108.30 | ZOOS) 111.26 2.08 25) eh 4.45 0.028 0.099 
| 


A B (e, D A’ B/ ey 
Fig. 1. a/b of Table 3 is plotted. 


644 S. Hsieh 


Table 4. The calculated result for the transitions from fy4(z) at Ey=11.3 Mev is shown. In 
the calculation of m.d. we took D,=0.2/k. For other contents see the explanation of Table 3. 


0.07 


0.05 


0.03 


A B G D Ae B’ Cc’ 
Fig. 2. a/b of Table 4 is plotted. 


§4. Properties of nuclear forces 


In what follows we illustrate the properties of nuclear forces indicated by the calcu- 
lation of § 3. At first we elucidate the feature of 'E indicated by o%%,, secondly of 3O 
indicated by o%, and then about the relation with p-p scattering, 

I. Feature of ‘E Indicated by m. d. 

In §3 we saw that the smaller 0,° is, the larger o%?, is. In what follows, we 

elucidate the reason, and explain the feature of 'E, 


From (5) we see, 07%, is determined by 


Tyo — V 2 cos (0,.2— 05°) Toy Tyg + 3 I. (3) 


From (6) we can understand that Ih, is much smaller than Ij) at low energies, because 


U, is small at r<1/a, and », is smaller than U,. Therefore the main part of (5)/ 
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is I. From the first 
equation of (6) we see 
that, I, comes from the 
overlap of U, and U,. 
From Fig. 3 we can see 
that I, is determined by 
the first positive part and 
the first negative part of 
U, wave. If the overlap 
of the first positive part 
of U, wave with U, is 
much larger than the 
overlap of the first nega- 
tive part of U, wave with 
Uz, I is very large. If 
it is not the case, I is 


small. The former cor- 


The overlap of Uz (phe) wave with Up) wave at 18.2 Mev 
nucleon-nucleon scattering is plotted. For Uy we used (10) correspond- 
ing to D,=0, i.e. sin(kr+6p°) (1—e-$7) with 6)°=50.5°. 


responds to smaller 0,°, and the latter to larger 0,’. 


9 
oma X 1029 


40° 50° 


Fig. 4. The lower limit of oq for the 


To make the situation more clear, we 
show the dependence of m.d. cross sections on 
0,° in Figs. 4, 5, and 6. In these figures the 


lower limit of o%, and o,,,, are plotted as the 


function of 6,’ and D,*, Here we used f, 
(phe) as the wave function of the deuteron, 
and varied D, in 0~0.6/k. 

From these figures we can comprehend 
that, taking the existence of the hard core into. 
consideration,* ‘If 0,° is smaller, the corre- 
sponding o/?, (and o,,,,) is larger”, except a 
case in which 0,’=f(D,) is changed quite 
slowly with the variation of D, at our energy, 
although it does not seem to be the case (Even 
if 0,° varies so slowly that, when D, varies 
from 0 to 0.6/k, it decreases from 55°* to 


45° at our energy,* and 0%}, is still increased 


transition, °S,—>15Sp 


(at Ey=11.3 Mev) 1s by 20% mote in this variation) . 


Perhaps the 


shown as the function of 69° and D;- 0, shadowed part of Fig. 5 would represent the 


0.2, 0.4, and 0.6 are D, in unit of I/k. 
They represent the lower limit of o,,q cor- 


relation between the phase shifts and o 


Hf 


responding to given Ds. 


It seems that 0,” has been taken somewhat 


* If 9p is smaller, the corresponding D, is larger, generally speaking. 
# The Yukawa type potential without the hard core gives 0)°=54° at 18 Mev.!®) 
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larger at energies higher than 10 Mev.'” 


Speaking in the words of potential, it 


seems that the singlet even potential 


would be rather repulsive than it has 


been supposed thus far (except at low 


energies) . 
II. Feature of *O indicated by e.d. 
Although smaller 0,° is favourable 


for the photodisintegration of the deuteron, 


it is still insufficient by itself to account 


for the large experimental a/b. (See the 


computation in § 3). Therefore we are 


forced to expect some part of the isotropic 


cross section to come from the e.d. 
we 40° 50° 60° 
transition. 

Pp 


From the formulas (2) and (3) Fig. 5. The lower limit of o%?, kag Ex =11.3 

: : Mey) as the function of 69° and D, is shown for 

we may see that, generally speaking, if the case of f,, (phe). The meaning of the figures 

the D-state probability is larger and 0; in the graph is similar to that of Fig. 4. The 

are larger, oe 1s larger. However, there shadowed part would represent the relation between 
69° and o\? 


md * 


is a limit which we can take about the 
D-state probability. Furthermore the 
detailed form of the wave function of 
the deuteron is unimportant at low 
energies as we see in § 3, Therefore, to 


expect large o”, we infer that for 18 


oma X 1079 


Mey nucleon-nucleon scattering 0,’ are no 


longer small and somewhat separated from 


one another. In the words of potential 


we may say that the tensor force in *O 
is not small, 


III. Relation with p-p Scattering 


We have seen that if 0,° is smaller, 


Om is larger, and that if 0,’ are larger 


and more separated, o%” is larger. Sum- , 
ming up these two effects, we can account 40° 50° 60° 

for the experimental value of a/b. Now Fig. 6. The lower limit of omq (at Ey=11.3 
re discieecehee Lenin p-p scattering, Mev) as the function of 69° and D, is shown for 


= oa porerae be (90°) /dQ Sh ited oe thei Ease of fy (phe). the meaning of the figures 
ee is similar to that of Fig. 4. 
accounted for by 0,’ and the difference 


? » 0 N1 XQ 2 . Q . § © 
among 0,, 0, and 0,°, Therefore if 0,’ is smaller, 0,°, 0,1, and 0° must be larger in 
the absolute value and more separated from one another. Thus we may conclude as follows, 


“To account for both al isi i 
re) p-Pp scattering and the photodisintegration of the deuteron in 
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consistence with one another, 0,” would be smaller, and 0,°, 0,', 02 would be larger and 


more separated from one another, than they have been supposed up to today ”, 


$5. Conclusion 


We summarize the results obtained in this paper in the following. 
1) We can account for the photodisintegration of the deuteron near E,=11 Mev in 
consistence with p-p scattering, if we take 0,’ to be somewhat smaller than that previously 
supposed, and the phase shifts of *P states larger than those previously given. 
2) Generally speaking, if 0,° is smaller, o%”, is increased, and makes the isotropic part 
larger, which is favourable for the photodisintegration of the deuteron. It seems that 'E 
potential would be somewhat more repulsive than previously estimated at energies above 
10 Mev for nucleon-nucleon scattering. From the analysis of § 3 and § 4 it seems to be 
0)? S 48° for 18 Mev nucleon-nucleon scattering, 
3) Generally speaking, if the three phase shifts of *P are larger (in the absolute value) 
and more separated from one another, o%” is larger, and it is favourable for the photo- 
disintegration of the deuteron. These phase shifts are no longer small for 18 Mev 
nucleon-nucleon scattering, 
4) To account for both p-p scattering and photodisintegration of the deuteron consistently, 
0,’ would be smaller, and 0,’ would be larger and separated from one another, than those 
previously given. 
5) The influence of the wave function of the deuteron is small at E,~11 Mev. 
Similar analysis at higher energies to show up many properties of nuclear forces and 
further analysis near our energy to reveal a concrete shape of the nuclear potential are 
now being carried out and will be published in due time. ; 
The author is much indebted to the financial support by the Yomiuri Yukawa 
fellowship. 


Appendix A 
U,, of (9) tends to co at r=0, whereas U,; must vanish at r=0. Therefore we 
need to examine the accuracy when we approximate U,, by (9). (9) can be rewritten as 
U,;=7 (j, (kr) cos 0,'—n, (kr) sind,'). (9)’ 


To estimate the accuracy of approximation, we calculated the contribution of the last 
term of (9)/ from r<1/k to 1, of (6) (Note that, lim j, (kr) =0, ‘and lim ny (kr) = — 
> ara 


1/Er), 


The integrated form of [,,; can be written as 
L,,=G, cos 0,’ +H, cos 0’. (6)! 
Here G, is due to j,(kr), and H, is due to n,(kr) of (9)/, At our energy 
pga r/a 7 | Sapo (A) 


In H, the contribution from r<1/k (we denote it by H,’) can be expressed by 
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2/9 Hy y (B) 
From (6)’, (A) and (B) we get 
H/ sind;'/Ty, 0.04, when 6f= 20%, 
and H/ sin0;'/Ty 0.02, when 0. =o 


Therefore the approximation of (9) is not bad. 


Appendix 6 


Applying the effective range theory," the singlet effective range r, can be expressed 
as the function of the singlet scattering length a,, the hard core radius D,, and € of 


(10) by 


fal 2— Py O/C R/C 57 C" (C) 
Here P= Do aD? 4-@D?/3,) O0=3/2 (1+ 24D. 241) ). 
R=4/2(7--13 4D.), S154 2, and d=—iya, (D) 


If r,, 4,, and D, are given, € can be computed from (C) and (D). (See Table 1) 
For r, and a, we used r,=2.7X107" cm, and 4,=— 23.68 X 107% cm.” 
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Electronic Energy Levels of Polyene Chains 
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An attempt is made to treat the problem of absorption wavelength of polyene chains in the case 
of the alternate single and double bonds. The method of LCUAO MO of Brown and Matsen is. 
found to be useful for the problem. Simple calculations yield the wavelength formula, 
oF 12398 
— A+V A2+B sin? (z/N) 


where 4 and B are the parameters of the theory and N indicates the number of m-electrons in the 


a xX 10-8 cm 


polyene chain. It is clear that this formula has the desired property of the so-called “ convergence ”. 
The fit to the experimental data is good. Possible physical implications of the present calculation are 
discussed in some detail. 


$1. Tntroduetion 


In the one-dimensional free 7-electron model of linear long chain molecules the o- 
bond skeletons are replaced by suitable deep square-well potentials for the z-electrons. If 
we identify the lowest excitation energy of the model with the energy of the first absorp- 
tion of the chain molecule, then it follows that the absorption wavelength is proportional 
to the chain length, that is to say, the length of the square-well potential L. This free- 
electron molecular orbital method is applied successfully to long symmetrical odd-atom 
dyes in which the first absorption wavelength increases by 1000+50 A for every additional 
viny]! group in the chain, successive increases being ‘ noncovergent >) However, this method 
encounters a serious difficulty in the treatments of unsymmetrical cyanine dyes or polyenes 
where the absorption wavelength does not increase linearly but ‘converge’ with increasing 
chain length, probably to a finite limiting wavelength of absorption. Several authors 
attempted to explain this conspicuous property. Araki and Murai” explained the CORVETL Eee 
of the absorption wavelength of carotenoids by introducing the effect of the interaction 
between Z-electrons into the one-dimensional free-electron model. The method of calcula- 
tion in their paper is very interesting and the formula for the wavelength of the absorption 
maxima obtained by them reproduces the convergence property in good agreement with 
the experimental data of carotenoids. In addition, Araki” Benda a oe on the 
physical implication of the calculation and stated that ‘the light Bags vs long 
carotenoids is due mainly to the plasma oscillation of 7-electrons contained in their ‘con- 
jugated chains’. However, it is not necessarily clear why we need not or si not 
include the interaction between 7-electrons in the case of symmetrical cyanines, while the 


inclusion is quite essential for carotenoids and it seems rather problematic to explain the 
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limiting energy gap as the excitation of the plasma oscillation in a ELE a electron 
gas tube, because the frequency seems too small as a so-called plasma oscillation and the 
mechanism of the light absorption of the plasma oscillation is not clear. Kuhn” proposed 
a modification of the simple square-well potential by introducing the alternation of effective 
nuclear potential corresponding to the alternate single and double bonds of the chain. 
This periodicity introduces a Brillouin gap into the electronic energy spectrum, which 
brings about the convergence of the absorption wavelength in long chains. By varying a 
parameter V,, a measure of the degree of the single-double alternation, Kuhn succeeded 
to treat both non-convergent case of the symmetrical cyanine and convergent cases of the 
unsymmetrical cyanine and the polyene. Dewar” put such alternating bond strengths 
into an LCAO-type treatment and got a convergent two-parameter formula fitting the 
polyene spectra. But Bayliss and Riviére’) objected that such alternations are expected to 
get smaller with increasing chain length. This point of view seems to appeal to our naive 
intuitive imagination. Platt’? supported, however, again the existence of the single-double 
alternation in his detailed semi-empirical investigation of the present subject. Then, it 
would be a challenging theoretical problem to confirm that the alternation of the single- 
‘double bond character and the bond length does not decrease with increasing chain length. 
To present a complete answer to this problem is undoubtedly a very difficult task because 
we must consider the role of o-electrons together with 7z-electrons in a sufficiently long 


‘chain and see what kind of the bond alternation will be realized. This is a formidable 
and almost impossible task for the present scheme of the theoretical calculation. 


Nevertheless, in our opinion, there are indications that we might be able to say 
something about the present problem within the simple 7-electron approximations. It is 
known that the simple LCAO method with all bonds equal makes the absorption wave- 
length proportional to the chain length L for all very long chains, polyenes included, and 
the order-length relation for carbon-carbon bonds indicates that the inequalities in bond 
lengths diminish rather rapidly as we go on from the end to the middle part of long 
chains. However, this situation does not necessarily imply that the simple LCAOQ MO 
type treatment is entirely useless for the present problem, We should recognize the posi- 
tive side of the meaning of the successful order-length relation for shorter chains, where 
‘comparisons between the predictions and the experimental data are possible, and generally 
good agreements are found. It is important to recognize that the use of the molecular 
orbitals in the form of linear combination of the atomic 2pz orbital on each carbon atom 
is useful but not necessarily essential to obtain the appropriate order-length relation. The 


point is that it is a meaningful approximation to suppose that the one-electron waves are 
delocalized and quantized in the whole dimension of the molecular system. The close 


parallelism between LCAO MO and FE (free-electron) MO is the well-known fact. In 
this regard Platt’? displayed a very instructive example where o-bond skeletons of conjugat- 
ed molecules are replaced by two-dimensional boxes of suitable shapes. For instance 
polyenes and polyacenes are represented by simple rectangular boxes of suitable sizes in 
which the 7z-electrons are moving freely. Platt could reveal an astonishing fact that the 


total density distribution of z-electrons reproduces rather closely the geometry of the o- 
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bond skeleton and further the amount of electron concentration on each bond position is 
properly in accord with the bond order prediction by the LCAO MO treatment based 
on the actual bond skeleton. This must be more than accidental and it is natural to 
expect that this density variation of z-electron cloud should counteract the positions of 
carbon atoms in the bond skeleton and the counteraction might be estimated to a certain 
degree by the simple molecular orbital type treatment within the 7-electron approximation. 
This is what we attempt in the present paper. We treat here the polyene chains because 
we think that this is the most suitable example to reveal the whereabout of the problem. 


7p) 


2. Wavelength formula of polyenes with alteriaate bond length 


Let us first state our problem in terms of the usual LCAO MO method. The 
system consists of N z-electrons and the o-bond skeleton containing N carbon nuclei, N 


being an even number. The secular determinant of N degree to be solved is 


a—E B 


ao (1) 


where a and f, f! are usual Coulomb integral parameter and resonance integral parameters. 
respectively.* It is customarily supposed that 8=f’ means the equal bond length and 
if we want to discuss the case of alternate bond length we have to treat the general case 
of #2<8’. If we solve the above secular equation, we obtain the energy levels {E,} GG= 
1, ---, N) and the lower N/2 levels are occupied by the N 7-electrons. Then the total 
m-electron energy of the system ay IS 


Ne 
toi =2 21 E 5, (2) 
ja 


and the energy gap corresponding to the first absorption maximum is 


4E= |Enj211 —Ewp| : (3) 


) 


The solution of the above equation (1) was discussed by Lennard-Jones” and Coulson.” 


In the case of S=/9’ the solution can be expressed in a compact analytical form : 


* Here and in the following we neglect the overlap integral between two neighboring orbitals, as usually 
done in the discussions similar to the present one. Of course, we can include it by writing @—SE in place 
of 8. However, it seems to bring about unnecessary complications for the present discussion. 


652 S. Huzinaga and T. Hasino 


1 22 JB : (4) 
j a-+2/ cos rari 
aa ee eNy 2 a Serene 
Pe JE= (a+2p cos eran (a+2 sta ) 
== 149’ sin uxt? toon (5) 
2(N+1) | 
and evidently 
BEN 2A Rod uctoy: Cen ate (6) 
N+1 


This simply means that the absorption wavelength grows larger and larger and shows no 
convergence property as the chain becomes longer. It is expected that this unfavorable 
situation might be remedied in the case of 8’ but unfortunately the solution have not 


) attempted to treat 


been obtained in a form as compact as in the case of 9=/3’. Dewar? 
the case of 37;3’ by a sort of perturbation calculation and obtained a convergent two- 
parameter formula for the energy gap JE fitting the polyene spectra. However, the validity 
of the perturbational treatment is not necessarily obvious and the information about the 
other energy levels cannot be obtained in his treatment. 


) 


Recently, Brown and Matsen"” attempted to extend the united-atom concept to con- 


jugated systems by taking the molecular orbitals to be linear combinations of united-atom 
orbitals located in each bond of the system. It may be called LCUAO MO method 
after them. Fig. 1 may be helpful to understand the method. A precise form of the 
z-electron UAO’s will be specified in the 


next section. In the present section they 
occur only in the Coulomb and resonance RRQ 
integrals which are regarded as semi-empirical 


LCAO MO 
parameters. As shown in (1) and Fig. 1, 


if we want to treat the case of the alternate a, 2, B' 
bond length by the usual LCAO MO method, 
the constancy of the distances between the 
adjacent centers of AO’s is lost and two dees 
values of resonance integrals, and 3’, be- 
come necessary. The situation is different 
in the LCUAO MO method, where the 
distance between the adjacent UAO’s can be pie 


assumed to be constant approximately and 


LCUAO MO 


consequently we need two values of the Fig. 1 


Coulomb integrals, a and a’, 


Thus, the secular determinant to be solved in the LCUAO MO method is, corres- 
ponding to (1), 
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©) 1 
tod wo! 1 
| 1 w 1 
Dy_1= | 1 wo! =0, (7) 
w! 1 
1 0) 
Here w= (a—E)/§, w!=(al—E)/f, 


a=%—€, a=ate’, « 


0, p=, +0, 


? 


where @ and § denote the Coulomb and the resonance integral respectively in the case 
of equal bond length. For later convenience we take € and €’ to be positive. There is 
some ambiguity in the sign of 0 but we need only a plausible relation of |e|, |€’|> 0]. 
It is to be noted that the above determinant is of degree N—1, instead of N in (1). 
Now let us try to solve the equation (7). If we define the following series of 


determinants : 


P= @), 
wo if 
Dye = (ww') —-1, 
1 o! | 
O) 1 
Do" 1 wo! 1 |=o[ (wo’) —2], 
1 wo 
| @ if 
1 ow! 1 Z 
Bie =(war')*=—3 (ow!) s-lLrnas, 
I 0) 1 
1 w! 


we obtain the recurrence relations, 
Dyz2=!' Dy-3— Dy, (8) 
Dy_1 =W0 Dap — Dyes 9 


N being an arbitrary even number larger than 5. Then we can prove easily by mathematical 


induction that Dy_, takes the form : 


Dy1=0fy-1 [ (wa) |, (9) 


A ates 
where fy_1(x) means a polynomial of x. In the special case of w=w', namely a=a’, 


we obtain the equation, 
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Dy_1;= ofy-1 [wv] =0. (10) 
The solution of this equation 1s 
o,= (@—E,) p= 2 cos(jz/N). (s=1, 2, °° if—1). (11) 


Here wj-y)2 just corresponds to o=0 in the above equation (10) and this is the highest 
occupied level if N is supposed to be the number of 7 electrons in the polyene chain, 


Then the roots of fy_;[@?]=0 is expressed as 
wp=4 cos (j2/ Nee. jel, be CN/ 2) 1, CN D) Sad es IN ad 
(12) 


Comparing (9) with (10), we see that the roots of the equation (7) are given as follows, 


oF =Wy_;- 
O=0 

(ais \4==4 cosy Ry Dily. fails 28, CN) 2) Ag iy 2p eee PEW 
(wo) ;= (Wa) y-;. 


A more elegant treatment of the secular equation (7) will be found in Appendix. Sub- 
stituting the relations w= (a—E)/§ and w/=(a/—E)/f in the above relations, we 


obtain the energy levels relevant to the present problem : 


E,=a,—4 («—€') —W[(e+ €) /2P-+ (28)? cos*(jz/N), j=, +, (N/2)—1 
Exyp=a—€, (14) 


Eyp.1=%—4 (€— €) + [ (E+ &)/2 P+ (28)?sin? Y/N). 


Ex, is the energy of the highest occupied level and Eyj..,; is the energy of the lowest 


vacant level. Then 


4E=} (e+ €’) +yY[ (e+e) 72 (28)? sin? (a/N) 
=A+V A+B sin? (@/N), A=h(e+e), B= (28). (15) 


According to the relation A=hc/AE the absorption wavelength formula is written as 


| ES See ee Oe SOF col (4,78 in tev yi (16) 
A+Y A’ + B’ sin? (z7/N) 


A similar formula was presented by W. Kuhn. It is evident that this formula has the 
desired property of convergence. The limiting wavelength is given to be Ay. yyrni 298d 2a 
and this relation restricts rather narrowly the allowed range of values of the parameter A. 
With parameter values of A=1.13 and B’=48, this formula can fit the experimental 
data to the same degree as H. Kuhn’s formula,” as is shown in Table 1. A more 
careful choice of the parameter values will bring about a better agreement with the ex- 


perimental data but too much elaboration on this point does not seem to be worthy. 
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Table 1. (2 in my) 


Polyene N | Rexp Akubu | Ay-H 
Butadiene 4 217 233 201 
Hexatriene 6 260 282 260 
Octatetraene 8 302 320 309 
Axerophtene 10 346 350 349 
Anhydro Vitamin A 12 369 375 382 
f-Carotene 22 451 451 471 
Dehydro-8-Carotene 24 475 461 481 
Dehydrocopene 30 504 486 502 


§ 3. Discussion on alternation of bond length 


In this section we shall first try to make a rough estimation of the magnitude of 
€ and €’ in (7) by specifying our united-atom orbital for z- 
electrons. Suppose a system which consists of two carbon cores 
of effective charge Z and one 2pz-electron. (See Fig, 2) 
The two carbon cores, a and 6, are separated by a distance em ANiste 
of 2R and the electron is described by a 2p7-orbital with the 
center at the middle point between the two carbon nuclei. 


The energy operator is (in atomic units), Fig. 2 


Ae yi z x (17.)! 


2 Yi Ty 


D 


and the wave function is 
P= (2pm; 2) =N(QZ, Ore (1/12) [1,16 9) +(—D Vi, ¢)], (18) 
il 


Yi4:(0, 9) = ¥ pl sin Maren 


where N(2, €) is the normalization constant of the radial part. The expectation value 


of the energy is obtained by a simple calculation to be 


1 o zZ 1 | 9 5, 9 aval 
BOR) = \0*Add-= = ——— 24+40°+ 24+240+80°+0°)}, 
2 ) \y z Re-48 DRE sO ae Df 


o=2¢R, (19) 


and JE/d0=0 yields 

o[2RZ= (1/02) [48 (48-4480 4240747 0° +04) . (20) 
For the present purpose we assume Z=3 and at 2R=1:4A we deterstine € to be 1.3229 
by using (20). Then with the fixed values of Z=3 and €=1.3229 we calculate the 


_energy E(2R) at three values of the carbon-carbon distance, 2R=1.35A, 1.4A and 1.45A, 
The result is shown in Table 2. ' 
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Table 2. 
2R (A) | E (2R) (au.) | é, €/ | é+é/ 
te | BS | € = 0.044853 €+€/=0.089311 au. 
1.4 | — 2.134761 pine 
| / = 0.044458 =2 
1.45 | —2.090303 ee 


Here € and €/ are assumed to be given by the differences of adjacent E values as 
indicated in the third column of Table 2. It is interesting to observe that the value 
of €+¢/=2 A=2.43 eV estimated above is close to the value 24=2.26eV used in our 
wavelength formula to fit the experimental data in the preceding section. By a simple 
interpolation procedure we find that the variation of bond lengths 1.353 Ac (1.4A)> 
TAAGSA just corresponds to the value 2 4=€ + €/=2.26eV. In other words, this result 
may be stated as follows: if the polyene chains with equal bond length of 1:4 A" become 
chains of alternative bond length in which the shorter bond length is 1.3535A and the 
longer 1.4465 A, this change brings about the convergence of absorption wavelength and 
we can obtain the agreement with theory and experiment in polyene series. The bond 
lengths 135A and 145A seem to be reasonable in view of the experimental information 
on the bond alternation in butadiene. 

So tar, the preservation of the alternation of bond length in the long polyenes is 
nothing more than an assumption in the present treatment just as in the treatments of 
H. Kuhn,” Dewar” and Platt.” The only advantage of the present treatment over others 
is that we present a reasonable estimation of the parameter value which determines the 
limiting absorption wavelength of the polyene series. 

Now we shall try to look for possible causes to preserve the distinct bond alternation 
in the longer chains beyond the expectation from the usual order-length relation. From 
(2) and (14) we obtain 


N/2=1 7 


Evia =2 > 1-4 (e—€’) —y | (e+e) /2P+[2 (8, +0) cos? (jz7/N) +2(a—€). 
(21) 


This corresponds to the case where the chain has shorter bonds on both ends. The 


energy of the reversed case where longer bonds are found on both ends is easily found 
to be 


N/2-1 


Ee a) —3(e—e') —V [(e +e) /2P+[2 (8) £8) Pecos? (jz/N) | 42 (a +e’). 


(22) 


‘Then 
d= Eye (22) —Exra, (21) =2(e+e’). 


This energy difference is characteristic of the chain with even number carbon atoms. — 
According to our tentative calculation displayed above J~4~5eV. This must be said 
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to be rather small, against our first expectation. It would be possible, however, that this 
energy difference could work well in the chains of, at least, intermediate length. We 
know that the nature makes the best use of such a small energy difference on the 
determination of the spatial structure of the matter. But it would be rather hazardous 
to assert that this energy difference could preserve the distinct bond alternation even in 
the very long chains. It would be more natural to expect that the bond alternation would 
diminish sooner or later in the very long chain in spite of the difference J. Then how 
about the convergence property of the absorption wavelength? Our conjecture on this 
point is that the effect of correlation between electrons through the long range Coulomb 
force, just as discussed by Araki and Murai,” will arise and compensate the eventual 
decay of the effect of the above mentioned energy gain in the very long chains. This 
effect of the electron correlation is expected to be found equally both in the polyene 
chains discussed here and in the symmetrical and unsymmetrical cyanines but, unfortunately, 
we lack the experimental data on the very long chains, especially in the case of cyanine 


dyes. 


§ 4. Conclusion 


By using LCUAO MO method of Brown and Matsen, we have solved analytically 
the secular equation for the general case of polyene chains with even number carbon atoms 
and obtained an absorption wavelength formula as useful as the ones due to the other 
authors. In addition we have attempted some discussions on the real occurrence of the 
bond alternation in the longer chains. Our discussion could go hardly beyond mere 
speculation but we believe that the fact that the polyene chains discussed here contain 
even number of carbon atoms will play an essential role in this problem. Probably we 
should prepare a separate explanation for the convergence property of absorption wavelength 
in the unsymmetrical cyanines, where the end nuclei would play a dominant role and the 


experimental data exist only for rather shorter chains. 


Appendix 
Let Py be the determinant 
o 1 
ek @ iL 
al 
2 (A1) 
@ 1 
1 wo 
If we write w=—2cosd, then we find F 


sind 
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Then the roots of Py=0 are all real and are 
jz : 
w,= —2 cospa—+—_,, j=1, 2, ---, N. (A3) 
N+1 


This is the result obtained by Coulson.” 


Expanding Py in (Al) in terms of the top row, we find the recurrence formula, 
| OP — Pree (A4) 


From this, the recurrence relation among P,,, Ps,» and P»,_4 is found to be 


P= (ar 2) Pir it ee (A5) 
The initial values are 

0) 1. 
|e | =w?—1 

1 O) | 

O) 1 

fi @) 1 
i S07 8 tpi 

i (0) 1 


1 ow | 


1 w 1 
Gh if wo! | . (A6) 


| 
| 
| 
| 
| 


Expanding in terms of the top row, we get the recurrence relation 


Dy, es ODay _1 = Py dono . (A7) 
Here 
wo! 1 
1 0) 1 / 
| 
1 wo! | 
Doy 1 = | . (A8), 
| 
. | 
| wo 1 | 
| 
| 1 wo! | 


Then, again expanding in terms of the top row, we find 
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Dy = 0! dyy_9— Dns. (A9) 
From (A7) and (A9) we obtain the recurrence formula 
dy, = (CO) col 2) dn» — don—4 : (A10) 
The initial values are 
‘ w 1 | ( 
= (= (oo’) —1, 
teal ow! | 
lw 1 
1 wo! 1 
dj== = (wa’)?—3 (wa) +1, 
1 (0) 1 
1 wo! 
‘Comparing (A10) with (A5), we observe that, if we write (ww’)'’=—2 cosf, ds, can 


be expressed as follows, 


ae sin(2n+1)0 


(ATI 
sin @ ( ) 
Then the equation d,,—0 yields the formula 
j 7 
ww! ),=4 cos — Se feeb 2 ean Al2 
( dj n+l j e ( ) 


Next, let us return to the recurrence relation (A7). By using (A11), we get 
OD = doy + dry» =| sin (2n +1) 4 +sin (2n—1) O]/sin?=c! sin 2n6/sin 20, 


namely 


ee So saad (A13) 


Then the equation D,,_;=0 gives the formulas, 
w= 0. sin 2h sin 20 =0-, (Al14) 


If we rewrite w/—>w and w—>w’, then D,,_, here is essentially the same determinant as 
D.,-,; in § 2 and from (A13) we readily obtain the results given in (13) of § 2. 


Finally we consider the following determinant 


| oo. 1 
1 o! 1 
1 ) 1 
e(o.0') =) 1 wo! fo (A15) 
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By using similar techniques as described above, we reach the following expression. 


Ao, (6, 6) = (1/sin 20) {2 sin (2n +1) 4-cos#+2 00’ sin (2n—1)4-cos 6 


+ (w0' +0/0) sin 2nb. (A16) 


If we could solve the equation 4,, (0, 0’) =0 analytically in the general case of arbitrary 
values of 0 and 0’, we could attempt some interesting treatments of the symmetrical and 
unsymmetrical cyanine dyes, because, in the method of LCUAO MO, 0 and 0’ might 
be able to describe the effects of various end nuclei of the dye chains and w and w’ the 
alternation of bond character in the unsymmetrical cyanine chain. Unfortunately, it seems 
that the formula (A16) can be factorized only at the restricted values of 0 and 0’, 


namely d=0’=—1,0,1: 
(I) d=0=—1; 4,,= (wo! —w—W’) sin2nG/sin 24, 


(IL) 6=0'=0; 4,,=¢,,=sin2n0/sin 0, 


BS) 


(III) * d=0’/=+1; 4,= (oo! + 0+ 7’) sin 2n6/sin 24. 
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On the Ground State Spin 
of Ti” and Mn” 


Sadaaki Yanagawa 


Department of Applied Physics, Faculty of 
Engineering, University of Tokyo, Tokyo 


October 7, 1957 


Lawson and Uretsky’) have shown that it is 
successful to compute the energy splittings 
for the configuration (f;))” by making 
use of the excitation energies for the ( fy),) * 
ot (frj2)* given by experimental measure- 
ments, in nuclei with (f;).)”" protons and 
28 (closed shell) neutrons. Talmi” has 
also taken the same procedure in nuclei 
with (f,),)” neutrons and 20 (closed shell) 
protons. In these nuclei it is worthwhile 
to note that the energy splitting E(2) 
between the first excited state and the 
ground state for {( f-).)*° shows a nearly 
1.4~1.6Mev. This re- 
gularity would give a sensitive effect to 
lowering the state (7/2) than the state 
(5/2) of nuclei for (f;/.)** configuration ; 
(Ca, Ca”, V™ and Mn"). On the’ con- 
trary, in nuclei: Fe™, Cr, Ti and te 
the experimental values of E(2) fall in the 
In the first ap- 


constant value ; 


range from 0.85 to 1.0. 
proximation, one neglects the effects of con- 
figurational mixing, and assumes that the 
first four excited states assigned (J=0, 2, 
4, 6) of these nuclei would be pure and 


represented by the wave function ¢( f= (J), 
j°(0):J), J=0, 2, 4, and 6 respectively. 
With the concept of the fractional parent- 
age coefhicients one computes the energy 
splittings of the eigenvalues for the pure 
states (f49(J)s 2(0):J), J=7/2, 5/2 
3/2,--- which are assumed to correspond to 
the low lying levels for the nuclei Mn” and 
Ti’, by adopting the known experinental 
data for the above ( ft,.)*” configuration. 
One obtains the following equations for the 
energy splittings, 
E(7/2) —E(5/2) =—1.416 E(2) 
+0.568 E(4) +0.1E(6), (1) 


E G72) —E (7 /2)=0.2256.2) 
+1.608 E(4) —1.083E(6). (2) 


Here the absolute values of E( J), J=2, 
4, and 6 are about 0.85, 2.00, and 3.00 
respectively, For these values the left-hand 
sides of the equations (1) and (2) are 
all positive. From the above treatment 
one finds that the crossing over of the 
(7/2) and the (5/2) levels depends sen- 
sitively on the energy splitting E(2). 

A summary of our calculations together 
with the known experimental information 
is contained in the table. For the experi- 
mentally unknown valhcae (6) in Fe® or 
Ti*, a reasonably assumed one, 3.00, is 
replaced, which is assigned by an asterisk, 
It will now be predicted that the ground 
state spin of V“ would also be 5/2 from 
And for Cr”, the 


the arguments for Lie 
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measurement of E(2) for Cr’ is desirable. 
Flowers” investigated to explain a crossing 
over of the (7/2) and the (5/2) levels 
by increasing the range of nuclear forces. 
Comparing with our treatment, an unusual- 
ly long range force CV =1.5~19) 
would be correct to assume for (f-)9)” 
configurations. But unfortunately, it is 
impossible to explain the theoretical level 
(3/2); 1=3 lying just above the (7/2) 
level in both treatments from our present 


experimental data. 


a 


known levels (Mev) 


Fe5é Tr6 Ti'8 
0.0 (0+) 0.0 (0+) 0.0 (0+) 
0.845 (2+) 0.89 (2+) 0.99 (2+) 
2.08 (4+) 2.01 (4+) 2.32 (4+) 

3.00* (6+) 


3.00* (6+) 3.35 (6+) 


a 


E(7/2) ~E(5/2) (Mev.) : 


Calculated Experimental 
TG GEES) 0.18 0.16 
Tit? (Tis) 0.25 0.16 


Mn*5 0.28 0.13 


1) R. D. Lawson and J. L. Uretsky, Phys. Rev. 
106 (1957), 1369. 

2) I. Talmi, Phys. Rev. 107 (1957), 326. 

3) B. H. Flowers, Proc. Roy.Soc. 215 (1952), 398. 


A Comment on Bardeen’s Theory 
of Superconductivity 


Sadao Nakajima and Tadao Kasuya 


Physical Institute, Nagoya University 
Nagoya 


October 12, 1957 


In recent papers on superconductivity, 


and Schrieffer’) have 


Bardeen, 


Cooper, 


claimed that their theory based on the 
electron-phonon interaction results in an 
energy gap for electronic excitation. This 
seems to us erroneous, because by taking 
linear combinations of their excited states 
we can easily set up new states whose 
energies are continuously distributed far 
below the ground state #, proposed by 
them. 

Following _ their 


notation, 


they have 


started from the interaction Hamiltonian 
= / x * 
le —S} V (k, k : q) Chkig.a Ck—g,a! Chr oI! Cho 


k,k',q 
(1) 


which is the second order term in the 
perturbation expansion of the electron- 
phonon interaction. As they have done, 
we shall only retain those scatterings in 
(1) which take place within a shell J of 
width bw(w ): the Debye cut-off) at 
the Fermi surface and there replace V (k,k’, q) 
by its average V~>0O. Then terms with 
o@=o' in (1) cancel each other and all 
the remaining terms with o +: 0’ give rise 
to matrix elements of the same sign, con- 
trary to the assertion of Bardeen et: al. 
Hence, by the same argument made by 
them in assuming virtual pairs, we can 
take the state se V A, where @ runs 
over all those configurations in which elec- 
trons and holes are excited within the shell 
4, A being the total number of such con- 


figurations. Obviously we have 
(PHF | >~—V(4N)5 (2) 


where JN~Nb/f is the number of one- 
electron states within J, N being the total 
number of electrons and £ being the Fermi 
energy. Since V is proportional to N~', the 
energy (2) is proportional to N®, This 
physically means that the electron system 
will collapse if N is increased indefinitely. 
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If we add the fourth order term to Cds 
the divergence will be even more drastic. 
Similar situations can occur whenever we 
deal with 
perturbation exspansion of a Hamiltanian 
H=DeH, g 
constant. As the _ total 
particles N—> oo, the n-th order term N~' 


nondiagonal terms of a 


being the coupling 


number of 


(PH © will converge only for a parti- 
cular set of/wave functions, so that the 
variation method cannot be applied to the 
expanded Hamiltonian as has been done 
by Bardeen et al. The 
their ground state 


reason why 
they have obtained 
together with a finite energy gap is simply 
that they have just omitted the terms 
with k+k/=+-0 in (1) and retained their 
their reduced Hamiltonian  H,.., only. 
Though they have shown that the second 
order perturbation of H,—H,,., on their 
ground state is not appreciable, we can take 
linear combinations of their excited states 
whose energies are continuously distributed 
from —V(4N)* as mentioned above. 
Thus we have to conclude that the ex- 
istence of an energy gap, which is essential 
to obtaining all Bardeen’s results on super- 
conducting properties, has not yet been 
proved from the first principle. We should 
not start from the Hamiltonian (1) unless 
we apply perturbation theory in the system- 
atic way, but go back to the original 
Hamiltonian which explicitly contains the 
electron-phonon interaction. Recently one 
of he present authors (T. K.) has reformu- 
lated the theory of Bardeen and Pines” 
without making use of the perturbational 
canonical transformation which is bound to 
lead to the Hamiltonian (1). The new 
theory of Bardeen et al. should rather be 


regarded as a phenomenological model with 


an energy gap. As such, it is no doubt 
interesting and suggestive, 

We are much indebted to Professor 
Bardeen for sending their preprints as well 


as for his kind remarks. 


1) J. Bardeen, L. N. Cooper. and J. R. Schrieffer 
Phys. Rev. 106 (1957), 162: the detailed 
paper to be published in Phys. Rev. 

2) J. Bardeen and D. Pines, Phys. Rev. 99 
(1955), 1140. 


Angular correlation of Internal 
Bremsstrahlung and Successive 
Nuclear Gamma-Ray in the 
Radiative K-Capture 


Yujiro Koh, Osamu Miyatake 


Institute of Polytechnics, Osaka City 
University, Osaka 


and 
Yoiti Watanabe 


Physics Department, Osaka University, Osaka 


October. 15, 1957 5 


The internal bremsstrahlung* in the 
radiative capture has analogous features to 
the usual /-ray in many respects. It is a 
process given by the second order terms 
with respect to e, in contrast to the non- 
radiative electron-capture.”” By analogies 
between I.B. and /-ray, a new method will 
be given for the study of the capture pro- 
cess, a field of research which yet remains 
little explored. The spectra of I.B. were 
various elements”. 


already observed for 
Most of those were not followed by suc- 
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cessive nuclear 7-rays. These spectra were 


compared with the results theoretically 
derived by Glauber and Martin”) who 
treated I.B, from K- as well as L-electron 
capture taking into account the effect of 
nuclear coulomb potential on the propaga- 
tion of the captured electron, 

Expetiments concerning the angular dis- 
tribution of I.B., e.g., the directional cor- 
successive 


relation with y-rays, or an 


expeperiment corresponding to Wu's” on 
the violation of the symmetry for the re- 
flection of space, would sometimes give 
better information than /)-ray, because the 
scattering of photon is smaller, and its 
intrinsic spin is larger than those of 
electrons. 

The directional correlation function of 
I.B. and a successive nuclear j-ray is ex- 


pressed by 


W=)>iu,P(M, MM.) Vie ae il, (1) 


when the K-capture is succeeded by an E2 
7-transition to the final state of spin zero**. 
P(M,, M,) is the square of matrix element 
for the transition from the initial state 
with the magnetic quantum number M, to 
the intermediate state M,= +1. By virtue 
of vanishing final spin, these two signs 
correspond respectively to the senses of the 
circular polarizations of E2 j-ray. The 
case Ore ©]. 4 J== 2 and iM =") As 
considered in the following calculations. 


Eq. (1) is then expressed as 
W (8) = (4, + (1/3) A,) Py (cos 4) 
+ (1/21) A,P, (cos @) +W,, 
W (8) = (2/21)'"(B,— (1/5) Bs) P, (cos 8) 
+ (2/105) B,P; (cos @), (2) 
The coefficients A’s and B's are derived 


by means of perturbation, and they include 


the energy of I.B., & and also the coupl- 
ing constants C,, C,’, Cy, and C,’, but 
none of the angular variables”. The term 
W (0) is to be added if the successive 
y-ray is circularly polarized completely in 
the left-handed sense and its sign is revers- 
ed for the right-handed one. The coulo- 
mbic effect on the propagation function 
may be put aside for the considerably 
high energy of LB. \ 

In the present paper, these are calculated 
for a unique first forbidden radiative K- 
capture only, as a simple example. The 
coefficient of the isotropic term is norma- 
lized to unity. Then W(@) is reduced to 

W (0) =1+4,P, (cos 4) +W,(6), 


W (0) =6,P, (cos 7) +6,P; (cos 4), 
(3) 

where a’s and 6’s are given in Tables I 
and II for the case of Y™ (available energy 
Es=1,85Mev) 772. 
metric part W,(@#) vanishes when C,= 
—C,/=+C,=7FC,', and is. effective 
when C,=C,/=0,; and /Gz=.— G’. 


The intensity ratio of radiative to non- 


In addition, the asym- 


radiative capture is of the order of 10~* 
(E,,/mc)* for the first forbidden transition 
This means the large N/S ratio of the 
order of 10°~10* in the coincidence 
observation even for the simplest decay 
scheme such as La'*(E,=2.1 Mev)®,. A 
very large resolving power under the dis- 
crimination of the energy of I.B. is, there- 
fore, necessary for the coincidence experi- 
This difficulty would rather be 


easily overcome than the trouble due to 


ment. 


the unavoidable large scattering of /-elect- 
rons, provided that a few technical improve- 
ments are achieved. 

Similarly it will be possible to derive 
the formulae corresponding to W,(@) for 
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the case of aligned initial nuclear spin, 
Experimentally, the alignment of nuclear 
spin is nearer to our hands than the pola- 
rization of nuclear gammas. The asym- 
metry would, however, be reduced on ac- 
count of the mixing both of initial and 


intermediate states. 


Table I. Anisotropy of the angular correlation 
of I.B. and nuclear gamma for the case of Y®, 

Cr=—Cp’, C4a=C4’/=0, 4M;=—1. a’s and b/s 
are defined by Eg. (3). 


k (Mev a2 by bs 
£22: 0.018 — 0.26 0.11 
1.42 0.098 —0.75 0.10 
1.62 0.13 —0.80 0.084 


1.82 0.14 —0.95 0.093 


Table HI. Anisotropy of the angular correlation 
of IB. and nuclear gamma for the case of Y*®. 
Cr=—C7’=—Cy4=Cu’. a’s and b/s are defined 
by a ae bax 


k (Mev) a 
ZZ - 0.097 
1.42 0.12 
1.62 0.14 
1.82 0.13 


* Abbreviated as I.B. hereafter. 
** The quantizing axis is chosen parallel to 

the direction of the successive 7-ray. 
ek 88 is adopted here as the only known case 
of unique first forbidden case with a successive E2 
y-ray, but its decay scheme is too complicated. If 
the unique first forbidden capture is not persisted, 
there are several samples of simple decay suitable to 


be observed. 


1) P. Morrison and L. I. Schiff, Phys. Rev. 58 
(1940), 24. 

2) R. W. Hayward and D. D. Hoppes, Phys. 
Rev. 104 (1955), 183. 
T. Lindqvist and C. S. Wu, 100 (1955) 145; 
L. G. Mann, J. L. Olsen and M. Lindner, 
106 (1957), 985. 

3) R. J. Glauber and P. C. Martin, Phys. Rev. 


104 (1956), 158. 

4) Wu, Ambler, Hayward. Hoppes and Hudson, 
Phys. Rev. 105 (1957), 1413. 

5) T. D. Lee and C. N. Yang, Phys. Rev. 104 
(1956), 254. 

6) R.N. Glover and D. E. Watt, Phil. Mag 2’ 
(1957), 49. 


Note added in proof We have just learned 
that Cutkosky (Phys. Rev. 107 (1957) 330; 95 
(1954), 1222) suggested the same problem. 


Spin and Size of /° Particle 


Keiichi Nishimura 


Department of Physics, Rutgers University, 
New Brunswick, New Jersey, U.S. A. 


October 19, 1957 


The ratio of nonmesonic to mesonic decay 
of He’ hyperfragments as derived by Ruder- 


man and Karplus” is 
Qo =0.4(17)'(E,)'” (1) 


where / is the pion angular momentum and 
E, is the binding energy of the /” particle 
The observed ratio is 1.25 and 
the binding energy is approximately 2 Mev”. 


in Mev. 


Thus /=0 and 1 are strongly favored and 
from this the spin of the /” particle was 
estimated to be 1/2 or 3/2. 
Eq. (1) the above authors assumed the 


In deriving 


A? particle to be a point but when one 
assumes a finite size for the emitter the 
internal conversion coefficient is no longer 
so sensitively dependent on the orbital 
momentum of the emitted particle and it 
is desired to examine to what extent the 


size of the A’ particle affects the conclus- 
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ions on the spin of the A’ particle. 


Let us rewrite Eq. (1) as 
Q\ =0.4 (17)! C,(R) (E;)'” (2) 


and C,(R) shall be the measure of the 
effect of the size of the A° particle. The 
internal conversion is calculated by taking 


the pion-nucleon coupling 
Wd (r)-6-pe(r)g(r) GB) 


where the standard notations are used. In 
performing this integral, the motion of the 
proton in the hyperfragment will be neglect- 
ed and the ejected proton will be assumed 
to travel as a free wave. The pion wave 
function will be decomposed into partial 
waves and we shall assume no distortion 
of the outgoing waves due to the size of 


Then the effect of the finite 
size of the il’ particle will be reflected 


the emitter. 


only in the domain of the integral, Eq. (3). 


Since only the radial part of Eg. (3) is 
affected, 


__| §Br2j, Chr) (d/dr)b® (qr) dr|? 


C,(R 
cy) | Sarr?j, (Rr) (d/dr)b, (qr) dr |? 


(4) 


where k and q are as given in reference 1 
and j and 4“ are spherical Bessel function 
and spherical Hankel function of the first 
kind, respectively. By numerical integra- 
tion the following values were obtained. 
C, (0.4) =0.27, C, (0.6) =0.11, C, (0.8) = 
0.044; C,(1.0) =0.037, C,(1.2) =0.0060; 
C; (1.0) =0.072, C,(1.5)=0.0065, C,(2.0) 
=0.00012. R is measured in the unit of 
b/po=1.4X107%em. On the other hand, 
from the experimentally obtained values 
of Oe. and E, and* from Eq. (2), the 
C,(R) are 0.13, 
0.0078 and 0.00046 for [=1, 2 and 3, 


respectively. 


expected values of 


These situations will corres- 
pond to R=0.6, 1.2 and 1.8. 


Thus the conclusion of Ruderman and 
Karplus that / must be one is safe so long 
as the radius of the ’ particle is no 
larger than 0.8 X 107 '’cm. 
higher / value to be possible, a radius of 


In order for a 


1.7X10~'cm or more is required for the 
A’ particle. 

The author is thankful to Professors M. 
Karplus for helpful discussions. 


1) M. Ruderman and R. Karplus, Phys. Rev. 102 
(1956), 247. 

2) J. Schneps, W. F. Fry and M. S. Swami, Phys 
Rev. 106 (1957), 1062. 


The Utility of the “Individual /’, 


Transformation ” 


Kanji Fujii and Kenzo Iwata 


Department of Physics, Hokkaido University, 
Sapporo 


October 25. 1957 


Recently, Lee and Yang’ have proposed 
a speculation that the nonconservation of 
parity is due to the peculiarity of neutrino. 
This two component neutrino theory is 
compatible with the available asymmetry 
data*h”. 


asymmetry is common in all weak interac- 


However, it seems to us that the 
tions participating in decays. This view- 
point is supported by 4-c dilemma and the 
universality of coupling constant in weak 


interactions”. 


We now discuss a model 
according to which parity conservation is 
violated necessarily in all weak interactions, 

We first assume that all interactions are 
invariant under the individual I’, transforma- 


tion”: 
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(q’s are phase factors: |7|*=1. 
where we regard the six species », e, [, pn 
and A as elementary or different particles. 
Other stronglies are considered to be com- 
posite of p, n, A and their antiparticles”. 
All interactions are, therefore, of Fermi 
type. If a and a’ are different, the spinor 
pair (¢, O ,) should contain a factor 
(1+7,) because of the invariance assumed, 
while if a and a’ are the same, (¢,, O ¢,,) 
need not contain (1+7, 

We further assume that the interaction of 
the type 


(coupling constant) (hOa) (ParrO¢ Parr) 


7 


is strong, if a=a’ and a'’=a'"’, and weak 
if otherwise. 


should admit that such combination as a= 
fs 


As an exception, however, we 
a’ and d’’=d’'”, if they contain leptons, 
are missing or much weaker than the weak 
interactions for some unknown reasons. 

These two assumptions lead immediately 
that the parity and the strangeness cannot 
be conserved and the charge conjugation 
invariance is violated in all weak interac- 
tions, while in strong interactions, where 
the strangeness is conserved, the parity can 
be conserved. Thus a correlation seems 
to be established among the parity noncon- 
servation, the strangeness selection rule and 
the strength of the interactions. 

Although there is a substantial difference 
between the predictions of these assumptions 
and the two component neutrino theory, 
both fit equally well to experimental data 
available up to date. We know the experi- 
mental fact that e* in the /#-e decay pre- 
dominates backwards relative to the direc- 


This fact and our 


tion of motion of /. 


assumptions lead to the four possible rela- 
tions as shown in Fig. 1, between the 
directions of motion of “* and e*, and 
their spins. If the spin of ~* is anti- 
parallel to its motion, then either the two 
component neutrino theory or the lepton 
number conservation law must be abandoned, 
while in our case we may choose 2) or 
3) in Fig. 1, admitting the lepton num- 
ber conservation law. For (STP) coupling, 


we get the relation 
A=t — (16/9), 


where 4 is the asymmetry coefficient and 
is the Michel parameter; (angular distribution 
of e° relative to the direction of motion of {2*) 
=const, (1+4-r-cos 4), r being the degree 
of polarization of #4~ at the instant of its 


=< (Pe Pu): 
Our theory can also explain the -decay 


decay, 


data just as two component neutrino theory 
does. The details of this letter will be 


published in a later issue of this journal. 


/ 


is ' ut 


Peseta | 


2) a 


for (VA) coupling for (STP) coupling 
Fig. 1. In our case both (VA) and (STP) cou- 


plings, in the charge retention order, are permitted, 


—_ 


e* 


A) ere 


cay 


but cannot be mixed. 
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Low Lying Levels of P® and jj 
Coupling 
Sudhir P. Pandya 


Physical Research Laboratory, Ahmedabad 9, 
India 


October 28, 1957 


Dalton, Hinds and Parry” have recently 
studied the energy levels of P*, using the 
P* (dp) P2m “The 


angular distributions of the proton groups 


reaction the reaction 


leading to several levels in P®* have been 
measured and analysed in terms of the 
deuteron stripping theory of Butler?. The 
results of this experiment, as well as those 
of the previous experiments”, for the ground 
state doublet of P® are in very good agree- 
ment with the predictions of the jj cou- 
pling shell model”. However, the presence 
of as many as four /=0 transitions below 
4 Mev and a large number of /=1 transi- 


tions leading to excited states of P® lead 


Dalton, Hinds and Parry to suggest that} 


the ground state of P™ and even the low 


excited states of P® do not have simple jj 


coupling shell model configurations. 

In this note we attempt to understand 
the results of the P* (dp) experiment in 
terms of only small deviations from jj cou- 
pling. Regarding the /=1 transitions, it 
should be pointed out that such a situation 
occures in several nuclei in this region and 
does not necessarily imply a large impurity 
in the wave function of the ground state 
of the target nucleus, For example, the 
K*® (dp) K* experiment” also shows a large 
number of /=1 transitions, even though 
the ground state of K*® should have a 
fairly pure jj coupling configuration, (dare) 
Hence, although this’ phenomena is as yet 
difficult to understand, it does not call for 
assuming large impurities in P* ground 
state wave function, 

For the ground state of P* we assume 
the wave function to consist of a dominant 
component (a) (51/2)j/2 and a small admix-. 
ture of the states (b) (5:2) (dso) ,° and (c) 
L (51/2) (dsje)ihijo,* as required by a coupl- 
ing scheme close to the jj coupling. Admi- 
xture of a component such as | (5/2) | (d/o) |1)2 
is ruled out, since it would lead to the 
ground state doublet of P* by capture of 
an 51/2 neutron, and the experiments’ in- 
dicate less than 5% of [=O mixture in 
this transition.** 

A qualitative scheme for the energy levels 


of P® below~4 Mev may be easily con- 


*) M. Umezawa (Prog. Theor. Phys. 8(1952), 509) 
has introduced the component (b) to explain the 
magnetic moment of P*!, whereas Huby and 
Newns (Proc. Phys. Soc. A68 (1955), 758) intro- 
duce the state (c) to explain the P*!(dn) results. 

**) We also consider the dsj. shell as filled and 
undisturbed. Inclusion of the simplest states 
involving break up of this core of 28 nucleons 
would require consideration of components like 
| (d5/2) (ds/2)9"] 4/2 which would imply a com- 
plete breakdown of the jj coupling scheme. 


Letters to the Editor 669 


structed on the basis of simple jj coupling 
configurations; a rough estimate of the 
excitation energies can be made on the 


basis of the observed single particle states” 


te wee 


ments on the results of Dalton, Hinds and 


We now make some brief com- 


Parry. 

1, Component (a) leads to the ground 
state doublet of P* by capture of a dsj 
neutron. 


2. Doublet states in P® belonging to the 


configuration (s,) (f-2) at an excitation 


enetgy of ~3 Mev may be reached by cap- 
ture of a fj). neutron in component (a). 
Cross-section for an /=3 transition should 
be rather small. 
this doublet is not well-identified. 3.45Mev 


level may be one component of this doublet. 


It is not surprising that 


3. A number of /=1 transitions may be 
observed due to capture of a psp. or a Pip 
neutron in components (a), (b) or (c). 
For excitation energies above 4 Mev. the 
levels of P® are quite close, and hence a 
considerable amount of configuration mixing 
may be expected. This perhaps explains 
comparable magnitudes for the reduced 
widths of most of these transitions, The 
doublets of the configurations (5j2) (ps;2) 
and (52) (pip) may be expected at~3.5 
Mev and ~4.5 Mev energies; the former 
may be the levels observed at 3.259 and 
3.318 Mev. ; 
4. The (b) component may capture an 
5,2 meutron and lead to the states (Cr bre 
(dyjo)?) by an /=0 transition. These 
states may be identified with the observed 
0.515 and 1.154 Mev levels. The (c) 


component may also lead to the state (51)2)5” 


(ds) ° by capture of an s,,. neutron ([= 
0). This state may be one of the 2.177 
— 2.227 Mev doublet. 


are not resolved, it may be that only one 


Since these levels 


of them shows /=0 transition; the other 
Small reduced 


widths observed for these /=0 transitions 


one may be quite weak. 


indicate the components (b) and (c) are 
indeed small as required if the jj coupling | 
is a good first approximation. 

5. A number of weak states observed 
below 4 Mev could be reached by capture 
of a ds). neutron in components (b) and 
(c). Cross-section for such transitions would 
be quite small. 

‘We thus find that it is possible to under- 
stand the results of the P®* (dp) P® experi- 
ment for the low levels of P*®, at least 
qualitatively, in terms of a coupling scheme 
reasonably close to jj coupling. 

Detailed quantitative calculations for the 
level scheme of P* are now being carried 
out with a view to check the validity of 
the scheme presented above. 

This work has been financed, in part, by 
the Department of Atomic Energy, India. 
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